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Motivations

* In 4 dimensions the EH action tells that torsion
vanishes (in vacuum). But in D>4 the Lovelock
actions do not imply that torsion vanishes In
vacuum.

 The geometrical structure of torsion shares many
features of BPS dynamics and allows a stability
analysis which without torsion would be impossible.

* One can obtain exact solutions which have very nice
structure such as the purely gravitational analogue
of the Bertotti-Robinson space-time where the
torsion can be seen as the dual of the covariantly
constant electromagnetic field.
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But...

« Usually in a generic Lovelock Lagrangian it is
very difficult to find exact solutions with torsion:
to the best of my knowledge exact solutions with
torsion only exist in the Chern-Simons case.

 Even in the Chern-Simons case, in which the
equations simplify due to the enhanced gauge
Invariance, the known solutions with non-
vanishing torsion appear to be such that one can
make torsion vanishing with a gauge
transformation.

* The analogy with BPS states will help us to
overcome these difficulties...
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Plan of the talk

* The analogy of gravity with torsion and BPS
states and how one can get an ansatz for the
torsion is shortly discussed.

* Then, how this ansatz works in the non-Chern-
Simons case providing one with a vacuum
solution very similar to Bertotti-Robinson is
showed. Apparently, this is the first exact
solution with torsion in the non-Chern-Simons
case.

« Eventually, how this ansatz works in the Chern-
Simons case providing the spherically symmetric
BH with a half BPS ground state is discussed.
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BPS analogy

In the Yang-Mills-Higgs theory, the BPS equations in-
volve typically linear relations (such as higher dimensional
self-duality conditions) among £2%¢ (the covariant deriva-

tive of the Higgs field) and F“* (the Yang-Mills field
strength) in which ¢ can enter quadratically (as, for in-

stance, 1n the vortex case ). Inspired by this. a
natural ansatz for gravity with torsion is the linear relation

T = fo, (aR™ + Bee?),

where f1, 1s an appropriately chosen three index tensor and
a and G are two constants.



A useful trick which helps i dealing with torsion in four dimensions 1s available
in the presence of a non vanishing cosmolopical constant
one can define the following "higher order” connection

e
H;.-‘-lE‘ _ !
b
£
e
in such a way that the "higher order
curvature 1s ] )
Ruiﬁ - &% e ™
F.-'-'I.E' _ ]
b
—TT 0

and the "higher dimensional” topological term reads

2
FA° \Fip=R®AR, + E—Efw



The energy of a static vortex configuration (in which
the vortex is along the third axis) is
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The Bogomol'nyi equations can be deduced assuming that the bound 15 satu-
rated:

1 —
Eag =]d23: [Eﬂh\m
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also
the case of monopoles in non Abehan Yang-Mills-Higgs theory the Bogomol nyi

equations are linear relations among the magnetic components of the curvature
and the covariant derivative of the Higgs field of the type

B® = + (D¢)’

where B® 1s the non abelian magnetic field.



(DA)ia — Bia

Bia ~ i(Di¢)a:>
A=(A¢)

F(A)=F = (F(A)Dg)=
BPS —eq:F =x2*F




In gravitational theories...
(De)ia — Tia
Ri B _ (da) + @ A C())abij
o=(w,e)

R(A)=R=(R(&)T)=

BPS —like—eq:R=+*R <
T = f°, (aR™ + Be"e”),



* One of the features of topological defects
IS that they partially break Lorentz
invariance (the surviving generators are
the ones leaving invariant the defects). For
iInstance, when in quantum field theory
one expands around the trivial vacuum (all
the fields equal to zero) the Lorentz
generators annihilate the vacuum. When
expanding around nontrivial saddle points
(that is, topological defects) this is not so
since the position and the structure of the
topological defects make the action of the
Lorentz generators on the vacuum
nontrivial.



[n the case of our solutions, there 1s a three-dimensional
submanifold of constant curvature., Thus it s natural to

choose the tensor f; 3 = €;;; consistent with the unbroken
Lorentz generators.

An interesting feature is related to the rigidity of the solutions
due to the presence of torsion. In the non—-Chern-Simons
case, the 5D equations of motion have to fulfil strong
compatibility conditions which arise taking the covariant
derivative of the equation of motion:

e’R 9T, . =1, e’ e e e o =10

The “BPS” ansatz solves the above strong
consistency conditions.



