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1 Nonlinear evolution equations and solitons

Lax representation:

[L(A), M(N)] =0
Examples and soliton solutions:

2k
KdV eq. V¢ + Vppe + 60V, = 0, Vi = ;
E ! B cosh? (k(z — 4Kk?t — xq))

210iP(x,1)

1
NLS eq.  iuy + = tgq +2[ul*u = 0, T |
eq WU+ 2U + ‘u| u 1 cosh (QV(CC — 2,ut — CCO))

where ¢(x,t) = px + (2 — p?)t + ¢o.

s-G eq. Gzt +sino(x,t) =0, »1s = 4 arctan eQV(x_wO)H/(Q”)) :

B v sin(2u(x —t — xq))
$pr = 4arctan (Q,u 2 cosh(2v(x +t — 330)))
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Spectral aspects and discrete spectrum:

d2
KdV LxavVkayv = (—@ -+ U(Cl?,t) — )\2> \Idev(x,t, )\) = 0,
V1is — )\2 = —k2
d
NLS LnpsVYNLs = (Zﬁ + gnis(z, t) — >\03) Unps(z,t, ) =0,
0 u* + .
QNLS(ajvt):(u O)’ uls_>)\ :M:l:ZV7
d
s-G LaVUo = (z@ + ¢sc(z,t) — )\03> Vea(x,t, \) =0,
(0 0 . 4+ .
gsa(x,t) = i 0 ) D1s — AT = Fiv, Obr — AT = £ £ v,
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2 N-wave systems related to si(n), n > 3

The corresponding Lax operator L(A) (n =5)

L=i0, +U(x,t,\) = i0, + [J,Q(x,t)] — \J,

M =i0, + U(x,t,\) = i0s + [I,Q(z,t)] — A,
/ 0 Q12 Qi3 Q14 Q15\

s @21 0 Q23 Q2a Q25
J = d.1ag(J1,J2,J3,J4,J5), Q(r,t) = Q31 Q32 0 Qs34 Q35 |,
I = diag (11, Is, I3, 14, I5), Qi1 Qa2 Qus 0 Qus

\Q51 Q52 Q53 Q54 0 )
trJ =0, trI =0, J1 > Joy > J3 >0, 0> Jy > Js. (1)

The N-wave equation:

7/[‘]7 Qt] o 7;[[7 Qx] o H‘]v Q]a [IvQ(xvt)H = 0.
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Generic 1-soliton solution is obtained by the dressing method (Zakharov,
Manakov, Shabat (1974)) with the dressing factor u(x,t, \):

A=A
A=A

u(x, t,\) =1+ (c1(N) — 1)P(x, 1), c1(A)

q(x) = 1J,Q] = )\lim AT —u(z, N)Ju "z, N) = —(AT = A7)[J, P(2)].
(2)
P — generic projector P?(x,t) = P(x,t) with rank s > 1:

S

P(a,t) = Y |na(z, )My (nf (2, 8)],  May(2,t) = (n)(z,)|na(z, 1)),

’na(wa t)> — X(_)‘_(ZU,t, )\+)’n0,a>a <n0,a|SO’nO,b> = 0.

ink), or P(x,t) determine the eigensubspases of L with eigenvalues
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At = 4 iv. For s = 2 we have |n,), a = 1,2 and:

deth ('nl(x’t»MﬂW{(xvt” — |na(2, 1)) Mia(n](z,1)]

— |n1(z, ) Moy (nd (2, )] + !n2($7t)>M11<n£(fB7t)!) :

det M (x,t) = My1 Moz — Mya Moy, Moy () = (nf (2, 8)[ny (2, 1)),
(3)

P(z,t) =

Rank 1 projectors: P(x,t) = |Z”Ln(1%t)t>)<|$((xm;€)>|

n(@)) = xg (2, AT)Ino),  (m(z)] = (molXq (2, A7). (4)

For n = 5 |ng) and (mg| are constant 5-component vectors. These the
1-soliton solutions are parametrized by:

1. the discrete eigenvalues \* = p £ iv;
1 18 soliton velocity, v is the amplitude.

2. the vectors |ng), (mg| specify the internal degrees of freedom of
the soliton. They can be normalized, say to 1. So maximum 4
independent complex parameters are left.
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We have several options that will lead to different types of solitons:
— 1) generic case when: all components of |ng) are non-vanishing;
— 2) special subcases when one (or more) of these components vanish.

