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The energy functional

f:(M,g) — (N,h) are critical points of the

1
E(f):E/M | df |2 v

and they are solutions of the equation

7(f) = tracg0df = 0.

If f is an , with mean curvature vector field
H, then:
7(f) = mH.



The bienergy functional

The (proposed by Eells - Sampson in 1964)

B (1)=75 [ |+ Py,

Critical points of E;, are called and they are
solutions of the equation (Jiang - 1986):

7o(f) = —A' (@) — tracg RN (df, 7(f))df =0,

where Af is the Laplacian on sections of f "1TN and RV is the
curvature operator on N.



Biharmonic submanifolds

Ifo:M— Nisan then
7o(f) = —mA'H — mtraceRN (df, H)df

thus f is iff

A'H = —traceRN (df ,H)df.




Biharmonic submanifolds of a space form N(c)

Iff:M — N(c)is an then
t(f)=mH, 1(¢)=—mA"H +cn?H

thus ¢ is iff



Biharmonic submanifolds of a space form N(c)

Iff:M — N(c)is an then
t(f)=mH, ©(¢)=—mA"H+cnPH

thus ¢ is iff

Letf:M — R" be an . Setf = (fy,...,f)
and H = (Hy,...,Hy). Then A'H = (AH1,...,AH,), where A is the
operator on M, and ¢ is biharmonic iff

NH=A"Ey = Lo
m m



Non-existence results

Letf: (M,g) — (N,h) be a smooth map. If M is compact,
orientable and Rien < O then f is if and only if it is



Non-existence results

Letf: (M,g) — (N,h) be a smooth map. If M is compact,
orientable and Rien < O then f is if and only if it is

If c <0, there exists no biharmonic
f:M— N3(c).



submanifolds of N"(c), n> 3, c<0, are



submanifolds of N"(c), n> 3, c<0, are

The only proper biharmonic in S™ are the open
parts of S™(%) or of

S™ (L) x S™(L), M+ =m, my # mp.
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The curves y of S? are with radius %
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The curves y of S® are either
St(L) cs®or of the

Sk o

SH( ) x S'(%) c S® with slope different from +1.



Proper-biharmonic curves in spheres

The curves y of S? are with radius %
The curves y of S® are either

s'()cSor of the

SH( ) x S'(%) c S® with slope different from +1.

The curves y of S", n > 3 are those of S° up
to a totally geodesic embedding.



Since odd dimensional spheres S>* are
with constant ¢-sectional curvature 1, the next step is to
study the biharmonic submanifolds of Sasakian space forms.



Sasakian manifolds

A on a manifold N2™1 is given by
(9,£,1n,9), where ¢ is a tensor field of type (1,1) on N, £ is a
vector field on N, n is an 1-form on N and g is a Riemannian
metric, such that

P*P=—-1+1®&, n¢&) =1,

g(eX,0Y) =g(X,Y) =n(X)n(Y), 9(X,eY)=dn(X,Y),

for any X,Y € C(TN).

A contact metric structure (¢,&,1,9) is if it is normal.
The of a Sasakian manifold (N, @,&,n,qg) is
defined by {X € TN: n(X) = 0}, and an integral curve of the
contact distribution is called .



Sasakian space forms

Let (N, ¢,&,n,9) be a Sasakian manifold. The sectional
curvature of a 2-plane generated by X and ¢X, where X is an
unit vector orthogonal to &, is called

determined by X. A Sasakian manifold with constant
¢-sectional curvature cis called a and it
is denoted by N(c).
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space forms



Biharmonic equation for Legendre curves in Sasakian

space forms

Let (N",g) be a Riemannian manifold and y:1 — N a curve
parametrized by arc length. Then y is called a

, 1 <r <n, if there exists orthonormal vector
fields Ey,Ep,...,E; along ysuchthat Ey =y =T, O1E; =
K1Ep, O7Er; = —xk1E1 + 0E3, ..., 0O7E = —k_1Er_1, where
K1,---, Kr_1 are positive functions on |.

