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Coherent state map and corresponding algebra

H - a bounded positive operator with simple spectrum in Hilbert
space 'H

|0) — cyclic vector, i.e. {E(A)[0)}acsmr) is linearly dense in 'H

(0[0) =1

I: L3R, dp) Sf}—>/f E(d\)|0) €

is an isomorphism for

u(A) = (0|E(A)0).

I*oHo I acts in L?(R,dy) as the multiplication by argument
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By Gram-Schmidt orthonormalization one obtains orthonormal

polynomials P, in L?(R, dpu)

The orthonormal basis in 'H

Hn) =b,_1|n—1)+an|n) +by,n+1)

b, >0,b_1=0and a,,b, €R

Jacobi matrix

ag bg
bo ai
T=10 wn

Tomasz Golinski

0
b1

a2
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Moments of measure y
Op = / Mou(d)) > 0
R

o= (0[H*0),  keNuU{0}
Resolvent Ry := (H — \1)~!

_ [ pdr) O~ ok
<OR)\0>_/R:B_)\__Z)\]€+1’

k=0

where the second equality is valid for |A| > ||H]|.
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Coherent state map — a complex analytic map K : D — H from
disc D with linearly dense image, expressed by

oo
K(z):chz”]m, 0<c,eR
n=0

Annihilation operator

AK(z)=zK(2).

Aln) =" |n-1),

Cn
where ¢_1 = 0.
Creation operator
* Cn
A*|n) = In+1).
Cn+1
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Generalized exponential function E : D — C

E(vw) == (K(v)| K (w)),

We consider two coherent state maps

e}
= Z oz |n),
n=0

for |2| < |[H|"2

TL

z)—

for |2| < ||HJ|2.
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Ei(z) = ole 0) = Zan

Decomposition of unity

/ Ko=) (Fa(2)| w(d2) = 1,

1
v(dz) = o—dp f"p(dr),

where z = re® and f*u is pullback of (2) by f(x) := 22.

Bo(vw) = / Bo(32) Ea(3w0) v(d2),
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T - Toeplitz algebra, i.e. C*-algebra generated by shift operator

Sin) = |n—1), neN
S|0) = o0.

i) Let us assume that A is bounded. Then the C*-algebra A;
generated by A, coincides with T if and only if the sequence
{72 }nen is convergent.

i) Let us assume that A, is bounded. Then the C*-algebra Ay
generated by A, coincides with T if and only if the sequence
{72t }nen is convergent.

iii) If both Ay and Ay are bounded then A; = As.
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Sketch of proof
D)

e On e . .
liminf L liminf /o, < limsup Yo, < limsup
n—0o0 Op—1 n—00 n—00
. . On
lim Yo, = lim
n—oo n—oo 0p,_1

S = (A1A)2A; € A

n—oo On—1

A1A% — (|[H|))711 is compact. Thus A; = (A;A%)2S € 7.

iii) Aj bounded = A»A% bounded from below

A1A; = (A AT
A = (A2A%)7 A,
Ay = (A1AD)TA,
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We will restrict our considerations to the case A1 = A, = 7.

Q::Zq”|n><n| eT, 0<qg<1

n=0
Structural function R : spec Q — spec AJA; (continuous)

R(q") := 71 for neNU {0},

On

R(0) == lim “=t = |H| !,

n—oo Oy

Structural relations:

ATA; =R(Q)
A1A7T =R(¢Q)
qQA; = A1Q
gAIQ = QA]
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N |n) :=n|n)
[A1,N] = A4
[A],N] = —A]

AFAY =R(Q)..R(¢"Q), ATAT" =R(¢Q)..R(¢'Q)
1 _ 1
R(q).. R(¢F) <0|A’fA;k 0)

O —

El(Z Z R R(q

= Z R(q)
n=0
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Example (little g-Jacobi polynomials)

(1-2)(1—big'z)...(1—b_1¢7'2)

R@) = i A agTa)

X{1} is a characteristic function of the set {1}
a;, by < 1.
Generalized exponential functions — basic hypergeometric series

