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Let
a, a* be the standard annihilation and creation operators satis-

fying [a*,a] = 1 and acting in the Hilbert space H.

For any fixed [ € N, we define the multiboson representation of
sl(2,R) as the triple of operators

Ap = ap(n), A_:=a_(n) a, Ay = (a%)la_(n),

where n .= a*a,
defined on dense subset of H and satisfying si(2,R) commutation
relations:

[A_,A ] = Ao, [Ag, Ay] = £2A4
with symmetricity conditions:

Ag C A}, A_C A7, Ay CAT.



The previous relations imply that the functions ag, a— are real-
valued and satisfy the following difference equations

(ao(n) —ag(n —1) —2>oz_(n—l) = 0 for n > 1, (1)
(n+1);a2(n)—(n—1+1);62(n—1) = ag(n) forn>I, (2)
(n+1);06%(n) = ag(n) foro<n<li, (3)

where (n); = n(n+1)...(n+1— 1) and one has applied the
identities

(a)lal=(m-14+1), a'(a) =(m+1),



The solution to the above system of difference equations is of
the form {s1-sol}

ag(n) =2 [?] + ag(n mod 1),

=) = [z, (1] + eotmmoav) ([7] +1)

where [x] is the integer part of x.




In order to express the operators Ag, A_, A, explicitly in terms
of the creation and annihilation operators let us define the bounded
operator
I—1 =1 exp(—2Tp)
Ri=—-+4 > 27riml
2 exp(=77) — 1

m=1
for{l >1 and R:= 0 forl = 1. This operator acts on elements
of the basis by

R |n) =n modl |n)

and commutes with operators Ag, A_, A,.



Thus one has
mn

T =Ry [n) =[] In).

Finally the multiboson representation of sl(2,R) is given in terms
of a and a* by {sl-oper}

Ao =7 (n—R) + ao(R),

A = J - j 5 (700 -R) +ao®)) (;(n—R)+1) al,

Ar= @) oy ((o- R +ao®) (o -R) +1)

where ag is an arbitrary positive function on {0,...,l — 1}



The above formulae show that the Hilbert space H splits

onto invariant subspaces

Hy = span{ |k), ;= [kl +7) | k € NU{0}},

which are eigenspaces of R corresponding to the eigenvalue r.



Remarks:

k), are eigenvectors of Ag

Ag k), = (2k 4+ ap(r)) |k),
and A_, Ay act on |k), as weighted shift operators:

A_ k), = \Jk(k + ap(r) — 1) |k —1),,

A k), = /(b4 ap(r))(k+1) [k+1),.



Bogoliubov-like transformations
We consider the group B := R* x Z», where R* := R\ {0},
Zo, ={—1,1}, with the group operation defined by

(a,0) - (b,7) := (ab?,07).

which acts on the generators of A in the following way

14 a? 1 —a?
ba,,o'(A.O) L= Ta AO + o 2aa (A— + A_|_),
1 —a? (1—a)? (1+a)?
bo,c(A_) 1= Ag+o » Ay +o ” A_|
1 —a? 1 2 1 — aq)2
ba,c(Ay) = © Ao+ 0( jaa) Ay + U( 4aa) A



T here exists
the unitary representation of the subgroup R+ X Lo C B

Uao ), :=n;a,0),, (a,0) € Ry xZoy,
where

p

o™/~ S My(n; ao(r), c) |k) for a? < 1
(e 2 '
n,a,o), =4 0" W!))Mkz_:o(_l)kMk(n; ag(r),c) |k), fora” >1

o™ |n), fora=1

\

2
c= (Z‘1> and Mj(n,~,c) — Meixner polynomials

such that
ba,a(X) — Ua)gXUZ)O—



Integrable one-mode Hamiltonians

Let us take the quantum system described by arbitrary self-
adjoint operator belonging to the multiboson algebra A:

Hul/::M—QI_VAO‘FM;V(A—"'A—I—):

=& _2|_ “aom) + ; “(a_(n) al + (a®)la_(n))

where (u,v) € R?\ {(0,0)}.