Generic one-soliton solution: take yT(x,t,\) = e A Jz+1t).
(P, )ks = 1 mo oo™ O A=) (5)
Y S k’(f[;, t) y ,S Y
B(e.t) = Y nopmope 'O =00, (6)
p=1
Zp(ajvﬂ = Jpx + Ipt, llfs - _()‘+ — A7) (P(2,1))ks, (7)

i.e. all ;; are non-trivial waves. k(x,?) may vanish for certain values of
x, t. Possible singular solutions.
Impose on U(x,t, \) = q(z,t) — AJ the involution
KUV (2, t, \" YK~ =U(x,t,\), K = diag (e, ..., €n), e; = =+1

(8)
Kq'(z,t) K™t = g(x, 1), Kul(z,t, \") K™t = u Yz, t,\),

AT = (A7) = p+iv, (mo| = (KWOWL
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Then the one-soliton solution simplifies to

QiV(Jk —J ) —q _

1s _ s x  v(zr+zs) ,—ipu(zr—2s)

r,t) = — €sN0. kMg <€ e : 9

qkS( ) k‘red(aj7 t) Oak; 0, ( )

kred(z,1) = E :€p|n0,p|2€2mp(x’t)- (10)
p=1

Then reduced soliton will have no singularities only if all €¢; are equal.

The analysis of solitons obtained with rank 2 projectors is similar,
though more complicated. Note that even with the canonical reduction
with K = 1 one can not guarantee that det M > 0 for all x and t; so
one may encounter singular solitons.

3 Effects of reductions on soliton solutions

The reduction group G g (Mikhailov, 1978) is a finite group which preserves
the Lax representation so that the reduction constraints are automatically
compatible with the evolution.
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(G p, must have two realizations:

i) Ggr C Autg and

ii) Gr C Conf C, i.e. as conformal mappings of the complex A-plane. To
each gi. € Gr we relate a reduction condition for the Lax pair:

U(x,t,\) =[J,Q(z,t)] — A\J, Viz,t,\) =[I1,Q(x,t)] — X\, (11)

of the Lax representation:

1) C1(UT(r1(N)) = U(N), C1(VT(k1(N)) = V()
2) Co(U' (k2(N))) = =U(N), Co(VE(k2(N)) = =V(N),
3) C3(U"(k1(N)) = =U(N), C3(V*(k1(N))) = =V (A),
4) Ca(U(r2(N))) = U(N), Ca(V(k2(N))) = V(N),
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3.1 N-wave system related to so(5)

Impose first a reductions of class 4 that does not affect the spectral
parameter. Choose Cy = Sy, ka(A) = A, so

o O O
-]

So(U(A\)Sg ' +U(N) =0, Sy =

_ o O O O
SO = OO
oo O o

o |
oo o |

\ /

Focus our attention on NLEE related to the so(5) algebra. Thus the
N-wave system itself consists of 8 equations. A half of them reads

i(J1 — J2)Qrot(x,t) —i(l1 — I2)Q10.2(x,t) + kQ11 (2, 1) Qg (z,t) = 0,
iJ1Q11,4(x,t) — i11Q11,2(7, ) — k(Q10Qo01 + Q12Q57) (2, 1) = 0,
i(J1 4+ J2)Qi2(z,t) —i(lh + I2)Q12.2(x, 1) — kQ11(x, 1) Qo1 (z,t) = 0,
1J2Qo1 1 (2, 1) —112Qo1 z(x, 1) + k(Q7Q12 + Q1g®@11)(x,t) = 0.

(12)
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where k := J11>— Jo1; is a constant describing the wave interaction. The
other 4 can be obtained by changing ), < ()z-. Dressing factor:

w(z, \) =1+ (c(\) — 1) P(z) + (ﬁ - 1) P(z) € SO(5),  (13)

P(z) = SoP'(x)S, .

Generic 1-soliton solution reads

A~ — )\ | B | B

Qm(w,t) — <m[n> (e—z(A+z1—>\ 22)no,1mo,2 4 ez(,\+22—/\ Zl)n0,4mo,5) :
AT = AT -

Qu1(z,t) = (mln) (6 A ngamgs — e Z1n0,3m0,5)7
A — 0\t | B L

Q12(x’t) — <m‘n> (6—2(A+21+>\ Zz)nO,lmOA i 6—’&(>\ Z1+A+z2)n0’2m0’5) :
AT = AT i

QOl (x7t) — <m‘n> (6 i zzn0,2m0,3 + e A zzn0,3m0,4) )
° +

(m|n) = Ze_m A )Zng Mok, 2 = Jrx + It k=1,2.

k=1
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The other 4 field can be formally constructed by doing the following
transformation

—iAT2 AN 2
Qrn — Qr, e Fee TR No,j <> Mo, ;-

A typical Zs reduction: KUT(A*)K~! = U()\) where K = diag (€1, €2,1, €2, €1)
with €L — +1.

