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Z[���� ���� ��� � �� ��!��� "�#��$������ �� $

�%����

\]^]_`abcdef ]bg` ^]`hh]` _] e_]i]jcakmljildha] en d` e_`cf ijljaf j]` _ lb if aa`c l_b

i
dbj
dξ

+ucj−
1

2
εjbj=0,oqpr

i
dcj
dξ

+u∗b
j+

1

2
εjcj=0,oqsr

i
du

dξ
+

n∑

j=1

bjc∗
j=0,outr

v g]_]ξfbc g]]^la dcf ljill_ef j`c]` jeεjil__]bh ljebc lc g]jl_w`afx] e v` ^]jd wy]_wfb w`c igbz{g]bkbc] woqpXtrfbf jc _ledi] ec lwle]ac g]

| _lvc gl}`a lv }_]n d]jikf jc]_j`ali]` jv` ^]ykf jc]_` icf ljvf c ggf| g]_ }_]n d]jikb d_ }` i]v` ^]b` jefbdb ] e`b` wle]al }ha`b w`cd_y da]ji]z {gfbbkb c] we]b i_fy]c _f` eb l }v` ^]b(bj,cj,u)~j=1,...n]^la ^f j|f jξ
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` jef jc]_` icf j|vf c g]` iglc g]_c _ld| gwdacfha]c g_]]v` ^]f jc]_` icf lj vf c gh lbbfya]`hhaf i`cf ljbf jlhcf ibz

����������� $��� �� $

{g]]n d`cf ljboqpXtr i` jy]v _f cc]j`b�`�_]h _]b ]jc`cf lj

dL

dξ
=[M,L],oq�r

l }c g] }laa lvf j|af j]` _bkb c] w�
dψ

dξ
=M(ξ,λ)ψ(ξ,λ)L(ξ,λ)ψ(ξ,λ)=0,ou�r

v g]_]L,M` _]2×2 w`c _f i]b` jeg` ^]c g] }l_ w
L(ξ,λ)=

(

A(ξ,λ)B(ξ,λ)
C(ξ,λ)D(ξ,λ)

)

,ou�r

M(ξ,λ)=

(

−iλ/2iu
u∗iλ/2

)

.ou�r

WYXs



v g]_]
A(ξ,λ)=a(λ)





−i
λ

2
+
i

2

n∑

j=1

(

cjc∗
j−bjb∗

j

)

λ−εj





,ou�r

B(ξ,λ)=a(λ)





iu−i

n∑

j=1

bjc∗
j

λ−εj





,ou�r

C(ξ,λ)=a(λ)





iu∗−i

n∑

j=1

cjb∗
j

λ−εj





,oqpWr

v g]_]D(ξ,λ)=−A(ξ,λ)` jea(λ)=
∏

n
i=1(λ−εi)z�f�]_]jc�`�_]h _]X

b ]jc`cf ljon+2×n+2 w`c _f �_]h _]b ]jc`cf ljrfb e]_f ^] ef j���� z� d_�`� _]h _]b ]jc`cf ljfbo2×2w`c _f �_]h _]b ]jc`cf ljr~v gf ig`aa lv]�` icf jc]X

| _`cf ljl }f jf cf`abkb c] wz {g]�`�_]h _]b ]jc`cf ljkf ]a ebc g]gkh]_]aafhcf i id_^]K=(ν,λ)

e]c(L(λ)−
1

2
νI)=0,oppr
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v g]_]Ifbc g]2×2djf c w`c _f �z {g] wledaf l }c g]id_^]oqppr| ]j]_`c] c g]f jc]| _`ab l }wlcf ljJ0,Jj,Kj,j=1,...,n~

ν
2

=A
2
(ξ,λ)+B(ξ,λ)C(ξ,λ).oqpsr

{g]id_^]opsr i` jy]v _f cc]jf ji` jljf i`a }l_ w`b

ν
2

=4

2n+2 ∏

j=1

(λ−λj)=R(λ),oqptr

v g]_]λj6=λk` _]y _` jigf j|h lf jcbz�_lwopsr` je]�haf if c]�h _]bbf ljb }l_A(ξ,λ),B(ξ,λ),C(ξ,λ)v]lyc`f j
ν

