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Outline

• Introduction to several problems in the 
elasticity of biomembranes, smectic-A 
liquid crystal, and carbon related structures

• Variational problems on 2D surface
• Morphological problems of lipid bilayers
• Elasticity and stability of cell membranes
• Summary



Introduction



Basic concept

• The 1st order variation of free energy 　
equilibrium shapes

• The 2nd order variation of free energy 　
mechanical stabilities



History
• Fluid films

Soap films ---- minimal surfaces，Plateau (1803)

Soap bubble ---- sphere, Young (1805), Laplace (1806)

“An embedded surface with constant mean curvature in E3

must be a spherical surface”---Alexandrov (1950’s)



• Solid shells

Possion (1821):

Schadow (1922)

Laplace operator

Willmore (1982) problem of surfaces



• Lipid bilayers as smectic-A liquid crystals

Frank energy of liquid crystal (1958)

LC box



Helfrich energy of lipid bilayer (1973)

For SmA LC, in the limit of thin thickness



Shape equation of lipid vesicles, Ou-Yang & Helfrich (1987)

Willmore surfaces



Open lipid vesicles, Capovilla, Guven, & Santiago (2002)

e2

[Tu & Ou-Yang (2003)]



Focal conic structures in SmA LC

• Puzzle

Dupin cyclides are usually 
formed when LC cools from 
Isotropic phase to SmA:

The configuration 
of min. energy in 
SmA LC:

G. Friedel, Annls. Phys. 18
(1922) 273



Bragg, Nature 133 (1934) 445.
“Why the cyclides are preferred to other geometrical 
structures under the preservation of the interlayer 
spacing?”

Naito, Okuda, Ou-Yang, PRL 70 (1993) 2912; PRE 
52 (1995) 2095.
“The Gibbs free energy difference between Isotropic 

and SmA phases must be balanced by the curvature 
elastic energy of SmA layers.”



• General variational problem on a surface

Curvature Volume Surface Thickness

Solving both Eqs. gives good explanation of FCD. [PRE 52 (1995) 2095]



Carbon related structures

• Three typical structures

C60 SWNT Carbon Torus



• Curvature energy of curved single graphitic layer
Lattice model [Lenosky et al. Nature 355 (1992) 333]

Continuum limit [Ou-Yang etal. PRL 78 (1997) 4055]



• Understanding three typical structures

Surface energy per area



Variational problems 
on 2D surface

[JPA 37 (2004) 11407]



Surface theory in E3

• Moving frame method

Differential of frame

Orthogonal moving frame

Pay attention to the
direction of curve C



• Structure equations of the surface

Curvature matrix



• Other formulas

Gaussian Elegant Theorem:

Gauss–Bonnet Formula:



Hodge * and Gaussian mapping
• Hodge *

Basic properties:

The second Green identity:

[Westenholz Differential Forms in Mathematical Physics]



• Gaussian mapping

Lemma:



Variational theory of surface

• What is surface variation? M’

Each point undergoes an 
infinitesimal displacement

Not use Einstein summation convention



• Variation of general function on a surface



Basic properties



• Variational equation of frame



Variational problem on closed surface

• Functional

• Lemmas



• Euler-Lagrange equation



• Second order variation



Variational problem on open surface

• Functional

• Euler-Lagrange equation

Equilibrium surface equation



• Boundary conditions



Morphological problems 
of lipid bilayers



Lipid vesicles

• Sphere

1 root:

2 roots:



• Red blood cell---biconcave shape

z0

[Ou-Yang, Hu J.G., & Liu J.X. 1992]

[Evans & Fung, Microvasc. Res. 4 (1972) 335]



• Torus

/ 2R r = Confirmed by experiments:
M. Muty & D. Bensimon, PRA, 1991, 
24 tori;
A.S. Rudolph et al, Nature, 1991, in 
Phospholipid membrane;
Z. Lin et al, Langmuir, 1994, in 
Micelles.

[Ou-Yang 1990 PRA 41 4517]



Open lipid bilayers

• No axisymmetric constant mean curvature 
surface with edges



• Central part of the torus • Cuplike membrane

[Tu & Ou-Yang PRE 68 (2003) 61915]



Elasticity and stability of 
cell membranes

[JPA 37 (2004) 11407]



Simplified model

• Cell membrane=lipid bilayer+membrane skeleton
• Membrane skeleton = cross-linking protein 

network = rubber membrane

[Schematic structure of MSK (left) and rubber (right) at molecular levels]



Free energy

Small deformation; remain to the second order terms



shape equation and in-plane strain equations

• Shape equation

• In-plane strain equations



• Special example: spherical cell membrane 
with homogenous strains

R is the radius of the spherical surface



Mechanical stability

• 2nd order variation of free energy (sphere)

(Hodge decomposed theorem)



• Expansion of spherical harmonic functions

Quadratic form



Critical pressure



• kd=0,                         , ~ spherical lipid vesicle [Ou-Yang & 
Helfrich 1987 PRL 59 2486]

• Classic shell: c0=0, kd~Yh, kc~Yh3, R>>h, pc~Yh2/R2

• Membrane skeleton enhances the mechanical stability of 
cell membranes, at least for spherical shape



Summary



• Several problems in the elasticity of
biomembranes, smectic-A liquid crystal, 
and carbon related structures are discussed

• Variational problems on 2D surface are 
dealt with exterior differential forms

• Elasticity and stability of lipid bilayer and 
cell membrane are calculated and 
compared with each other.
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