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Il Bounded symmetric domains

Il.1 Bergman metrics

D a domain in [E

H(D) = {f : D — C, fholomorphic, | |f(2)|?d\(z) < oo}




The kernel k(z,w) is called the Bergman kernel of the domain D. It
satisfies :

k(z,w) is holomorphic in z and conjugate holomorphic in w
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1.2 Bounded symmetric domain

A bounded domain D is said to be symmetric (D is also called a
Cartan domain) if, for every z in D, there exists an involutive
biholomorphic diffeomorphism s, of D such that z is an isolated
fixed point of s..

Use of Bergman metric implies : D is a Hermitian symmetric space,
and D ~ G/K, where G is the neutral component of the group of
holomorphic diffeo. of D, and K the stabilizer of some fixed origin o.







Let D be a bounded circled symmetric domain. Choose 0 as origin in
D. Then the stabilizer K of 0 in GG acts by linear transforms on E,

and preserves the inner product hy. Hence K can be viewed as a
closed subgroup of U(E, hg). The symmetry sq is given by

2+ —z =€z and belongs to K. The map g — sgogo spis a
Cartan involution of G, with K as set of fixed points.
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moreover K equivariant. The bracket of two holomorphic vectors
fields € and 7 is the holomorphic vector field [£,n] defined by

€, n)(z) = dn(2)&(z) — d&(2)n(z2)

. For X, Y in g, one has the relation {[x ] = —[{x, &y

For v in [E, denote by &, the unique holomorphic vector field induced
by some element of p such that £,(0) = u.




For u,v in V, set Q(u,v) = Q(u+v) — Q(u) — Q(v) (polarized
symmetric form of (), except for a factor 1/2), and for z,y, z in [,
let

{z,y,2; = Qlz, 2)y

Theorem 3. The formula above defines on [E a structure of positive
Hermitian Jordan triple system (PHJTS) isomorphic to the Jordan




11.3 The spectral norm on E

Let E be a PHJTS. For z,y in E, let L(x,y) be the C-linear
operator defined on E by L(z,y)z = {z,y, z}.

A real subspace W of E is said to be flat if

1 W.W, W} c W
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restriction L(x,y) of L(x,y) to W is a symmetric operator for this
inner product. Moreover (2) implies that these restrictions mutually
commute one to each other. Hence they have a common

diagonalization.

An element c of E is said to be a tripotent if it satisfies

{c,c,c} = 2c




Theorem 4. Let c1,co,...,cs a family of mutually orthogonal tri-
potents. Then W = Rci @ RCy & --- & Res Is a flat subspace
of W. Conversely, let W be a flat subspace. Then there exists
a family cq,co,...,cs of mutually orthogonal tripotents such that

W = Rcy & Reg @ --- § Res. Moreover the family is unique up to
order and sign.

If x is any element in [, its odd powers are defined by induction :
(2Pt = Q(z)x 2P~ The real vector space R[z] generated by the

OUU POWCL Ol U Ol @ & 1D5PAdCE, Adlld Tcrce, U 1€ Prceviou

11



of x, denoted by |x|. It can be shown that x — |z| is actually a
(complex Banch) norm on E.

Theorem 5. Let D be a bounded circled symmetric domain in K.
Let {.,.,.} be the induced structure of PHJTS on E, and let |.|
the corresponding spectral norm on V. Then D = {x € E, || < 1.

Conversely, let E be a PHJTS. The open unit ball for the spectral
norm is a bounded symmetric domain.