2
=a(λ)

2





λ
2
−4iJ0+4i

n∑

j=1

Kj

λ−εj−i

n∑

j=1

J
2
j

(λ−εj)2





,oqp�r

v g]_]

Kj=iub∗
jcj+iu∗b

jc∗
j+i

εj
2

(|cj|
2
−|bj|

2
)

WYX�



−i
1

2

∑

k6=j

(

(|bj|
2
−|cj|

2
)(|bk|

2
−|ck|

2
)+2b∗

jcjbkc∗
k+2bjc∗

jb∗
kck
)

εj−εk
,oqp�r

J0=i|u|
2

+
1

2
i

n∑

j

(|bj|
2
−|cj|

2
),Jj=i(|bj|

2
+|cj|

2
).

�]�cv] e]^]a lh` w]c glev gf ig`aa lvbc liljb c _dicn d`bf Xh]_f lef i` je

h]_f lef ib la dcf ljb l }bkb c] woqpXtr z {g] w]c glefby`b ] eljc g]`hhaf i`8X

cf ljl }bh]ic _`ac g]l_k }l_b ]a }X` e� lf jclj]ef w]jbf lj`a�f _` i]n d`cf lj vf c gn d`bf Xoh]_f lef irq�jf c]|`hh lc]jcf`aU=−ui }z�nbzop~ sr

i
dΨ1j

dξ−UΨ2j−iλjΨ1j=0,oqp�r

i
dΨ2j

dξ−U∗Ψ
1j+iλjΨ1j=0,oqp�r

WYX�



vf c gbh]ic _`ah` _` w]c]_λ` je]f| ]j^`a d]bλj=iεj/2z {g]]n d`cf ljoq�r fb]n df ^`a]jcakv _f cc]j`b

dA

dξ
=iuC−iu∗B,A(ξ,λ)=

n+1 ∑

j=0

An+1−j(ξ)λ
j
,oqp�r

dB

dξ
=−iλB−2iuA,B(ξ,λ)=

n∑

j=0

Bn−j(ξ)λ
j
,oqp�r

dC

dξ
=iλC+2iu∗A,C(ξ,λ)=

n∑

j=0

Cn−j(ξ)λ
j
,oqsWr

l_f jef�]_]jc }l_ wv]g` ^]

Aj+1,ξ=iuCj−iu∗B
j,A0=1,A1=c1,oqspr iBj+1=−Bj,ξ−2iuAj+1,B0=−2u,ossr iCj+1=Cj,ξ−2iu∗A
j+1C0=−2u∗,

oqstr

WYX�



v g]_]c1fbc g]iljbc` jcl }f jc]| _`cf ljz �f�]_]jif`cf j| �nzoqp�r` jedbf j| oqpsrv]i` jlyc`f j
BBξξ−

uξ

u
BBξ−

1

2
B

2
ξ+

(

λ
2

2−iλ
uξ

u
+|u|

2

)

B
2

=2u
2
ν.oqs�r

�bf j|oqp�rc g]]f| ]j}djicf ljbΨ1~Ψ2 }l_�jf c]X|`hh lc]jcf`aUoq�`�]_X

��gf ]x]_}djicf ljr g` ^]c g] }l_w
Ψ1(ξ,λ)=





U(ξ)
n∏

j=1

λ−µj(ξ)

λ−µj(0)





1/2

exp

{

−i
∫

ξ

0

√

R(λ)
∏

n
j=1(λ−µ(ξ′))dξ′

}

.

Ψ2(ξ,λ)=
i

U(ξ)

(

dΨ1(ξ,λ)

dξ−λΨ1(ξ,λ)

)

.