Let us observe that

H,LW |k>’r — bk—l |k — 1>7“ + ag |k>r + bk |k + 1>7“7

where

pu+ v
2

ay (2k 4+ ap(r))

QW — v
2

by, = V (k4 aog(r)(k+ 1).



If o = v the formula of H,, is directly related to three term
recurrence relation

rPy(x) = by_1 Pr_1(x) + ag Py(x) + by Ppy1(x)

which is valid for any orthonormal polynomials family {Pn}>2 4.
Since Zi is divergent then there exists the unique measure dw
on R such the map F given by

Hy 3 |k), — F(|k),) := P, € L*(R, dw)
is the isomorphism of Hilbert spaces with the property that
FOHMV|Hr o) F_l — ffj’

where Z is the operator of multiplication by z in L2(R,dw). Thus
we gather that the spectrum of H,, is the support of measure



dw. It means that by finding the measure dw and polynomials P,
we obtain the evolution flow

Rot— ¢ = p=1 ¢ o p ¢ Aut(H;)

of quantum system described by the Hamiltonian Hy, .

From definition of Bogoliubov group B it follows that transfor-
mations bg , preserve the family of operators H,, and the labels
(u,v) transform as follows

(a,1) : (p,v) =~ (@™ p, av), (a,=1) : () = (av,atp).

This defines the action of the group B in the set R2\ {(0,0)} of
labels. Orbits of B are pairs of hiperbolae indexed by one real
parameter ¢ € R

Oc: =B -(¢,1) = {(z,y) € R?\ {(0,0)} | zy = ¢}.



We can restrict our considerations to each component H, of
decomposition of ‘H separately since they are invariant under the
action of H,p.

Due to the implementation formula bgo(X) = UseXUj , it is
sufficient to find spectral decomposition for the one operator
from each orbit O, e.q. H\/E,\@ H\@_\ﬁ and Hl,O- Taking
into account scaling by constant we can further without loosing
generality restrict ourselves to three Hamiltonians Hq 1, Hy 1
and Hl,O-



L, UV polynomials spectrum of H|H
v=0,u>0 Laguerre R4 U {0}
v=0,u<0 Laguerre R_uU{0}
pw=0,v>0 Laguerre R4 U {0}
pw=0,vr<0 Laguerre R_ U {0}
uw >0, v <0 | Meixner-Pollaczek R
u <0, v> 0| Meixner-Pollaczek R

p,v >0 Meixner {2\/Wn—|—% wr |ln=0,1,2,...}
v <0 Meixner {(—2yprn—Z/m|n=0,1,2,..}



Laguerre

Av diagonal
AU

% Meixner
Meixner-Pollaczek
Meixner
....... L >
Laguerre
Meixner
. Meixner-Pollaczek
Meixner
diagonal

Orthogonal polynomials assigned to H,,



Example: v < u < 0 - Meixner orthonormal polynomials

Pn<ae>=<—1>"Mn< v 11 )

2 /pv 42
__ prrt2/py
where ¢ = o2

dw(x) = Z 5(z + \/ﬁ+2\/ﬁn)( )” "

eigenvectors of H

|En) = J

> DM 2 0) b

1
(j)ncn k=0



Coherent state representation

Due to the decomposition 'H = EBff:lO H, into irreducible repre-
sentations, it is sufficient to restrict our considerations to each
‘H, separately. We consider coherent states as eigenstates of A_

A_[Q)y ==ClC),-

The coherent states |(), € H, are given by the series
S,

i=0 /K (a0 (1)

which converges for any ¢ € C and belongs to domain

[C)r L

r

@) @)
D1 =< > wnln)€H n? lop|? < ooy .



The notion of the coherent states allows us to construct the
anti-unitary embedding

Hr D |9) — L()(C) := (¢[¢)r € L2O(C, dur)

of H, into the Hilbert space L2O(C, du,) of holomorphic functions
on C, which are square integrable with respect to the measure

p?o (MK, y(2p)
2nl (ao(r))
where ¢ = pe'# and Koo () 1S the modified Bessel function of the

second kind.

du’f’(c’ E) L=

p dp do,



The space L?O(C,du,) has the reproducing kernel

K0 1= 016 = oF 0y |76
i.e. for any f € L?0O(C,du,) one has

[ K@ f dur(n,m) = £(O).
C

The isomorphism I, gives the realization of the operators Ag,
A_|_, A _ as the differential operators