On the notation...
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Lagrangians and Bianchi identities
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DR® =dR", + & AR, + &, AR, =
DT*=R" Aé

Extremizing the Lovelock Lagrangian of order
P one obtains the following types of equations:
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The action in D=5:
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The D=5 equations of motions
E{Ib = Tr'.{{'lﬁ’df’e + Zi'ERdEJEubﬁ.dE = {}.
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Compatlblllty condltlons in the generic case:

e?R9T¢e, . =1, ePeelTee . . =0,



First Part:Non-Chern-Simons

AdS, X §, solution
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AdS, > 8§; solution continuation

H .
I'=0 T'=0  T,=—¢e'e;, where H isa constant
di

This ansatz for the torsion is suggested by the analogy
with BPS states.
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Now the equation of motions...
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Key identities of the BPS-ansatz:
E;J.,!{TFE”'E"!: = ()
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These key identities fulfilled by our BPS ansatz make the equations
of motions (which in general are quite non-trivial) very easy to solve.



The solution

The coupling constants are fixed

[,% = lleges to be of a non-Chern-Simons theory.
oy s 2Co - 5 rg
Z  2c, L — '=—Clra—:-H"= +37.
torsion cannot be small.
R = —lf’ﬂf’l, R = —LE’EFJ,

L 3

In particular, in the vacuum analogue of the Bertotti-

Robinson metric it appears that the torsion is bounded
from below for a finite sized sphere and AdS length scale.



Maxwell interpretation

T=Taehe A =312 ¢
i

_ LT This follows from
DT = {}J D W'T = {} Bianchi identities
F = T F is seen to obey the source free
- d Maxwell equation.



Second Part;:Chern-Simons

* In three dimensions, the BTZ black hole
has a half-BPS stable ground state but in
five dimensions the analogue of the BTZ
black hole can decay into naked
singularity...

* The torsion can save the situation.



Chern-Simons coupling
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The spherically symmetric BH ansatz

ds® = —f* (r) df? + — +rd%3

whete . stands for he et of e dimensonl hes mantld ¥y



The vielhein can then he chosen as
= f(r)dt, €' =7 r)dr " =rem
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The curvature...
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Equation of motions

the components €1 = 0 and & = 0 are centcally fufhled

En = U, 1 solved provded d[rk) = (

A
N = ——
il



& = U, reduces to
6A(r) ~ RB(r) =0

where K 13 the Rica scalar of the hase mamfold
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Thus, the solution reads

r? dr’ .
ds® = — (—2 — ;.f,) dt* + = +r?dYs
3 7
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T iy -
T" = ——e"ene, where [ = \ =2 15 the AdS radius
r

For this solution, the torsion and the Riemanman curvature are smeular at the ongm

but nevertheless these singulartties are surrounded by an event honizon located at 1’ :p-li.,
s0 that this seometry describes a black hole whose honzon eeometry 15 endoved with a

nontrvial torston.

[t 13 worth to remark that the field equations are solved for any fixed hase manfold

1))



« It is worth pointing out the similarity of the black hole
solution found here with the BTZ black hole. In the case
of the 5D black hole without torsion, since the solution
for y=-1 corresponds to AdS spacetime, while for the
range -1< p <0 it describes timelike naked singularities.

 However, it has been shown that in the absence of
torsion and matter fields, the only solution possessing
Killing spinors within this family is the maximally
supersymmetric AdS spacetime, so that the zero mass
black hole breaks all the supersymmetries.

 Hence, it is natural to wonder whether the
presence of torsion helps to improve the
situation in 5D, in the sense that if the black hole
vacuum with torsion had Killing spinors, its
stability would be guaranteed preventing the
black hole from decaying into naked
singularities.



Killing spinors

The Killmg spnor equation 15 obtained requirmg a purely bosome configuration to
possess unhroken global supersymmetnes. In the absence of matter fields, 1., for the
purely gravitational sector, the Killing spimor equation 15 given by
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Note that there 15 no way to collect terms having the same functional dependence on r
unless 1=, In this case the consistency condition reduces to

%(Rm?_g?gmﬁn)[ ?d fnﬁ'pr 14+ 1“ e=
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R™ =0e"¢

Note that for the generic black hole solution the constant &

is arbitrary. However, the above condition implies that & cannot longer
be a truly integration constant, since it can be brought into the form

O =1 under suitable rescalings of time and radial coordinates.



1
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Theretore, the Killing spmor does not depend neither on time nor on the coordinates of
the base manifold (since die = d,e = (). The Killing spinors are given by the solution

(ar—i)E:U]
2r

which can be mtegrated as

radial equation

|
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where 7, 13 & constant spinor satistying the chirality condition
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* Therefore, unlike for the torsion-free case,
one concludes that the black holes
described above which generically have
an arbitrary but fixed base manifold,
possess a half-BPS groundstate only for
base manifolds which are locally a
parallelized (combed) three-sphere with a
torsion given by
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Conclusion

« Torsion may play the role of the Higgs field in
the theory of BPS states in YM theory. It helps in
stabilizing solutions, it provides with solutions
looking like topological excitation...

* |tis worth to explore these interesting features in
more general context and to see if observable
effects are possible.
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