�f j`aakv]lyc`f jc g]b la dcf ljb l }oqpXtrf jc]_ wb l }v]aa�jlv jh]_f lef i �f _` i]f| ]j^`a d]h _lya] woqp�~ p�r

bj=Ψ1(ξ,λj),cj=Ψ2(ξ,λj),u(ξ)=−U(ξ),oqs�r

WYX�



v g]_]µj(ξ)` _]�jlv j}djicf ljb~` d�f af` _kbh] ic _d wl}c g]h]_f lef i �f _` i]f| ]j^`a d]h _lya] woqp�~ p�r z �]cdb iljbf e]_~f jh` _cf ida` _~`bh]if`ai`b ]l }c g]bkbc] wopXtr~c g_]] v` ^]bkbc] w~n=1

i
dA1

dξ
=εA3A∗

2,i
dA2

dξ
=εA∗

1A3,i
dA3

dξ
=εA1A2.oqs�r

{g]il__]bh ljef j|]a] w]jcb l }�`� w`c _f i]b` _]

L(ξ,λ)=

(

−i
λ
2+

i
2λA−iεA1−i

1
λA3A∗

2

−iεA∗
1−i

1
λA2A∗2

3i
λ
2−

i
2λA

)

,oqs�r

M(ξ,λ)=

(

−i
λ
2−iεA1

−iεA∗
1−i

λ
2

)

,A=|A2|
2
−|A3|

2
.oqs�r

{lf jc]| _`c]c g]bkbc] woqs�rv]f jc _ledi]j]v^` _f`ya]vf c gε=1

µ=i
1

A1

dA1

dξ
=
A3A∗

2

A1
,oqs�r

WYX�



f jc]_ wb l}v gf igld_]n d`cf ljb i` jy]v _f cc]j`b

dµ

dξ
=2i

√

R(µ),otWr

v g]_]

R(λ)=(
1

4
λ

2
−

1

2
A)

2
−|A1|

2
(λ−µ)(λ−µ∗)=outpr

1

4
λ

4
−α1λ

3
+α2λ

2
−α3λ+α4.outsr

{g]µ^` _f`ya]` jeAj,j=1,...3ly]kc g]]n d`cf ljb

α1=0,|A1|
2
−

1

2
A=α2,outtr

−|A1|
2
(µ+µ∗)=α3,

1

4
A−µµ∗|A1|

2
=α4.out�r

{g]]n d`cf ljl }wlcf ljfbc g]j (

dµ

dξ

)

2

=−4
(

µ
4

+Nµ
2
−Hµ

)

out�r

WYX�



v g]_]c g]bkb c] woqs�r iljb ]_^]bc g]ef w]jbf lja]bb ^` _f`ya]N` jec g] �` wf ac ljf` jH

N=|A1|
2
−

1

2
A,H=A1A2A∗

3+A3A∗
1A2,out�r

\ la ^f j| �nbzot�r }l_µ^` _f`ya]v]lyc`f j

µ=
1

4ν

(

H+i
√

P(ν)
)

,out�r

v g]_]P(ν)=4ν
3
−4Nν

2
+N

2
ν−H

2
.out�r

�]b ]]�c g]b la dcf ljA1f jc g] }laa lvf j| }l_w
A1=

√

ν(ξ)exp

(

iC

∫

ξ

0

dξ′

ν(ξ′)

)

=
√

ν(ξ)exp(iψ(ξ)),out�r

v g]_]ν=|A1|
2

=℘(ξ+ω′)+C1~℘fbc g]�]f ]_bc _`bb }djicf lj~` jeω′

fb g`a }h]_f lez�bf j| �nzot�r` jec g] }laa lvf j|]n d`cf lj
dν

dξ
=−2iν(µ−µ∗),

oq�Wr

WYXpW



e]_f ^] e}_lwoqs�r` jec g_]]v` ^]]n d`cf ljbv]lyc`f j

(

dν

dξ

)

2

=4ν
3
−4Nν

2
+N

2
ν−H

2
,oq�pr

v glb ]b la dcf lji` jy]]�h _]bb ] ef jc]_ wb l}c g]�]f ]_b c _`bb]aafhcf i}djiX

cf lj℘`b

ν=℘(ξ+ω′)+
N

3
.oq�sr

\ dybcf cdcf j|c gfb]�h _]bbf ljf j�nzot�rv]lyc`f j

A1=

√

℘(ξ+ω′)+
N

3
exp(iψ(ξ)),oq�tr

v g]_]c g]h g`b ]ψ(ξ)fb|f ^]jyk

ψ(ξ)=
H

2℘′(κ)

