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Introduction




Basic concept

e The variation of free energy -2

e The variation of free energy->



History

e Fluid films

---- minimal surfaces, Plateau (1803)

---- Sphere, Young (1805), Laplace (1806)

F=Ap[dV+X§dA, (Ap=p, — p;)

0F =0= H = Ap/2X =Const.

“An embedded surface with constant mean curvature in E3
must be a spherical surface”---Alexandrov (1950’s)



 Solid shells
¢ Possion (1821):
F = § H*dA
¢+ Schadow (1922)
V:H +2H(H?* - K)=0

Laplace operator
2 _ 1 0 i 0
Vo= o (V997 507)

¢ Willmore (1982) problem of surfaces




 Lipid bilayers as smectic-A liquid crystals

of liquid crystal (1958)

/1111
/////////Il

F={gLcdV LC box

g = (Vo050 + (Y x 0y

— koy(V-n)(n-V xn)+ %(VH:VH)

k1, ko, k3: Elastic constants
Sp: Spontaneous splay



of lipid bilayer (1973)

Eending LC box Lipid bilayer

For SmA LC, In the limit of thin thickness

F=[8A &="%(2H+c)?+kK
ke = (k1 4+ k3)t, k = —kst

__ __kiso .
CO = Tyt ha)i: Spontaneous curvature




of lipid vesicles, Ou-Yang & Helfrich (1987)

F=Ap[dV+X§dA+ §EIA

0F =0

v

Ap — 2 H + k(;VQ(QH) + k.(2H + co)(QHQ —coH —2K) =0

k. =0= Ap — 2\H = 0 (Young-Laplace equation)

Ap=0,A=0,c0=0=V°H+2H(H* - K) =0

Willmore surfaces



lipid vesicles, Capovilla, Guven, & Santiago (2002)
F=\[dA+ [EdA+ v ¢, ds

0F =0

v
ke(2H + c)(2H? — coH — 2K) — 20\H + k. V*(2H) =0
ke(2H + ¢o) + kky ||, =0

OH _ d’Tg] [Tu & Ou-Yang (2003)]

=0

ds ||

892

:kc )
?(2H+co)2 + kK + )\+fykg] =0

C




Focal conic structures in SmA LC

e Puzzle
The configuration Dupin are usually
of min. energy In formed when LC from
SmA LC:

Isotropic phase to SmA:

Hyperbola

G. Frledel, Annls Phys 18 Focal conic domain
(1922) 273



*» Bragg, Nature 133 (1934) 445.
“ the are preferred to other geometrical
structures under the preservation of the interlayer

spacing?”

¢ Naito, Okuda, Ou-Yang, PRL 70 (1993) 2912; PRE
52 (1995) 2095.
“The between Isotropic
and SmA phases must be by the
of SmA layers.”



* General variational problem on a surface

Curva%ure VcT)Iume Surface Thickness
/4

F'=Fo+ Fy + Fay :§S(H7Kat)df4
SF =0 |
\4

$(OE J9t)dA = 0

(V2/2+ 2H? — K)OEJOH + (V -V + 2K H)JE /0K — 2HE = 0

V-V = S (VIKLY 555)

Solving both Egs. gives good explanation of FCD. [PRE 52 (1995) 2095]




Carbon related structures

« Three typical structures

Carbon Torus

SWNT



« Curvature energy of curved single graphitic layer
model [Lenosky et al. Nature 355 (1992) 333]

2
E = Elz (Zu@j) +€QZ(1—I’L&"1’IJ')
L (7) (25)
+ €3 ) (i~ uy) (n; - uy)
(27)
(€1,€2,€3) = (0.96,1.29,0.05) eV

limit [Ou-Yang etal. PRL 78 (1997) 4055]
E = [|3k.(2H)? + kK] dA

]_CC = (1861 + 2462 -+ 963)?“3/(329) = 1.17eV
k/kc = —(862 + 363)/(661 + 862 + 363) = —0.645



o Understanding three typical structures

Surface energy per area

F={[|tk:2H)* +kK|dA+ X [dA

5F—OM

V?H +2H(H —\H/k,. =0

A=0: C60; Torus

R? = k./2X\: SWNT



Variational problems
on 2D surface

[JPA 37 (2004) 11407]



Surface theory in E?

 Moving frame method

Orthogonal moving frame

€, €; = 57;3', (Z,j — 1,2,3)
{P;e1,e2,e3}

Differential of frame

: 7
lim PP = wie; + woes
P— P’

dez- — W€, Wi — —Wjq, (Z — 1, 2,3)

dr



 Structure equations of the surface

ddr = 0 & dde; = 0—»

dwi = wia N\ Wa;
dwg — W21 A\ W1,

w1 /\w13+w2/\w2320;

dwij — Wik /N\ Wk j (Z,j — 1, 2, 3)

w1 N\ wig + wa N\ wWog = O(Ca'rta/n,)
= W13 = awi + dez,U)gg = bwy + cwo

Curvature matrix ( Z i)



e Other formulas

Area element:

dA = w1 N\ wo

1st fundamental form:
[ =dr-dr = wi+w)
2nd fundamental form:
I = aw? + 2bwiws + cw)
3rd fundamental form:
I = w3, + w3,