2@% + ag(r), (7)

Ir,nOA_|_OIT_1 — C, (8)

IroA_oIT_l = (ao(r)+C—>— (9)

IroAgpo Ir_l



acting in L20(C,du.). In order to describe them as the genera-
tors of the discrete series ag(r) = 2,3,... representation of the
group SL(2,R), let us consider a unitary integral transform

P L20(C, du,) — L20O(D, dvy),

where D :={z € C| |z| < 1} and

dvr(z,z) = 1— |z|° d?z,

ag(r) — 1 ( )040("“)—2

given by

Pi(2) = [ eXf(QOdpr(z2).
C

Using the above formula we find that in the space L20(D, dv,)



the operators (7)-(9) are given by

PoIrvoolr_loP_l

in + ag(r)
dz

d
PoIroA+oI7flo73_1 = sz——I—ao(r)z (10)
<
d
POIf,ooA_ofr_loP_l -
dz
and they are the generators of the discrete series representation

bz + a
of the group SL(2,R) in L20O(D,dv,). Here we have identified
SL(2,R) with SU(1,1) using the isomorphism

SL(2,R) > g« (% E) :=l<1. _11>g<i ;) e SU(1,1).

a 2 \—1

Ug® (=) = (bz +a) 0" <GZ+E>



Ending let us remark that in L2O(C, duy) the Hamiltonian H,, is
represented as a second order differential operator

1 BtV d p—v )4
IroHyol, ~ = 2 <2Cd_c T ao(fr)>+ 2 (C T (aom " Cd_<> ‘TC)

and in L20(D,dv,) as a first order differential operator

d — d
Pol,oH ol lop~1 = # ;“ v (2;@ + ao(r))+“ - <(z2 + 1+ ozo(r)z) |



Two-mode Algebra

0

[ *
Ag 1= ag(ng,ny) A_ = a_(ng,n1) a, Ay = (a§)®a_(ng,n1)

[ *
Bo := Bo(ng,ny) B_:=p(3_(ng,ny)ay"* By = (a})13_(ng,ny)
lo,l1 €N

sl(2,R) commutation relations

[A—7 A—I—] — A07 [A07 A:|:] — :tQA:I:

[B—7 B—|—] — BO7 [BO7 B:I:] = 2By
symmetricity conditions

Ag C Ajp, A_CAY, Ay C AT

Bo C Bj, B_ cC B, B, Cc BX



Solutions to these relations

2
Ag = E (ng — Rp) + aO(ROa R1)

= J (o _Il_ i (%(ﬂo — Rop) + ao(Ro,R1)> (%(HO —Rg) + 1> fﬂ‘olo

2
Bg = I (n1 —R1) + Bo(Ro,R1)

B_ = J (o _Il_ D (i(nl —Rq) + ﬁo(Ro,Rﬂ) (%(ﬂl —Ry) + 1) a,"t

l1



Remainder operator

4 lj—1 exp(_Qm'mn_)

R; = + Z 27Tl- :

J
J 2 1 exp( l;m) —1

Rj[n1,n2) = n; modli; |ny,no)

oo, Bo are arbitrary positive functions on
{O,...,lo—l} X {O,...,l]_—l}



[R,;,H] =0

lo—1 I1—1
H@H: @ @ H’l“o,’l"17
0

ro=0r;=

subspaces invariant with respect to H

HTOﬂ“l .= Span { |k0, k']_> = |k‘0lo -+ T0, kll]_ -+ 7“1> | k‘o, kl c NU{O}}

ro,T1



Two-mode systems

2 2
H — (a -l-b)AOBO_
4ab X . X
(a —b) a<—b
— A.B A_B_) — A,B A_B
07'2 4&[2) (AyB + ) —o 4ab2( +Bo + 0) +
a< —b (a +b)
ApB_ 4+ ApgB_.) — A;B_+A_B
+ T ) (AogB_ +ApBy) —or A (ALB_ + +)

acting in two mode bosonic Hilbert space 'H ® H with the ortho-
normal basis

{In0: 1) }ng.ny=0