(

a j

σ(ξ+ω′−κ)

σ(ξ+ω′+κ)
+2ζ(κ)ξ

)

+ψ0,oq��r

v g]_]σ,ζ` _]�]f ]_bc _`bb }djicf ljb` jeψ0fbf jf cf`ailjb c` jch g`b ]z

WYXpp



���*)!��� �� $�� $���������

� jc gfbh` _`| _`h gv]vf aailwh dc]rX w`c _f �`a| ]y _` l }_]bc _f ic] ewdacfha] c g_]]v` ^]f jc]_` icf ljbkb c] wz�]jlc]c g`cf j�`�_]h _]b ]jc`cf ljou�sr v]_] wl^]c g] }djicf lja(λ)~v gf igfb]bb ]jcf`a }l_bcdekf j|�` wf ac ljf` j ek j` wf ib l }_]bc _f ic] ewdacfha]c g_]]v` ^]f jc]_` icf ljbkbc] wz �]c`b iljbf e]_�`� w`c _f �
L(λ)=a−1

(λ)L(ξ,λ)=

(

AB

C−A

)

.oq��r

` jef jc _ledi]bc` je` _e� lfbb ljy _` i�]c~{·,·}0

{f,g}0=−i
(

∂f

∂u

∂g

∂u∗−
∂f

∂u∗
∂g

∂u

)

−i

n∑

j=1

(

∂f

∂bj

∂g

∂b∗
j

−
∂f

∂b∗
j

∂g

∂bj

)

−i
(

∂f

∂cj

∂g

∂c∗
j

−
∂f

∂c∗
j

∂g

∂cj

)

WYXps



{g]]jc _f ]b l}Lb`cfb }kc lc g] }laa lvf j|v]aa�jlv j]n d`cf ljb

{A(λ),A(µ)}0={B(λ),B(µ)}0={C(λ),C(µ)}0=0,

{A(λ),B(µ)}0=
1

λ−µ

(

B(µ)−B(λ)
)

,

{A(λ),C(µ)}0=−1

λ−µ

(

C(µ)−C(λ)
)

,

{B(λ),C(µ)}0=
2

λ−µ

(

A(µ)−A(λ)
)

,

v gf igw`ky]_]v _f cc]j`baf j]` _rX w`c _f �`a| ]y _`

{
1

L(λ),
2

L(µ)}0=[r(λ−µ),
1

L(λ)+
2

L(µ)],oq��r

g]_]

1

L(λ)=L(λ)⊗I,
2

L(µ)=I⊗L(µ)` jer(λ−µ)fb` ia`bbf i`a

WYXpt



_`cf lj`arX w`c _f ��
r(λ−µ)=

Π

λ−µ
,Π=









1000
0010
0100
0001







.

�] wf je~c g`ccv l� lfbb ljy _` i�]cb{.,.}0` je{.,.}1` _]ilwh`cfya] f }]^]_kaf j]` _ilwyf j`cf ljl }c g] wfbb cf aa`� lfbb ljy _` i�]cz {g]il__]X

bh ljef j| ilwh`cfya]� lfbb ljc]jb l_bP0` jeP1b`cfb }kc lc g] }laa lvf j| ]n d`cf ljb[[P0,P0]]=[[P0,P1]]=[[P1,P1]]=0,o��r

v g]_][[.,.]]fbc g]\ igldc]jy _` i�]cz�] wf jec g`clj`b wllc g�jf c]X

ef w]jbf lj`a w` jf }la eMc g]\ igldc]jy _` i�]cl }cv lyf ^] ic l_bX` je Yfb` j` jcfbk ww]c _f iiljc _` ^` _f` jcc]jb l_l }_` j�c g_]]` jef cb ilwh lX

j]jcbf ja li`aill_ef j`c]bzm_]` e

[[X,Y]]
ijk

=−
dimM
∑

m=1

(

X
mk∂Y

ij

∂zm
+Y

mk∂X
ij

∂zm
+ik ia](i,j,k)

)

.