A geodesic is a Frenet curve of osculating order 1; a isa
Frenet curve of osculating order 2 with x; = constarta

, F >3, is a Frenet curve of osculating order r with
K1,---, Kr_1 constants; a helix of order 3 is called, simply, helix.



Let (N> ¢, &, n,9) be a Sasakian space form with constant
¢-sectional curvature cand y:1 — N a Legendre Frenet curve
of osculating order r. Then y is iff

n(n)= OT-RT,OMT
= (—3k1k})E1+ (K‘” — K1K3 + —(°+3)K1> E>

1) K1

(2K K + KK} Es + KikoksEg + 2R g(Ep, @T) T



Proper-biharmonic Legendre curves in Sasakian

space forms

Ifc=21and n> 2then yis if and only if
either yis a with ky =1or yis a with k2 + k2 = 1.



Proper-biharmonic Legendre curves in Sasakian

space forms

Ifc=1and n>2thenyis if and only if
either yis a with ky =1or yis a with k2 + k2 = 1.

Assume thatc#1and OrT L ¢T. We have

1)ifc< —3then yis ifand only if it is a ;
2)ifc> —3then yis if and only if either
ayn>2and yis a with k2 = 3, or

byn>3and yisa with % + k2 = 3.



If c#£1and OrT || T, then {T,T,&} is the Frenet frame field
of y and we have

l)ifc< 1then yis if and only if itis a ;
2)ifc> 1then yis if and only if it is a

with k? =c—1 (and Kk, = 1).



Letc+# 1, n> 2 and y a Legendre Frenet curve of osculating

order r > 4 such that g(Ez, ¢T) is not constant 0,1 or —1. We
have

a) ifc< —3then yis if and only if it is a ;
b) if c> —3then yis if and only if

oT = cosopE;, + sinapE4 and

k1 = constant> 0, k» = constant

_c+3  3(c-1) c—1)

3

K4 K2 = + cofag, Kok = — (
4 4

where ag € (0,27)\ {Z, 7, %%} is a constant such that

c+3+3(c—1)cogap >0, 3(c—1)sin2a < O.

sin 2o,




Proper-biharmonic Legendre curves in S?"1(1)

Lety:l —S°™1(1),n>2 be a Legendre
curve parametrized by arc length. Then the equation of y in the
Euclidean space E2"2 = (R?"*2 ( )), is either

¥(s) = \/1§cos<\/_s)e1+\/§sm<\/_s)e2+%2e3

where {g,.7¢g} are constant unit vectors orthogonal to each

other, or
¥(s) = cos(As)el +%5 L sin(As)e,+

cos(Bs)e3 +5 L sin(Bs)ey



where

A=+/1+Kx1, B=+/1—K1, K]_G(O,l),

and {e} are constant unit vectors orthogonal to each other, with
(e1, S €3) = (€1, &4) = (&, .7 €3) = (€, I €&4) =0,

Afer, 7€) +B(es,.7e4) = 0.



where

A=+/1+Kx1, B=+/1—K1, K]_G(O,l),
and {e} are constant unit vectors orthogonal to each other, with
(e1, S €3) = (€1, &4) = (&, .7 €3) = (€, I €&4) =0,

Ale1,.7 &) +B(es, .7&4) = 0.

We also obtained the explicit equations of

Legendre curves in endowed with a
deformed Sasakian structure, given by and of the
classification.



Proper-biharmonic Legendre curves in N°(c)

Let ybe a Legendre curve in N%(c). Then
c>-3andyisa of order r with 2 <r <5.