Jk — Jl;ka QE — _€1€2Q>{03 QO_l — _EQQSD Qﬁ — _€1Q>{1’ QE — _6162QT2'

Reduced NLEE is given by 4 equation

i(J1 — J2)Quo(x,t) — (L1 — [2)Quo.x(x,t) — keaQr1(x, 1) Q¢
1J1Q11 (2, t) —1[1Q11 (2, t) — k(Q10Q01 + €2Q12Q01)
i(J1+ J2)Qra(z,t) —i(l1 + I2)Q12.2(x, 1) — kQ11 (2, 1) Qo1
1JoQo1,t(x, 1) — il2Qo1 2 (7, 1) — ke1 (Q11 Q12 + €2Q719CQ11)

x? Y

8

8

Y Y

0
0,
0
0

/N N N TN

t)
)
t)
t)

L,
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Then A\* = 4 iv, and |m) = K|n)* and 1-soliton solution becomes

Qio(w,t) = <n:!2[?!/n> (626_i(A+Z1_(’\+)*Z2)n0,1n§,2 + €1€i(’\+z2_(A+)*z1)no,4n8,5) :
Qi1(xz,t) = (n:\i?\/m (6_i>\+zln0,1n8,3 3 616_i(>‘+)*21n0,3n§,5) |

Q12(x,t) = (n:\i?\/m (626_'5'()\+z1+()\+)*z2)n0,1’n,8’4 + Ele—i((A+)*zl+>\+z2)n0,2n8’5) 7
Qo (2. t) = <n:§?"n> (= Somo iy + 26O Fomg s )

(n*|Kln) = €1|77f0,1|2€2m1 -+ €2|77f0,2|2€2m2 + \no,3\2 + 62\n0,4\26_2”2 -+ el\n0,5\26_2”1,
Solitons associated with subalgebras of so(5):

1. Suppose ng1 = ngs = 0. The only nonzero waves are QQo1, Qg7
related to the simple root as — a so(3) soliton.

2. Another sl(2) soliton is derived when ngo = ng4 = 0. Then
(11, Q77 are nonvanishing; the so(3) subalgebra is connected with
the root e; = a1 + an.
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3. Let ng3 = 0. Then Q10, Q15 and Q12, Q15 are nonzero waves. The
corresponding subalgebra is so(3) @ so(3) & so(4).

4. If no1 = Nno,5, Noo = No,a and ng 3 = ng 3 then

—V

Qio(@,t) = A sinh 20 cosh v(zq + 2o )e H(FL=22=014092)
1
24/ 21 .
Qui(z,t) = — \Afw sinh 6, sinh uzle_zu(zl_‘sl),
1
Q12(337t) — ZA—W sinh 2(90 cosh V(Zl — Z2)6_iu(zl+22—51—52),
1
—24/21 .
Qoi(z,t) = [W cosh 0 cosh vzge #H(72792)
1
__ no3 . o1 o3 1165
no,1 = —z= sinh fpe™, no,2 = —~= cosh pe"?, 0y € R,

V2 V2

Aq(x,t) =2 (sinh2 Ao sinh*(vz;1) + cosh? 6 COSh2(VZQ)) :
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If 6 = 0 then a single wave remains nontrivial:

_fZV ZM(Z2_52).

cosh Vz2

Qoi(z,t) =

3.2 79 X Zo reductions and Doublet Solitons
An additional Zo symmetry:

X (2, 2) = Ky (D), A7) KT

(@A) = K (00 (0, -2) K
where K72 € SO(5) and [K1,K3] = 0. Also U(x, \) satisfies both
symmetry conditions. The Zo X Zs-reduced 4-wave system reads

(J1 — J2)qro,¢(z,t) — (11 — I2)q10,0(7, ) t)
Jiqi1e(w,t) — hai e (z, ) + k(qiz(z,t) — qio(z, t))qo1

(J1 + J2)aize(x,t) — (11 + I2)d12,2 (7, t) — ki1 (z, )
Joqo1,¢(7,t) — Iaqo1, (2, t) + k(qro(, t) + qi2(z,t))q11
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where qio(x,t), qi1(x,t), qi2(x,t) and qo1(z,t) are real valued fields.
The dressing factor u(x, \) must be invariant under the action of
ZQ X ZQ, 1.e.

