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Introduction to several problems in the
elasticity of biomembranes, smectic-A
liquid crystal, and carbon related structures

Variational problems on 2D surface
Morphological problems of lipid bilayers
Elasticity and stability of cell membranes
Summary



Introduction




Basic concept

e The variation of free energy -2

e The variation of free energy->



History

e Fluid films

---- minimal surfaces, Plateau (1803)

---- Sphere, Young (1805), Laplace (1806)

F=Ap[dV+X§dA, (Ap=p, — p;)

0F =0= H = Ap/2X =Const.

“An embedded surface with constant mean curvature in E3
must be a spherical surface”---Alexandrov (1950’s)



 Solid shells
¢ Possion (1821):
F = § H*dA
¢+ Schadow (1922)
V:H +2H(H?* - K)=0

Laplace operator
2 _ 1 0 i 0
Vo= o (V997 507)

¢ Willmore (1982) problem of surfaces




 Lipid bilayers as smectic-A liquid crystals

of liquid crystal (1958)

/1111
/////////Il

F={gLcdV LC box

g = (Vo050 + (Y x 0y

— koy(V-n)(n-V xn)+ %(VH:VH)

k1, ko, k3: Elastic constants
Sp: Spontaneous splay



of lipid bilayer (1973)

Eending LC box Lipid bilayer

For SmA LC, In the limit of thin thickness

F=[8A &="%(2H+c)?+kK
ke = (k1 4+ k3)t, k = —kst

__ __kiso .
CO = Tyt ha)i: Spontaneous curvature




of lipid vesicles, Ou-Yang & Helfrich (1987)

F=Ap[dV+X§dA+ §EIA

0F =0

v

Ap — 2 H + k(;VQ(QH) + k.(2H + co)(QHQ —coH —2K) =0

k. =0= Ap — 2\H = 0 (Young-Laplace equation)

Ap=0,A=0,c0=0=V°H+2H(H* - K) =0

Willmore surfaces



lipid vesicles, Capovilla, Guven, & Santiago (2002)
F=\[dA+ [EdA+ v ¢, ds

0F =0

v
ke(2H + c)(2H? — coH — 2K) — 20\H + k. V*(2H) =0
ke(2H + ¢o) + kky ||, =0

OH _ d’Tg] [Tu & Ou-Yang (2003)]

=0

ds ||

892

:kc )
?(2H+co)2 + kK + )\+fykg] =0

C




Focal conic structures in SmA LC

e Puzzle
The configuration Dupin are usually
of min. energy In formed when LC from
SmA LC:

Isotropic phase to SmA:

Hyperbola

G. Frledel, Annls Phys 18 Focal conic domain
(1922) 273



*» Bragg, Nature 133 (1934) 445.
“ the are preferred to other geometrical
structures under the preservation of the interlayer

spacing?”

¢ Naito, Okuda, Ou-Yang, PRL 70 (1993) 2912; PRE
52 (1995) 2095.
“The between Isotropic
and SmA phases must be by the
of SmA layers.”



* General variational problem on a surface

Curva%ure VcT)Iume Surface Thickness
/4

F'=Fo+ Fy + Fay :§S(H7Kat)df4
SF =0 |
\4

$(OE J9t)dA = 0

(V2/2+ 2H? — K)OEJOH + (V -V + 2K H)JE /0K — 2HE = 0

V-V = S (VIKLY 555)

Solving both Egs. gives good explanation of FCD. [PRE 52 (1995) 2095]




Carbon related structures

« Three typical structures

Carbon Torus

SWNT



« Curvature energy of curved single graphitic layer
model [Lenosky et al. Nature 355 (1992) 333]

2
E = Elz (Zu@j) +€QZ(1—I’L&"1’IJ')
L (7) (25)
+ €3 ) (i~ uy) (n; - uy)
(27)
(€1,€2,€3) = (0.96,1.29,0.05) eV

limit [Ou-Yang etal. PRL 78 (1997) 4055]
E = [|3k.(2H)? + kK] dA

]_CC = (1861 + 2462 -+ 963)?“3/(329) = 1.17eV
k/kc = —(862 + 363)/(661 + 862 + 363) = —0.645



o Understanding three typical structures

Surface energy per area

F={[|tk:2H)* +kK|dA+ X [dA

5F—OM

V?H +2H(H —\H/k,. =0

A=0: C60; Torus

R? = k./2X\: SWNT



Variational problems
on 2D surface

[JPA 37 (2004) 11407]



Surface theory in E?

 Moving frame method

Orthogonal moving frame

€, €; = 57;3', (Z,j — 1,2,3)
{P;e1,e2,e3}

Differential of frame

: 7
lim PP = wie; + woes
P— P’

dez- — W€, Wi — —Wjq, (Z — 1, 2,3)

dr



 Structure equations of the surface

ddr = 0 & dde; = 0—»

dwi = wia N\ Wa;
dwg — W21 A\ W1,

w1 /\w13+w2/\w2320;

dwij — Wik /N\ Wk j (Z,j — 1, 2, 3)

w1 N\ wig + wa N\ wWog = O(Ca'rta/n,)
= W13 = awi + dez,U)gg = bwy + cwo

Curvature matrix ( Z i)



e Other formulas

Area element:

dA = w1 N\ wo

1st fundamental form:
[ =dr-dr = wi+w)
2nd fundamental form:
I = aw? + 2bwiws + cw)
3rd fundamental form:
I = w3, + w3,

Mean curvature:
H=(a+c)/2
Gaussian curvature:

K =ac—b°

Gaussian Elegant Theorem:

dw12 — —le A wo

\4

Gauss—Bonnet Formula:

[y KdA + [ kyds = 2mx(M)



