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Abstract. The talk is an introduction to the theory of alge-
bras with polynomial identities. It stresses on matrix algebras
and polynomial identities for them. The notion of Bergman
polynomials is introduced. Such types of polynomials are in-
vestigated being identities for algebras with symplectic involu-
tion. In the Lie case more information is given for Bergman
polynomials as Lie identities for the considered algebras.

[. ALGEBRAS WITH POLYNOMIAL IDENTITIES

We fix a countably infinite set X = {z1, xo, ...} and consider
a field K of characteristic zero. We work in the algebra K (X)
with basis the set of all words

Tjy Ty, Ty € X
and multiplication defined by
(I‘lelm)(%’jll’jn) = iEil...iEiml'jl...iL‘jn.

Definition 1. (i)Let f = f(z1,...,z,) € K(X) and let R
be an associative algebra. We say that f = 0 is a polynomial
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identity for R if
f(ri,...,rn) =0,Vr,...,m € R.

(ii) If the associative algebra R satisfies a non-trivial poly-
nomial identity f (i.e. f is a nonzero element from K (X)), we
call R a Pl-algebra.

It could be shown that f € K(X) is a polynomial identity
for R if and only if f is in the kernel of all homomorphisms
K(X) — R.

We give some examples:

(i) The algebra R is commutative if and only if it satisfies
the polynomial identity

[ZL‘Q, .1’2] = T1X9 — 21 — 0.

(ii) Let R be a finite dimensional associative algebra and let
dim R < n. Then R satisfies the standard identity of degree n

Sp(T1, oy Tn) = D (SIgN0)Tp(1)..-To(n) = 0,
oces,
where S, is the symmetric group of degree n. The algebra R
also satisfies the Capelli identity

dn(xla ey Ty Y1y -y yn—i—l) = Z;g (Sign 0)y1$0(1)y2--~ynxa(n)yn+1 = 0.
(AT

(iii) Let My(K) be the 2 x 2 matrix algebra. It satisfies the
following polynomial identities:
1. The standard identity s4(x1, xo, x3,x4) = 0.
2. The Hall identity [[x1, z2]?, z3] = 0.
The algebra Ms(K') does not satisfy the Capelli identity dy = 0
and the standard identity s3 = 0.

(iv) The n x n matrix algebra M, (K) satisfies the identity
of algebraicity



dpr (L, 2%, 2™ Ly, ey Y, 1)
= > (signo)z” Wy z"Wys. y,2°" =0,
0ESH+1
where the symmetric group S,;1 acts on {0,1,...,n}, and the
identity
sn(lz,y][2%, 9l .., [2",y]) = 0.

(v) Let U,(K) be the algebra of n x n upper triangular

matrices. It satisfies the identity

(21, z9]...[T2n—1, T2n] = O.

Some important properties of associative algebras are ex-
pressed in the language of polynomial identities. We have
seen this for the commutativity. Others examples come from
nonunitary algebras. The algebra R is nil of bounded index if
there exists an n € N such that 2" = 0 is an identity for R;
the algebra R is nilpotent of class < n if zy...z,, = 0 for R.

More details could be found in [4].

It turns out that the class of all Pl-algebras has a good
structure and combinatorial properties similar to those of the
commutative and the finite dimensional algebras.

II. BERGMAN POLYNOMIALS IN ASSOCIATIVE
PI-ALGEBRAS

We define a class of homogeneous associative polynomials,
called Bergman polynomials [1]. These are homogeneous and

multilinear in y1,...,y, polynomials f(x,yi,...,y,) from the
free associative algebra K(z,yi,...,y,) which can be written
as

(1) flynu) = > v(@)( @ Y- i),

i=(i150mnrin ) ESn

where g; € Klti,...,t,41] are homogeneous polynomials in
commuting variables

gi(tla SR 7tn+1) - Z&ptﬁjl s tflrrll
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and

(2) v(gi) = v(gi) (@, Yy, -, ¥i,) = D™y, 2y, AP

The following theorem of Bergman shows how one could
investigate PI-algebras using commutative theory approach.

Proposition 1 [1, Section 6, (27)]
(i) The polynomial v(g;) from (2) is an identity for M,(K)
if and only if
11 (tp o tq)

1<p<g<n+1
divides g;(t1,....,tn11) for all i = (iy,...,1p).
(ii) The polynomial f(x,y1,...,yn) from (1) is an identity
for M, (K) if and only if every summand v(g;) is also an iden-
tity for M, (K).