K (uT(x, )\*))_1 Kt =u(z, N, (14)
Ky (uT (2, —\)) " Kyt = u(z, \). (15)

If K1 = K5 = 1 one way to satisty both conditions is to choose the poles
of u(xz,\) at AT = +iv and |m(z,t)) = |n(z,t)) = e’V |ng) real.
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The doublet solution becomes

4y
qlo(x, t) = — <n|n> N1N2 COSh V[(Jl —+ JQ)CB -+ (Il -+ Ig)t — 51 — 52],
4u ,
qll(x,t) = — N1n0,3 SthV(JlilZ—l—Ilt—fl),
(n|n)
4y
qiz2(z,t) = — () N1Nycoshv|(Jy — Jo)x + (I1 — 1)t — & + &,
4y
qo1(x,t) = — Nong 3 coshv(Jox + Lot — &),
(n|n)

(n(z,t)|n(x,t)) = 2N7 cosh 2v(Jix + L1t — &) + 2N2 cosh 2v(Jox + It — &) + n%’3,
where

L. mngs L. noa

51 = E In S fg = 50 In y N1 — 4/10,1M0,5, N2 — /10,210 ,4-

no,1 no,2
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3.3 7y X Zs reductions and Quadruplet Solitons

Now the Zs X Zs-invariance of u(z,t, \) is ensured by adding two more
terms:

A(ZC,t) n KlSA*(aj,t)(KlS)_l B KQSA(ZE,t)(KQS)_l

ule,t,A) =147 A= (A A+ AT
B KlKQA*(CC,t)(KlKQ)_l
A+ (AT)* '

where A(x,t) = | X (z,t))(F(x,t)| and
F(z,1)) = e VO | Fy),

For | X (x,t)) we get a linear system of equations. Skipping the details we
obtain the generic quadruplet solution to the 4-wave system associated
with the By algebra

4 1mIN{

qi10 = ZIm CL*Nl COSh(gOl -+ @2) — 7y

0-20
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im\T

1%

! . . x
qi = ZIm a™ Ny sinh(pq) — Nj Smh(gpl)] mo

1mN{

qio = ZIm a® Ny cosh(p1 — o) — (pcosh(p] — @a) — iv cosh(p] 4+ w2))| No

4 I m T
o1 = ZIm _CL*NQ cosh(pz) — zrr;l/ Ny Cosh(90§>] mg.
where
F? +
a(w,t) = - | Ni cosh 201 + N cosh 202 + —= |, bla1) = m(;;’ )
t 312
c(z,t) = iz, )a m(z,t) = |N1|? cosh(2Re ¢1)+|Nz2|* cosh(2Re pa)+ ]m20| ,
0
o,.,0—0 -\ + 1 mg
No = Motg S0‘7('Clj7t) = 1A (Jax+lat)+§ log 6—o° 0 = L,2.
M

_ Other inequivalent reductions: we can use automorphisms K, and/or
K5 taking values in the Weyl group.
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4 MNLS eqs on BD.I-symmetric spaces

These symmetric spaces are SO(n + 2)/SO(n) x SO(2).

L¢:(2¢+U(xm>) b(x,t,\) =

0 ¢g- 0 10 0
U(x,\) =q(z,t) — \J, g=| p O soq |, J=100 0 |,
O S0 0 00 —1

Typical reduction for n = 3 with K7 = diag (€1, €2, 1, €2, €1), 6%2 = 1;
p2 = €1€2G3,  P3 = €1q3, P4 = €1€2qy;
gives a 3-component system of NLS equation

192t + G222 + 261(62\Q2\2 + \Q3\2)Q2 + 6162Q§QZ = 0,
iq3.¢ + Q300 + 261020405 + €1(2€2|q2]? + 2€2|qa]* + |q3]*) gz = 0,
R R 261(621614!2 + !C]3!2)CI4 + 6162619%@5 =0,
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Its soliton solution is given by

q2

qs3

q4

— 21V
A
— 21V
A
— 21V

A

V2 2
L4

6162V(m_Ut)’n0,1’2 + €9 (’n0’2’2 + ’n0,4

9 u:_zlua'

e—z,u(a:—vt) (6261/(90—11,75)”0’1”8 L +ee

A second reduction via a Weyl reflection Se,:

