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111 The Shilov-beundary.




V Positive Hermitian Jordan Triple Sys ji
{x,y,z} C-linearin x and z, conjugate
symmetric In (x,z)

a quintic identity /

1(X,y) = tr (z— {x,y,z}) positive definite hermitian form
c tripotent {c,c,c} = 2c

IxI spectral norm of x

D unit ball for the spectral norm

G = Hol(D)?, K stabilizer of 0 in G.

Example. V = Mat (p,q, C) (p<qg, n=p+q)

{X,y,z} = xy*z+zy*x, Ixl = lIxll,,

D={xinV, Ixl<1}, G =PU(p,q), K=P(U(p)xU(q))
k(z,w)= det(1,-zw”)™"




[11.1 Tripotents and Peirce!

Let V be a PHJTS, with triple product {.,.,.}. Assu M
that V is simple (i.e. cannot be writtenias a sumroftwoerfP :S)_{/
Recall that a tripotent is an element ¢ which satisfies {c;c;c} = e’*"'/
There is a (partial) order on tripotents : if ¢ and d are two tripotents,

then say ¢ < d if there exists a tripotent 70, orthogonal to ¢ and' such
that d=c+f.

A tripotent c is primitive (or minimal) if c can not be written as a sum of
two (non zero) tripotents. Any tripotent can be written as a sum of
primitive orthogonal tripotents.

Any two minimal tripotents are conjugate under an automorphism of V.

A Peirce frame is a maximal set of orthognal primitive tripotents. Any
two Peirce frames are conjugate under an automorphism of V. In
particular, the number of elements is the same for all frames (call it the
rank of V).



e

Let c be a tripotent. Then TFA

() €= cyt...%C;, Wh'erl
(iii) V = V, (€) + V4(c) (i-e. Vy(c) = 0)
(iv) R ¢,+R C,+... +R ¢, is a maximal f




[11.2 The Shilov boun

Let D be a domain in some complex vector /

The Shilov boundary S of D is the smallest closéd sqp_s,et.mM
boundary of D, for which the maximum; principle for the modulus

of holomorphic function applies. The Shilov' boundary may be
much smaller than the topological boundary.

Example 1. Let D be the product of two copies of the complex unit
disc. Then the Shilov boundary of D is the product of two copies
of the unit circle, as can be seen by applying twice the maximum
principle w.r.t. each variable.

Example 2. Let D be the unit ball in Mat(p,q) with p < g, then
® X is in the topological boundary of D iff 1 is an eigenvalue of xx*

e xis inthe Shilov boundary iff xx*=Id,



Example 3. The Siegel disc and the Lagr

Let V = Symm(r, C) be the PHJTS, with product /

{X,y,z} = xy*z+zy*x . —
D ={xinV ; 1-xx*>>0}
The group G is Sp(2r, R)( mod{x1}), and K is isomorphic to U(r)
acting on V by (u,X)—>uXut.
D is called the Siegel disc. Its Shilov boundary is
S={cinV;coc* =1}
S is isomorphic to the Lagrangian manifold (also to U(r)/O(r)).

Recall. (E, o) a real symplectic vector space , of dimension 2r.

A Lagrangian L is a maximal totally isotropic vector subspace of E
(hence of dimension r). The Lagrangian manifold is the set of all
lagrangians. It sits in the Grassmanian of r-subspaces in E.



described in the following ec »,rr: |
S is the set of maximal tripotents

S is the set of extremall points of
convex set) "

S is the set of points in the closed unit ball which are at
maximal distance of the origin for the distance associated to
Hermitian form z.




[11.3 Action of G on

The action of a holomorphic dn‘feomorp C r
some neigh’d of the closure of D. Hence the acti xtend
to the closure of D. In particular, G acts on S /
Proposition 1 S is a connected compact manifold. C acts
transitively on S, and S is the unique closed G-orbit in the
boundary of D. K (a maximal compact subgroup of G) acts

already transitively on S. The stabilizer of a pointin S is a
(maximal) parabolic subgroup of G.




111.3 Action of G on .

The action of a holomorphic diffeemorphisn:
some neigh’d of the closure of D. Hence tt

. of G extends
to the closure of D. In particular, G acts on S. - /

Proposition 1 S is a connected compact manifold. G acts
transitively on S, and S is the unique closed G-orbit in the
boundary of D. K (a maximal compact subgroup of G) acts
already transitively on S. The stabilizer of a point in S is a
(maximal) parabolic subgroup of G.

Proposition 2 G has a (unique) open orbit in S x S.