If the algebra has some additional properties analogues of
Bergman theorem could be formulated. These properties are
concerned with the existence of involutions (i.e. antiautomor-
phisms of second order) in the considered algebras.

We recall that in the matrix algebra Ms,, (K, *) the symplec-
tic involution * is defined by

A B\ (D -B
(eo)=(% %)

where A, B, C, D are nxn matrices and ¢ is the usual transpose.

For an algebra R with involution * we have
(R,*x) = R"® R, where R" = {r €¢ R|r* =r} and R =
{reR|r*=—r}.

We call f(x1,...,2,) € K(X) a *-polynomial identity for
(R, *) in symmetric variables if f(ri",...,r) =0 for all
ri, ...t € RT. Analogously f(xy,...,7s) € K(X) is a *-
polynomial identity for (R, *) in skew-symmetric variables if

flri,...,ry)=0forallr,....,7; € R™.
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The algebra R is a Jordan algebra with respect to the mul-
tiplication 7 ory = riry +r3r{; ri,r5 € R™ and the identi-
ties in symmetric variables are weak polynomial identities for
the pair (R, RT).

Similarly, the algebra R~ is a Lie algebra with respect to the
new multiplication [r{,ry] = riry —ryry; 11,73 € R and
the identities in skew-symmetric variables for (R, ) are weak
polynomial identities for the pair (R, R™).

In order to state the next result we introduce the following
natation, namely

92n,0 = I1 (tf, — ti)(tl — tni1)-
1<p<qg<n+1
(p,q) # (L,n+1)

Proposition 2 [9, Theorem 3| Considered in Mo, (K, *), the
polynomial f from (1) satisfies f(a,r1,...,r) = 0 for any
skew-symmetric matriz a and all matrices ry,...,r, if and only
if (t1 4+ ths1)gono divides the polynomials gi(ti, ..., tny1) for all
i = (i1, ..., 0p).

The sufficient condition of this proposition could be im-
proved.

Proposition 3 [8, Theorem 1] Let the polynomial (1) be a *-
identity in skew-symmetric variables for the algebra Ms, (K, *).
Then the polynomial ga, divides the polynomials g; from (2)
for all i = (i1,...,1,).

Some other results are the following:

Proposition 4 [8, Proposition 3] The linearization in y of the
standard polynomial S3([x3,y], [2%, y], [x,y]) is an identity in
symmetric variables for Mg(K,*) of minimal degree.

Proposition 5 [5, Theorem 3| A polynomial f is a Bergman
type identity in skew-symmetric variables for My(K, *) if and



only if it has the form

[ = a(v(g)(x,y1,y2) +v(g2)(z, 42, 91))
+ Bu(gs) (@, y1,y2) + vo(9a) (2, Y2, Y1),

where

L. g1 = gaolli(aits + bita + cit3),
g2 = gaoILi(—cit1 — bita — a;ts)
and t1 + t3 is not a factor of the polynomials g1 and go;
2. The polynomial (t1 + t3)gso divides g3 and gy and
3. The identity v(g1)(z,y1,y2) + v(g2)(x,y2,11) = 0 follows
from the identity

fo(ﬂf, Y1, y2) = 2 0€S, U(g4,0)($, Yo(1), ya(z)) = 0.

We are able to formulate and prove a result for My, (K, *)
generalizing the “only if” part of Proposition 5 for n = 2.

Theorem 1 [8, Theorem 3| Forn = 2,3 (mod 4) every Bergman
type polynomial of degree k of the form

f - @Zv(gi)(x,yil; s 7yin) +ﬁzv(gj)(xayj17 s 7yjn)

is a *-identity in skew-symmetric variables for May, (K, *), where

_ k—n?—2n+1 )]
L. gi = gono 1=y Ym=1 G mtm;

- k—n2—2n+1 n )] . n!
Givn = Gono 1l (= X0t Gip1omlm), i =1,..., %

and t1 + t, 1 is not a factor of these polynomials;

2. The polynomial (t1 + tp+1)g2n0 divides g; and

3. The identity > v(g:)(,Yiys---,,¥i,) = 0 follows from the
identity

U(QQH,O)(xa Yivs Yigs - - - 7yln) + U(QQH,O)(xa Yips Yiy_15 - - - 7yi1)7

fOT’ (il,ig, - ,Zn) € Sn



III. LIE ALGEBRAS

Starting with the free Lie algebra L(X) we can define the
notion of polynomial identity for a Lie algebra G. We give some
examples:

(i) Let G be the two-dimensional Lie algebra with basis as
a vector space {a,b} and multiplication [a,b] = a. The alge-
bra G satisfies the polynomial identity (namely the metabelian
identity)

[[z1, 2], [w3, 24]] = 0.