(10000\
00 0 10
00-100
01 0 00

\00 0 01/

0-23

—ipu(x—uvt v(ir—ut * —v(x—ut *
e~ ) (626 ( )no,an,Q + €€ ( )n0,4n0,5) :

—iu(x—ut v(ix—ut * —v(x—ut *
e~ in(z—ut) (e ( )n0,1n0,3 —ere Yl )n0,3n0,5) :

2) + ’n0’3’2 + 616—2V(x—ut)’n0’5

(16)

2
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gives
P2 =qi,  P3=—¢,  DPi=Gs
and gives rise to another inequivalent system of 3 NLS equations

g2 + Goue + 2(q205 — 1g31%)q2 + @3¢5 = 0,
Q3¢ + @320 — 2020405 + (2020 + 2quqs — |g3]?)qs = 0,
iqas + Qaze +2(quqs — |a31?)qa + G595 = 0.

Then we have the following one soliton solution

—iv .
—1u(x—vt vix—ut * —v(x—ut *
2V .
—u(xr—vt vix—ut * —v(x—ut *
—v .
—1u(x—vt vix—ut * —v(x—ut *

2 4 6—2V(x—ut) ‘n0’5

A — €2v(m_ut)|n0,1|2 + (n0,2n3,4 + n3,2n0’4) — ‘no,g

0-24
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Next we consider a Zq X Z9 reduction, which is a combination of reductions
with K7 and K5. This is possible only for ¢; = —1. Then

P24 = —62QS,4, q2 =— —€244, p3 = —q3. (17)

and we obtain the following system of two equations

192t + Q2,00 — 2(€2|Q2|2 + !C]3!2)Q2 + ngg =0, (18)
Q3¢ + @300 — (4€2]qo|™ + |g3]?)q3 + 2e2(q2)?q5 = 0. (19)

and its one soliton solution takes the form

21V —iulr—v vir—u * —v(rz—u *
qs = —A e K t) (6 ( t)n0’1n073 +e ( t)n0,3n0,5) ) (21)

A — 621/(x—ut)’n0’1’2 o 2€2|n0,2|2 o |n0,3|2 + 6_2’/(33_Ut)|n0,5|2, (22)

2 _ 2
v =2 _F : u = —2/. (23)
[
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5 MMKdAV eqs on BD.I-symmetric spaces

The M-operator for the MMKdV equations takes the form

My(x,t,\) = i0p + (Vo(x,t) + AVi(x,t) + )\2‘/2(90 t) — NIz, t, \),

Vo(x,t) = q(z,t), Vi(x,t) = zad_l(‘?xq—k [adj q,q(x, )} ,(24)

1

VO(x7t> — _anq—i_ [ad,] q, [ad,] q,q (Clﬁ,t)” +Z[a$Q7 Q]a

It will be convenient to introduce the following notations for the n-
component vectors

(j: (Q17'°'7qn)T7 ﬁ: (p17°"7pn)T7

and also the matrices Sy and sg

n-+2 O O 1
So=Y (-1)""'Eps 0 p=10-50 |, (25)
k=1 1 0 0
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The MMKdV equations can be written down in compact form as

Analogously the MNLS eqs. generalizing the vector NLS are:

iPt — Paa — 2(q, )P + (P, s0p)s0q = 0,
Consider a Zs reduction of the type
U\ =U0), =  p=q" (28)
Then we obtain the following reduced systems of MMKdV
Orq+ 03T+ 3|q170:0 + 3 (00, 7) 7 — 3 (02500) 07" = 0.

and MNLS
i@ + o + 2(7", DT — (7, 500) 507" = 0,
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Applications: for n = 2 and n = 3 describe FF =1 and F' = 2 BEC
(Wadati (2006)).
The 1-soliton solution of the MMKdV reads

—ip(x—ut—23aop)