Mean curvature:
H=(a+c)/2
Gaussian curvature:

K =ac—b°

Gaussian Elegant Theorem:

dw12 — —le A wo

\4

Gauss—Bonnet Formula:

[y KdA + [ kyds = 2mx(M)



Hodge * and Gaussian mapping
 Hodge *

xf = fwi A wa;
*W1 = Wa, *Wg = —W1;

d * df — szwl /\UJQ

[y (fdxdh —hdxdf) = [,,,(f*dh — hx*df)

[Westenholz Differential Forms in Mathematical Physics]



« Gaussian mapping
Gaussian mapping G : M — S%;G(r) = e3(r)
Induced mapping G* : A} — Al

G w1 = w13, G w2 = wa3
Define new differential operator d = G*d

Define * : ;lv<u.)13 — W23, >Al;w23 — —W13

[y (fdxdh — hdxdf) = [,,,(f*dh — hxdf)

P~

Define V - V : digf=V-@fw1 A Wo



Variational theory of surface

e \What Is surface variation?

Each point undergoes an  §
infinitesimal displacement §

or = (511' -+ 521’ -+ (531'
5?;1' — Q?;e?; (7, — 1, 2, 3)
e



 Variation of general function on a surface

If f is a generalized function of r (including scalar function,
vector function, and r-form dependent on point r), define

SV F=(LD[f(r+6r) — f(r)] (1=1,2,3;9=1,2,3,-)

g-order variation of f

30 f = (@)LD[f(x+0r) = f(T)] (4=1,2,3,)

LD].]: QI Q22O% in Taylor series
g1 +q92+q3 =4q
q1,q2, g3 being non-negative integers.



Basic properties
(1) 51@ and 67 (i =1,2,3;¢=1,2,---) are linear operators;

(ii) 5%1), 551), 5§1) and 6(Y) are commutative with each other;

(i) 64D = M@ anq slatD) = 505,

thus we can safely replace 551), 5§Q), s and §9) by
i, 07, 0, and 07 (¢ = 2,3, - --), respectively;

(iv) For functions f and g,

5[ (r) 0 g(x)] = 8, £(x) 0 g(x) + F(x) 0 dig(r),
where o represents the ordinary production,
vector production or exterior production;

(v) 0iflg(r)] = (0f/0g)big;  (vi) 67 = (671 + b2 + J3)7.



 Variational equation of frame

ore; = Qije;, i = —Q; do; = 0;d
O1wp = df21 — w2l2y91, 0owi = $dowor — wallooq,
O1we = Qqwis —willie, | Pows = df2o — willo19,
2113 = afly, Qo3 =082 22913 = 08do,  Qogg = cf)o

03w1 = 3w31 — wall3ay,
53w2 — Q?)wgz — w1Q3127
df)ls = Q313w1 + 2303wW9;

Ojwi; = dS;5 + Qipwr; — wik ik,




Variational problem on closed surface

 Functional
F = [,,E(2H[r],K[r])dA+ Ap [,, dV

OF = 01 F + 0o F + 03 F
e Lemmas
S3dA — —(2H)QsdA 03 [, dV = [, QsdA

55(2H)dA = 2(2H? — K)Q3dA + d * dS)s

03 KdA = 2K HQ3dA + d*dQs  6;F = 6, F =0



e Euler-Lagrange equation

9
O(2H)

+(v-@+2KH)é%—QH]5+Ap0

(V? +4H? - 2K)

E="502H+cp)? + kK + A

v
Ap — 20H + k. V?(2H) + k.(2H + co)(2H? — coH — 2K) =0



Second order variation

if 90 /0K = k = const.

62 F

= (07 + 05 4 05 + 20102 + 26103 + 20203)

_ /M 03 [(4H2 - 2K)2a?;ZH)2 - 4HK£§Z) +2KEp — QHp] JA
e o 0 2
i 52%) WY VA [ 8?;%2 (V2Q3)°dA
iy a?;f;) V(2H Q) - VO — 2V - V) dA

Ey =€ — kK



Variational problem on open surface

e Functional

F=[,EQH[r],K[r])dA+ [T (ky,kg)ds

e Euler-Lagrange equation

+(v.€+2KH)8—5—2H5:o

2 2—2K
(V2 +4H ) i

o(2H)



e Boundary conditions

N N B i 9N @ (or 2O e
2> Voem| T2 V\or ) " as\arx ) Tasz \ok, ) T ok, !