A pair (o,7) in S x S in the open orbit is said to be transverse>

Example Let S be the Lagrangian manifold. A pair of Lagrangians
(L,,L,) istranverse iff L, "L, ={0}. The symBectlc group is
transitive on pairs of transverse Lagrangians (Darboux).



iff the Bergman kernel extends by continuity ta
(o,7) (i.e. k(o,7) is defined).

d_=i'




e

A Euclidean Jordan algebra is ar Euclidean; vector'space (W, < B ———
with a bilinear product x.y. and a unit e such tt

) X.Y = Y.X - | _

i) x3(x.y) = x.(x2y) (weak associativity) ——

i) exX=Xe=Xx

iv)  <X.y,Zz> = <X,y.Z>

Example W = Symm(r,R), x.y = 1/2(xy+yx), e = id, <x.y> = tr(xy).




111.4 Euclidean Jordanm

A Euclidean Jordan algebraiis a Euclidea ug'r*‘

bilinear product x.y and a unit e such that
) X.y = Y.X ——
i) X2(x.y) = x.(x2.y) (weak associativity)
i) e.X = X.e =X '
iv) <X.y,Z> = <X,y.zZ>

Example W = Symm(r,R), x.y = 1/2(xy+yx), e = id, <x.y> =t r(xy).

Hermitification of a Euclidean Jordan algebra W.
Let W be the complexification of W. Extend the Jordan product in a C-
linear way. On W define

xX,y,z}=x.(y.2)+z.(y.x)-y.(x.2).
Then Wis a PHJTS (called the Hermitification of W).
Example. W= Symm(r, C), {X,y,z} = (xy*z+zy*x).




[11.5 Tube-type domal

D is said to be of tube type if S is totally real (equivaler J-/-r
dimg S = dim, V).

Propostion 1. Let V be a PHJTS, and let D be its unit b ﬁ‘\"m/
spectral norm. Then D is of tube type if and only. ifi V.
hermitification of some Euclidean Jordan algebra.

Let W be a Euclidean Jordan algebra, W its hermitification. Then
D is holomorphically equivalent to the tube V+iQ through the
Cayley transform, where Q is the (interior of) the cone of
squares {x?, x in V}. The Cayley transform extends to a dense
open of S and maps it to V+i0.



—

Example 1. V= Symm(r,R) .
The cone Q is the set of positive de im e matrices - |
The Siegel disc {z in Symm(r,

holomorphically equwalentto-t > Siegel uj , : p——

{xtly, x, y in Symm(r,R), y >> 0}
through the Cayley transform c(z) =i (1+z) (1-z).

The Shilov boundary is S = {z in Symm(r,C), z*=z-1}. S is
isomorphic to the Lagrangian manifold.




—

Herm(p,C) with x.y = 1/2 (xy+yx) and <x,y>= Re(
The Shilov boundary is S = U(p).

Proposition 2 If D is of tube-type, then S is a compact Riemannian
symmetric space KI/L.




[11.4 Action of G on

_.-"--‘-

il g

Proposition 4 Let D be a bounded symmetiic'c Omain of ,5-«31%""//
In

The action of Gon S x S x S has a flmt,nu
particular (r+1) open orbits.

=
Let V be the Euclidean Jordan algebra,to which D is éﬁ:(

Let (c4,C,,...,C,) be a Peirce frame such that e = ¢,+c,,...+c.. For
O<k=rlet e =c,+..+c, -C, -...-C,.Then

(e, -e,ie,) (0=sk=r)

is a set of representatives of the open orbits.

N.B. If D is not of tube-type, S is not a symmetric space of U,
and there are infinitely many G-orbits and no open G-orbit in

SxSxS.



—
—

In the tube-type case, S is a Riem. Symme '!c SPACE ’
torus of S is of the form /
T={Eoy* Excrt ..+ 60, IEI=T, 1M

where (c,, C,, ..., C,) IS Peirce frame.

Proposition 5 (KH Neeb, JLC ‘07) Let D be a bounded symmetric domain
of tube type. Fix a maximal torus T in S. Let 6,, 6,, 65 be in' S.

Then there exists g in G such that g(c,), 9(c,), 9(c;) belong to T.

Example. Normal form of a triplet of Lagrangians .

Let L), L) L®) be three arbitray Lagrangians in E. Then there exists a
symplectic basis (e;f) of E such that

L&) = span { cos 0,k e,+sin 0,K f,, cos 0, e,+sin 0,K f,, ..., cos 6, e +sin Kf}

for k=1,2,3.



e

List of simple Euclidean Jordan|algeliaemooiuea B eiieRsimise:
type and their Shilov: boundamies p—

e

\Y - o
il p——
Symm(r,R) ~ unit ball in Symm r,C) Lagrangian manitola >
Herm(r,C) unit ball in Mat(r, C) U(r)
Herm(r,H) unit ball in Skew(2r,C) U(2r)/SU(m,H)
R xRd1 () Lie ball in C (U(1)xS+) / Z,
Herm(r,0) E/25/U(1)Eq U(1)Es/ F,

(*) (A, X) . (y) = (A + p+ <Xy> px+Ly)
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