(ii) If G is a finite dimensional Lie algebra and dim G < n,
then G satisfies the Lie standard identity of degree n + 1 (but
in n skew-symmetric variables)

vosp(adzy, ..., adv,) = Y (signo)[ro, ey, -, Tom)] = 0.
ocEeS,
(iii) The Lie algebra (U,(K))(7) of all upper triangular n xn
matrices satisfies the identity

[[xl, ZCQ], ceny [.flfgn_l, xgn“ = 0.

(iv) Let W, be the set of all derivations of the polynomial
algebra in n variables. (The linear operator § of the vector
space K|x1, ..., z,] is a derivation if § (uv) = d(u)v4ud(v),u, v €
K|x1,...,x,].) W, is a Lie algebra with respect to the operation
[01, 2]

1. The algebra W satisfies the Lie standard identity

ToS4(adxy, adry, adrs, adxy) = 0.

2. The algebra W, satisfies some Lie standard identity.

As in the case of associative algebras, some classical proper-
ties and results for Lie algebras can be stated in the language of
polynomial identities. A Lie algebra G is abelian if it satisfies
the identity [z1,22] = 0 meaning that G has a trivial multipli-
cation. The algebra G is nilpotent of class < n if it satisfies
[z1,...,2,) = 0. The algebra G is solvable of class < n if it
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satisfies the identity f, = 0, where f, = fu.(z1,...,22:) = 0, is
defined inductively by

fi(z1, 22) = [21, 2],
fn = [fn—l(xla ...,ajgn—l), fn,1<$2n71+1, ey SL‘Qn)],n > 1.

The solvable of class 2 Lie algebras are called metabelian.
Any solvable finite dimensional Lie algebra satisfies the identity

[[561, 5172], ceny [ZCQn_l, SCQnH =0

for some positive n.

IV. BERGMAN POLYNOMIALS IN LIE ALGEBRAS

It is a natural question to consider Bergman polynomials in
Lie algebras as well. Working in the Lie algebra so(4,K,x) of
the skew-symmetric to the symplectic involution * variables of
the matrix algebra of fourth order My( K, %) we are interested in
finding the minimal degree of these polynomials. In [6] using
the Hall basis of the free algebra L(X) for X = {x,y1,y2}
we consider the following elements of a given degree k + 2:

[V, @y, vy, and [y, @, ..o, 2, [Yiy, @, .., )], Where (i1,149) is

k I k—1
any permutation on {1,2} and [ =1,....k — 1.

The left normed commutators are written as elements of
the free associative algebra K (X) and thus the commutative
polynomials are uniquely defined.

For example for

[ = [y, o, = 112y2 — 2Y1Y2 — Y21 @ + Yoy
= v(g1)(z,y1,y2) +v(92) (2, Y2, 1)

we have gy =ty — t1 and go = —(t3 — t2).



For

fo= vzl [y, z,2]] = YTyt — 2037w + Yy
— Ty ex” + 2Ty TYT — TY1T Y2 — YT YT + Yoy
+ 2zyorypx — 2xy2x2y1 - :c2y2y1:1: + $2?J233y1
= v(g)(z, y1,92) + v(g2)(z, Y2, 41)

one gets [ (tg — tl)(tg — t2)2 and go = —(tg — tl)z(tg — tg).
Applying Proposition 3. and some technical manipulations
we get the following result:

Proposition 6 [7, Theorem 1] No Bergman polynomials are
Lie identities for the Lie algebra so(4, K, *).

The same pattern of proof gives an analogous result con-
cerning so(6, K, ).

Investigating the identities of minimal degree for the Lie
algebras so(4), so(3,1), so(2,2) and sp(4, R) considered in [3]
is the next step in research. The physical base of the study
in [2] and the common apparatus of doing the investigations
both from physical and algebraic point of view are the reason
for giving this talk and for the useful discussions made and
I hope to be made further for realizing the above mentioned
intentions.
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