4+ d aF + i 3_F ' — gk k
945 \ ok, ) T ds \ "7 ok, ok,

_oe ,0e or, ol
O(2H) "OK 0k, " Ok, ?

d> [ or o o o
- (%g) K% — ky (r ~ 8—169143 ) + 2k = H)ky 5

dfory i or\
"9°4s \ ok, s

=0,
C

=0,

= 0.
C




Morphological problems

of lipid bilayers




Lipid vesicles

Ap — 2\H + k. V?(2H) + k.(2H + ¢)(2H? — coH —2K) = 0
e Sphere ApR? + 2AR — k.co(2 — cgR) = 0
If (2\ + k.ci)? + 8Apk.co = 0

If (2\ + k.ci)? + 8Apk.co > 0



* Red blood cell---biconcave shape

2 = 20+ [ tan (o) dp

siny(p) = copln(p/pp),co <0

[Ou-Yang, Hu J.G., & Liu J.X. 1992]

[Evans & Fung, Microvasc. Res. 4 (1972) 335]
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Confirmed by experiments:
M. Muty & D. Bensi , PRA, 1991,
[Ou-Yang 1990 PRA 41 4517] wtori

A.S. Rudolph et al, Nature, 1991, in
Phospholipid membrane;

Z. Lin et al, Langmuir, 1994, in
Micelles.




Open lipid bilayers

ko(2H + co)(2H? — coH — 2K) — 20\H + k.V*(2H) =0
:kC(QH + ¢o) + /%kn} ‘C =

H —dT,
_cha— —|_ ’)/kfn, ‘|‘ k TJ]
] ds

=3\

“0es C

=0
C

" )
?(QH +co)® + kK + X+ n/kg]

* No axisymmetric constant mean curvature
surface with edges



e Cuplike membrane

 Central part of the torus

[Tu & Ou-Yang PRE 68 (2003) 61915]



Elasticity and stability of

cell membranes

[JPA 37 (2004) 11407]



Simplified model

o Cell membrane=lipid bilayer+membrane skeleton

e Membrane skeleton = cross-linking protein
network = rubber membrane

[Schematic structure of MSK (left) and rubber (right) at molecular levels]



Free energy

F=Jylat+Eu)dA+p [, dV
En = (ke/2)(2H + co)* + A
Ea = (ka/2)[(2])" = Q)

- . 2
2J = €11 + €92, Q) = €11€22 — €7

Small deformation; remain to the second order terms



shape equation and in-plane strain equations

e Shape equation

p—2H(\+ kqJ) + k.(2H + c)(2H? — coH — 2K)

k
+kCV2(2H) — Ed(aﬁ“ + 25512 + 6522) =0

 In-plane strain equations

1 1
]ﬁd[—d(QJ) N\ Wy — 5(5110@2 — 512dw1) + id(glgwl + 522&)2” =0

1 1
k/d[(i(Qe]) N\ Wy — §(E1de2 — Eggdwl) — 5(1(811&)1 + 812&)2)} = (



o Special example: spherical cell membrane
with homogenous strains

E12 = O, E11 = €99 = & = constant;

pR? + (2 + 3kge) R + keco(coR — 2) = 0

R 1s the radius of the spherical surface



Mechanical stability

« 2" order variation of free energy (sphere)
Qlwl + QQC&)Q — df) + *d}(
0°F = Gy + G,

G, = / O2(3kq/R? + 2k.co/R> 4+ p/R)dA

—|—/§23V2S23(kcco/R+2kc/R2 +pR/2)dA+/kc(V2Q3)2dA

kq

k
2. )\2 d 2
- ¢ \V/ e \V/ >
Go 1 ( X) dA+2R2_/X YdA >0



e Expansion of spherical harmonic functions

— Z?io sz—z alelm(ea ¢)7 aka — (_]-)mal,—

() = Zzo sz_z bleim(ev ¢)7 O, = (_1)mbl,—m

G1 = i Z 2|aim|?{3kq + [1(1 + 1) — 2][I(l + 1)k./R* — keco/R — pR/2)]

[=0 m=0
l
3k
—Z > 20+ 1)(afbim + aimbiy)
R
[=0 m=0
o0 l A
d 2 2
+ 2l — (1l + by,
> 3 (1 =10+ )]

Quadratic form



Critical pressure

_ 3k 2k [l(I14+1)—co R] .
pr <pL= [2l(l—|—1§£—1]R =+ R3 : (l — 2337)

then G is positive definite.

pe = min{p;} = <

MIRE | k(1 9qR), (kR > 121k)



o k=0, p. = 228~ spherical lipid vesicle [Ou-Yang &

Helfrich 1987 PRL 59 2486]

» Classic shell: c,=0, ky~Yh, k.~Yh3, R>>h, p.~Yh?/R?

 Membrane skeleton enhances the mechanical stability of
cell membranes, at least for spherical shape

Taking typical data of cell membrane,

k. ~ 20kgT [Duwe et al. 1990 J. Phys. Fr. 51 945],

kq ~ 6 x 10~*kgT/nm? [Lenormand et al. 2001 Biophys. J. 81 43|,
h ~4nm, R ~ 1luym, coR ~ 1, we have p. ~ 2 Pa.

If not considering k4, we have p. ~ 0.2 Pa.



Summary



o Several problems In the elasticity of
biomembranes, smectic-A liquid crystal,
and carbon related structures are discussed

 Variational problems on 2D surface are
dealt with exterior differential forms

 Elasticity and stability of lipid bilayer and
cell membrane are calculated and
compared with each other.
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