WYXp�



{g]� lfbb ljy _` i�]c`bb lif`c] evf c gc g]� lfbb ljyf ^] ic l_Pfb]n d`ac l

{f(z),g(z)}=〈df,Pdg〉=
∑

i,k

P
ik

(z)
∂f(z)

∂zi

∂g(z)

∂zk
.oq��r

�]_]dffb il^]ic l_vf c g]jc _f ]b∂f/∂zi` je〈.,.〉fb`b c` je` _e^]ic l_

h _ledicz {g]_]` _]`a lcl }� lfbb ljy _` i�]cb{.,.}1ilwh`cfya]vf c gc g]af j]` _ rX w`c _f �y _` i�]co��rbf wf a` _c lc g]n d` e_`cf i\�ak` jf j`a| ]y _`z�]_]v] iljbf e]_cv l]�` wha]b ljakz

 C/¡ /0515 /�� ,¢£

A=
n∑

i=1

hi

λ−εi
,B=1+

n∑

i=1

ei

λ−εi
,C=

n∑

i=1

fi

λ−εi
,oq��r

¤¥¦§ ¦hi,ei,fi¨§ ¦©ªm«¨¬­® ¨¯° ¨§­ ¨±¯¦²¨«©εi¨§ ¦«³¬¦§­ ® ¨ ¯´ ¨§ ¨¬¦µ ¦§²¶ µ ¥¦«µ ¥¦£m· ¯¯·¤­ «¸ ±§ ¨®¹¦µ²¨§ ¦®· ¬´ ¨µ­ ±¯¦¤­µ ¥¯­ « ¦¨§rº ¬¨µ§­» ±§ ¨®¹¦µ

¼½
¾¿

{B(λ),B(µ)}1={A(λ),A(µ)}1=0,

WYXp�



{A(λ),B(µ)}1=
1

λ−µ

(

λB(µ)−µB(λ)
)

−B(λ)B(µ),

{A(λ),C(µ)}1=−λ
λ−µ

(

C(µ)−C(λ)
)

+B(λ)C(µ),o�Wr

{B(λ),C(µ)}1=
2

λ−µ

(

µA(µ)−λA(λ)
)

+2
(

1−B(λ)
)

A(µ),

{C(λ),C(µ)}1=2
(

A(µ)C(λ)−A(λ)C(µ)
)

.

 C/¡ /0515 /�	,¢£

A=hnλ+

n−1 ∑

i=1

hi

λ−εi
,B=en+

n−1 ∑

i=1

ei

λ−εi
,C=fn+

n−1 ∑

i=1

fi

λ−εi

ou�pr ¤¥¦§ ¦hi,ei,fi¨§ ¦©ªm«¨¬­® ¨¯° ¨§­ ¨±¯¦²¨«©εi¨§ ¦«³¬¦§­ ® ¨ ¯´ ¨§ ¨¬¦µ ¦§²¶ µ ¥¦«µ ¥¦£m· ¯¯·¤­ «¸ ±§ ¨®¹¦µ²¨§ ¦®· ¬´ ¨µ­ ±¯¦¤­µ ¥¯­ « ¦¨§rº ¬¨µ§­» ±§ ¨®¹¦µ
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¼½
¾¿
{B(λ),B(µ)}1={A(λ),A(µ)}1=0,

{A(λ),B(µ)}1=
1

λ−µ

(

λB(µ)−µB(λ)
)

−ρ1B(λ)B(µ),

{A(λ),C(µ)}1=−λ
λ−µ

(

C(µ)−C(λ)
)

+ρ1B(λ)C(µ)−ρ2B(λ),o�sr

{B(λ),C(µ)}=
2

λ−µ

(

µA(µ)−λA(λ)
)

+2
(

1−ρ1B(λ)
)

A(µ)

−ρ3B(λ)

{C(λ),C(µ)}=−2ρ1

(

A(λ)C(µ)−A(µ)C(λ)
)