B = o3,

n=0

Ea(2) = 1110, <q e

aj...ap

)
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¢ > - Z (q;Q)n(bl;Q)n cee (br—l;Q)n

n



Coherent state map and corresponding algebra
Examples
Toda isospectral deformation

Example (little g-Jacobi polynomials)

Moments
(a1;@)n - - - (ar; n

(q; Q)n(bl; Q)n cee (br—I; Q)n,

Ty =
g-Pochhammer symbol

(@) =1-a)(l-aqg)...(1— aq”_l)
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Example (little g-Jacobi polynomials, case r = 1)

l<a<q?
Structural relations

1-Q=(1-aQ)AjA;

1-¢Q=(1-aqQ)A1A]
Moments are
(ag; q)k

7= (G
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Example (little g-Jacobi polynomials, case r = 1)

|

Coefficients of Jacobi matrix

"(1—ag"™)(1—-¢")  ag"(1—q")(1—a'¢" ")
(1 _ q2n)(1 _ q2n+1) (1 2n 1)( 2n) 2

Ay =

) \/aq%ﬂ(l — (1 —agm (L —aign)(1 —g")
n (1 _ q2n)(1 _ q2n+1)2(1 _ q2n+2) :

Measure p is discrete

(aq; q)oo(a™ 7QO0 quna/\ n
p(d)\) = 0 Z(a_uq S\ — ¢™)dA.

The polynomials orthonormal with respect to this measure are a
subclass of little g-Jacobi polynomials.
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Example (little g-Jacobi polynomials, case r = 1)

Exponential functions
a
E1(z) = 1% (_q ‘CI:Z>

Er(z) = 21 <Z 1 ‘Q; Z)

Reproducing property

1 1 2w ) )
Eg(vw):%/o dr A dpEs(tre'?)Ey(re”"Pw)x

(agq; @)oo(a™ q (qr; @)na™r 5
: ) alr" (r — %)
¢ @)oo —~ 0
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Example (little g-Jacobi polynomials, case » = 2 and a; = g,

b1 <ap, 0<apx<1l)

(1- blq_lx)

Rl = (1 —apq~1x)

(1 - xq(x))
Structural relations
(1—a2q 'Q)ATA; = (1 —b1g ' Q)(1 —0)(0])

(1-a2Q)A1AT =1-0:1Q,

Moments o,
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Example (little g-Jacobi polynomials, case » = 2 and a3 = g,

b1<a2,0<a2<1)

Coefficients of Jacobi matrix

o= (1= aag" )L —big"") | axq" (1 —¢")(1—q""'bi/ag)
n (1 —b1g®»1)(1 — b1g?) (1 — b1g?»2)(1 — byg?n1)

b — 20" (1 = gL — g"b1/az)(1 — azq")(1 = brg" )
n (1 _ b1q2n—1)(1 _ b1q2n)2(1 _ blq2n+1)

Measure

 (a2; 9)oo(b1/02; @)oo o= (s Q)ooaz o
pdA) = (b13 9)oo (4 @)oo Z (Ab1/az2; q)so O = q")dr
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Example (little g-Jacobi polynomials, case » = 2 and a; = g,

b1 <ap 0<apx<1)

Exponential functions

E1(z) = 291 (Zf e ’CJ;Z>

Er(z) = 29 (bl 1 ‘Q; Z)

a2

Reproducing property

1 1 2 ) .
Er(vw) = 27r/0 dr/o dpE»(vre'?)Ey(re”"Pw) x

(a2;Q)oo(b1/a2;Q) = (Tq Q)ooaz 5( 2n)
(01 Q)oo(@: @)oo 2= (rb1/a2; @)oo
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Example (little g-Jacobi polynomials, case » = 2 and a; = g,

bl<a2,0<a2<1)
Orthogonal polynomials corresponding to this case are the little
g-Jacobi polynomials.