—1ive
_ v(iz—vt—E&g) *x 1 k_—v(z—vt—&p) )
1 cosh(2v(x — vt — &) + C (6 b+ (=1)"e nts=k )
2r
1o,k
CL = , k=2,...,2r C= Z|n0,k\2/2|n0,1||n0,n+2\,
VIno,n0,n+2| k2
1 n
v = v — 3%, uw = 3v° — 1, 0p = argno,lj Eo = In no, +2|.
p v no,
provided we have fixed argng 1 = — argng ,+2 by using the natural U(1)

symmetry of the solution.
Consider Zs reduction of MKdV related to so(5) with

KUV (=XK1 =U), = K¢{K'=gq, KJK'=—J
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000 0-1 0 0 0 0 —¢
/01000\ /062000\
We=| 00-100 |, = K=| 0 0-10 0
00010 0 0 0 e 0
\—=10 0 0 0 / \—2 0 0 0 0 )

is the Weyl reflection with respect to the hyperplane orthogonal to e;.
The following interrelations hold true

g3 = —€1€2q7, 2 = —€1qy,
p3 = —€1€2D7, p2 = —€1Ps-
As a consequence of the reduction we have
AT=—(A7),  |m)=K[n)", (29)
or
(A5 =-X%,  [n)=SK[n)*,  (m|=(m["(SK)"".  (30)
Applying another Zs reduction of the type
U=\ =-U(), = ¢ =-¢ (31)
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we obtain that
AT =\, im) = |n). (32)

The corresponding system of MKdV is

G2.t + Q2200 — 3(0243) 23 + 3€1€2G305 @32 — 645¢2.2 = 0,
43¢ + Q3,022 + 3€162]02]203 — 3(0203) 202 — 3(¢503) 2G5 — 39543, = O.

and is new to the best of our knowledge. Again two types of solitons.
The doublet soliton — \* = +iv and |n) = SK|n)* and is given by

: 5800
ive
_ v(z—vt—Ep) —v(z—vt—&p) )
12 €1 cosh2v(x — vt — &) + C (6 Cate “)
2ivese’® sinhv(x — vt — &) I
— : oo = — =—, el
13 €1 cosh2v(x — vt — &) + C 0= ai8To,L = Al oS =5

%)/2In0,1]|n05

*k *k *k *k
C1 = —€1€1, Cog = —€204, C(Cg3 = —C3, Cy= —€1C5, Ck

C = (2e2Re (no2n0.4) + |n0.3

Y

no,k

B \/!n0,1

Y

’nO,n—l—Q

g3 is either real or purely imaginary valued function.
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The quadruplet soliton solution:

A(z,t) KSA*(z,1)SK  SA(z,t)S N KA*(x,t)K

A—Xo A+ Af A+ Ao A=Ay
(33)

q(x,t) = [J,A— KSA*SK — SAS + KA*K]|(x,1). (34)

Find the matrix A(x,t) = X F! — algebraic set of equations. Here X and

F' are rectangular matrices of rank s < r and A\g = p + iv. It can be
checked that

u(x,t,\) =1+

F(x,t) = e!CortXot) ] Fy = const.

In the simplest s = 1 case for the factor X one can obtain the following

v _ CF+bSKF* — cKF
o |a]2 p2 2 )
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where ¢f = ¢g + 2 1n }ﬁgj}, o = ¢1 + arg Fy 4 and

F02,2 + F02,3 + F02,4

Fo 1 F
a(x,t) = Fo.1Fos (cosh2(¢pr —i0p1) +C4), C,=

Ao 2|Fo 1 Fos|
i|Fo1Fo 5 2Re (Fy o Fo4) + |Fo 3/°
b(x,t) = - h2 C Cp = o~ :
('CU7 ) U (COS ¢R _|_ b)? b 2’FO’1F0,5| Y
| Fo,1F05 |y 2|? — |Fo3|* + | EFo4l?
clx,t) = — = (cos 201+ C.), C.= ’ ’ |
(z,t) . ( 1+ Ce) 2 Fo1Fos
1 F F
¢R:V<x—vt— ln‘ O’ll), ¢I:M(x—ut—arg O’5>,
22U ‘F0,5| 9!
and arg Fy1 = —arg Fp 5. Thus for €; = €2 = 1 one derives

2\/|F0’1F0,2FO,4F0,5|

R PEB {a* cosh(¢g — i¢y ) — b(cosh(pg + igy ) + cosh(pf — idy )
— acosh(¢f + i¢7) + c(cosh(¢f + igr ) — cosh(pg —ig7 )},
20| Fo1 Fo 5 . . ¥ - :

g3 = Im {(b + ¢) sinh(¢r + i¢1) — a™ sinh(pr — i¢1) } Fo 3,

lal? + b2 — 2
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