A method to obtain biharmonic submanifolds in a

Sasakian space form

Let (N°™1 ¢ & n,9) be a strictly regular Sasakian space form
with constant ¢-sectional curvature cand leti: M — N be an
r-dimensional of N. Consider

F:M=IxM—=N, F(tp)=a(p)=dpt),

where | =S or | =R and {¢:}cr is the flow of the vector field
. Then F : (M,§ = dt?+i*g) — N is a Riemannian immersion
and it is if and only if M is a
proper-biharmonic submanifold of N.



The previous Theorem provide a classification result for
surfaces in a Sasakian space form, which
are invariant under the action of the flow of &.



The previous Theorem provide a classification result for
surfaces in a Sasakian space form, which
are invariant under the action of the flow of &.

Let M? be a of N2"1(c) invariant under the flow of the
Reeb vector field £. Then M is if and only if,
locally, it is given by x(t,s) = ¢:(y(s)), where yis a
proper-biharmonic Legendre curve.



Biharmonic Hopf cylinders in a Sasakian space form

Let (N1 ¢, &, 7, 0) be a strictly regular Sasakian manifold and
i :M — N a submanifold of N. Then M = 7~ (M) is the
over M, where 7: M — N = N/& is the



Biharmonic Hopf cylinders in a Sasakian space form

Let (N1 ¢, &, 7, 0) be a strictly regular Sasakian manifold and
i :M — N a submanifold of N. Then M = 7~ (M) is the
over M, where 7: M — N = N/& is the

Let Sybe a , Where vy is a curve in the orbit space
of N3(c), parametrized by arc length. We have

a)ifc< 1, then Syis if and only if it is minimal,

b) ifc> 1, then Syis if and only if the

curvature k of yis constant k> =c— 1.



Biharmonic hypersurfaces in a Sasakian space form

We obtained a geometric characterization of biharmonic Hopf
cylinders of any dimension in a Sasakian space form. A special
case of our result is the case when M is a

If M is a of N, then M = 7~ 1(M) is iff

2traceA. (-) +ngrad|H|?) = 0.



IfMis a and |H| = constant£ 0, then M = 7~ (M)

is if and only if
> ¢(n+1)+3n-1
|B|© = .
2
If |H| = constant£ 0, then M = 7~ 1(M) is if
and only if
B2 = c(n+1)+3n-5

2



From the last result we see that there exist no

M = z~1(M) in N(c) if
¢ < 531 which implies that such hypersurfaces if

n+1?
¢ < —3, whatever the dimension of N is.



Takagi’s classification of homogeneous real

hypersurfaces in CP", n> 1

Takagi classified all in the
complex projective space CP", n > 1, and found five types of
such hypersurfaces.

We shall consider u € (0,5) and r a positive constant given by

1 _ c+3

2= 7 -

The in complex projective space
CP"(c+3) have : A2 = Lcotu of

. .. 2 . ..
multiplicity 2n—2 and a = £ cot2u of multiplicity 1.

The in complex projective space
CP"(c+3) have A= —1tanu
of multiplicity 2p, A, = % cotu of multiplicity 2g, and a= 2 cot2u of
multiplicity 1, where p>0, >0, and p+gq=n—1.



Biharmonic hypersurfaces in Sasakian space forms

with ¢-sectional curvature ¢ > —3

Let M = 71(M) be the over M.
If M is of , then M is if and only
if either
c=1and (tanu)® = 1, or
ce {—3n2+2n+1+81[2n—17 +°°> \ {1} and

n2+42n+5

. 2c—2+/c?(N2+2n+5)+2c(3n2—2n—1) + 9n2 — 30n+ 13
_ c+3 '
If M is of ,then M is if and only
if either

c=1, (tanu)>=1and p#q, or

ce |:*3(p*‘1)2*4n+4+8\/m7+00) \ {1} and

(p—a)*+4n+4

(tanu)®=n

2_ 2 2
(tanu)® = 2001 + Er3eerD



As for the other four types of hypersurfaces we have:

There are no M =z"1(M),
where M is a hypersurface of or in complex
projective space CP"(c+ 3).
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