m by =q— previous case r =1

m by = ¢, ap = g — the little g-Legendre polynomials

m by =0, 0<ap <1— the little g-Laguerre/Wall polynomials
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Example (Classical Jacobi polynomials)

Coefficients of Jacobi matrix (a, 8 > —1)

62_042
" (@nta+pB)nta+f+2)

an

- (n+1)(n+1+a)n+1+p6)(n+1+a+p)
"V @rta+B8+1)2n+a+B+2)2(2n+ a+ B+ 3)

Measure

p(dA) = (1-A) Mo+ 1) (3 + 1)X[o,l]

(A)dA

Moments

B+
(a4 B8+2n

n
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Example (Classical Jacobi polynomials)

Structural function

a+pf+1+x

R(q") = T

(1= xqu3(2))
Structural relations
(6+N)ATA; = (a+ [+ 1+ N)(1—10)(0])

(B+1+N)AjAT=a+[8+2+N
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Example (Classical Jacobi polynomials)

Exponential functions

Reproduction property of E5 holds for measure

a2 (a+8+2)

1
v(de) = g (1L—r")°r Ma+ N3+ 1

)X[O,l](r)d‘PdT
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Example (Classical Jacobi polynomials)

Subcases:
Ba=0=\A— % — Gegenbauer/ultraspherical polynomials
m a = = —3 — Chebychev | kind
m o =3 = J — Chebychev Il kind
m o = [ =0 — Legendre/spherical
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Toda isospectral deformation

One-parameter subgroup
Rot+— U; € Aut’H

such that matrix J

H = Z (Jt)nm [m)y ¢ (0
n,m=0
is three-diagonal
n), = Uy [n).
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Instead of considering the evolution of the basis, one can consider
the evolution of H

H, = U/HU, = Z (Jt)nm [m) (n
n,m=0
d
—H; =|H;,B
dt t [ ty t]

with condition that |0) is cyclic for all H; and J; is three-diagonal
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Let H; depend on infinite number of "times" ¢t = (¢1,2,...)
Toda lattice equations

0
—H; =[H;,B
8tk t [ ts k‘t]

By, = Hy — Po(Hy) — 2Py (HY)

Po(HF) is diagonal operator
Po(HE) =Y (I )nln) (n|
n=0

P, (HF) is upper-triangular operator

oo n—1

Pi(H) =) > (I )mnlm)(n|

n=1m=0
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Moments o (t) satisfy the equations

;’mak(t) = 2(01a(t) — or () (1))

Since %Cfl(t) = a%ak(t) then there exists a function
T(t) = T(tl,tQ, .. ) such that

Evolution equation in terms of 7

0o 0 0

——7(t) =2—7(t
Oty atlT 8tk+l7—( )
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Equation on measure

@) = (¥~ [ ) ) i

Solution of evolution equations

() = 7(0) /R 2T (00

(d)\) 62 Elozl tl)\l (dA)
e eEE ()
1 0o 4 i
op(t) = - Nee2 221 A (AN,
0= o ey e po(d)

Tomasz Goliriski Operator algebras related to bounded positive operator



Coherent state map and corresponding algebra
Examples
Toda isospectral deformation

Evolution equation on structural function

0

1
SERIQ) = 2Ri(Q) (

R(QR:(¢Q) .. . Re(d1Q)

1
~ Ri(4Q)R(42Q) - .. Rt(qu)>

Hierarchy of equations on annihilation and creation operators

0 Al y— 9 dy—1 A%
aTIAlt = [(AL,AT) ! Agg] e L —[(AL AT AL
EA _ Al A*l -1 A EA* _ Al A*l -1 AX

2t — [( 2t 2t) ) 2t] 2t — [( 2t 2t) ) 2t]
oty oty

Tomasz Goliriski Operator algebras related to bounded positive operator



Coherent state map and corresponding algebra
Examples
Toda isospectral deformation

Proposition

Provided that lim Z2= (lé)) exists, lim ‘Tg;—(lt(;) exists for all t.

Thus if A; =7 for t =0 it is also true for any t.
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