Hodge * and Gaussian mapping
 Hodge *

xf = fwi A wa;
*W1 = Wa, *Wg = —W1;

d * df — szwl /\UJQ

[y (fdxdh —hdxdf) = [,,,(f*dh — hx*df)

[Westenholz Differential Forms in Mathematical Physics]



« Gaussian mapping
Gaussian mapping G : M — S%;G(r) = e3(r)
Induced mapping G* : A} — Al

G w1 = w13, G w2 = wa3
Define new differential operator d = G*d

Define * : ;lv<u.)13 — W23, >Al;w23 — —W13

[y (fdxdh — hdxdf) = [,,,(f*dh — hxdf)

P~

Define V - V : digf=V-@fw1 A Wo



Variational theory of surface

e \What Is surface variation?

Each point undergoes an  §
infinitesimal displacement §

or = (511' -+ 521’ -+ (531'
5?;1' — Q?;e?; (7, — 1, 2, 3)
e



 Variation of general function on a surface

If f is a generalized function of r (including scalar function,
vector function, and r-form dependent on point r), define

SV F=(LD[f(r+6r) — f(r)] (1=1,2,3;9=1,2,3,-)

g-order variation of f

30 f = (@)LD[f(x+0r) = f(T)] (4=1,2,3,)

LD].]: QI Q22O% in Taylor series
g1 +q92+q3 =4q
q1,q2, g3 being non-negative integers.



Basic properties
(1) 51@ and 67 (i =1,2,3;¢=1,2,---) are linear operators;

(ii) 5%1), 551), 5§1) and 6(Y) are commutative with each other;

(i) 64D = M@ anq slatD) = 505,

thus we can safely replace 551), 5§Q), s and §9) by
i, 07, 0, and 07 (¢ = 2,3, - --), respectively;

(iv) For functions f and g,

5[ (r) 0 g(x)] = 8, £(x) 0 g(x) + F(x) 0 dig(r),
where o represents the ordinary production,
vector production or exterior production;

(v) 0iflg(r)] = (0f/0g)big;  (vi) 67 = (671 + b2 + J3)7.



 Variational equation of frame

ore; = Qije;, i = —Q; do; = 0;d
O1wp = df21 — w2l2y91, 0owi = $dowor — wallooq,
O1we = Qqwis —willie, | Pows = df2o — willo19,
2113 = afly, Qo3 =082 22913 = 08do,  Qogg = cf)o

03w1 = 3w31 — wall3ay,
53w2 — Q?)wgz — w1Q3127
df)ls = Q313w1 + 2303wW9;

Ojwi; = dS;5 + Qipwr; — wik ik,




Variational problem on closed surface

 Functional
F = [,,E(2H[r],K[r])dA+ Ap [,, dV

OF = 01 F + 0o F + 03 F
e Lemmas
S3dA — —(2H)QsdA 03 [, dV = [, QsdA

55(2H)dA = 2(2H? — K)Q3dA + d * dS)s

03 KdA = 2K HQ3dA + d*dQs  6;F = 6, F =0



e Euler-Lagrange equation

9
O(2H)

+(v-@+2KH)é%—QH]5+Ap0

(V? +4H? - 2K)

E="502H+cp)? + kK + A

v
Ap — 20H + k. V?(2H) + k.(2H + co)(2H? — coH — 2K) =0



Second order variation

if 90 /0K = k = const.

62 F

= (07 + 05 4 05 + 20102 + 26103 + 20203)

_ /M 03 [(4H2 - 2K)2a?;ZH)2 - 4HK£§Z) +2KEp — QHp] JA
e o 0 2
i 52%) WY VA [ 8?;%2 (V2Q3)°dA
iy a?;f;) V(2H Q) - VO — 2V - V) dA

Ey =€ — kK



Variational problem on open surface

e Functional

F=[,EQH[r],K[r])dA+ [T (ky,kg)ds

e Euler-Lagrange equation

+(v.€+2KH)8—5—2H5:o

2 2—2K
(V2 +4H ) i

o(2H)