+2ρ2

(

A(λ)−A(µ)
)

+ρ3

(

C(λ)−C(µ)
)

� jc g]y lc gi`b ]bv]i` j_]v _f c]b ]ilje� lfbb ljy _` i�]cbf jc g] }laX

WYXp�



a lvf j|rX w`c _f � }l_ w

{
1

L(λ),
2

L(µ)}1=[r12(λ,µ),
1

T(λ)]−[r21(λ,µ),
2

T(µ)],ou�tr

v g]_]

r12(λ,µ)=











µ
λ−µ000

00
µ

λ−µ0

0
λ

λ−µ00

000
µ

λ−µ











+









0000
00ρ1B(µ)0

−ρ3000
ρ2−ρ1C(µ)000









ou��r ` jer21(λ,µ)=Πr12(µ,λ)Π.

�l_c g]�`� w`c _f �Lvf c g]jc _f ]bo��rv]g` ^]
ρ1=1,ρ2=0,ρ3=0.

�c g]_y _` i�]cb` _]]n d`ac lx]_l~ }l_f jbc` ji]
{bi,bj}1={bi,c∗j}={c∗i,c∗j}1=0.

WYXp�



�bf j|rX w`c _f �`a| ]y _`bo��r` jeou�trf cfb]`bkc lh _l^]c g`cf jc]| _`ab l }wlcf ljIj∈{J0,Ji,...,Jn,K1,...,Kn}op�r` _]f jc g]yf Xf j^la dcf lj vf c g_]bh]icc lc g]y _` i�]cb{.,.}0` je{.,.}1�

{Ij,Ik}0={Ij,Ik}1=0.

{g]lj]l }c g]w`f jh _lya] wbfbc g`cc g]w`f jig` _` ic]_fb cf il}c g] wle]a~b dig`b]n d`cf ljl }wlcf lj~c g]�`�w`c _f i]b` jef jc]| _`ab l } wlcf lj` _]f j^` _f` jcvf c g_]bh]icc lilj� d|`cf lj

u↔u∗,bj↔b∗
j,cj↔c∗

j,ou��r

y dcc g]b ]iljey _` i�]cb{.,.}1 eljlcf j^` _f` jcvf c g_]bh]icc lc gfbc _` jb X

}l_ w`cf ljz {g]b ]iljeh _lya] wfbc g`cc g]b ]iljey _` i�]cb{.,.}1` _]_`cf lj`a y _` i�]cb` jev]g` ^]` jly ^f ldbh _lya] wvf c gn d` jcfx`cf ljl }c g]b ] y _` i�]cbz

WYXp�



À������ '��� �� $�� $���  �� �� $�

�]iljbf e]_ildha] ejljaf j]` _\ ig_ÂÁlef j| ]_]n d`cf ljb l }c g] }l_ woqÃ` jX

`�l^wle]ar
ıQ1t+Q1xx+σ(|Q1|

2
+|Q2|

2
)Q1=0,

ou��r ıQ2t+Q2xx+σ(|Q1|
2

+|Q2|
2
)Q2=0,

v g]_]σ=1 }l_}lidbbf j| i`b ]` jeσ=−1 }l_e] }lidbbf j| i`b ]z�]b ]]� b la dcf ljl }o��r~σ=1f jc g] }l_w
Qj=qj(z)]

iΘj
,j=1,2,ou��r

v g]_]z=x−ct~Θj=Θj(z,t)~vf c gqj,Θj_]`a~v g]_]c g] }djicf ljb Θj,j=1,2y]g` ^]`b

Θj=
1

2
cx+(aj−

1

4
c
2
)t−Cj

∫

z

0

dz′

q2
j(z′)+Θj0.

WYXsW



ÄÅ������  �� �� $����!�� $�Æ�#�%������)

�$Ç������� ���� !��

{g]bkbc] wou��r i` jy]b la ^] eykc g]f j^]_b ]b i`cc]_f j|c _` jb }l_ ww]c gle ` jefbv _f cc]j`bx]_lX id_^`cd_]_]h _]b ]jc`cf lj}l_wyk

Ut−Vx+[U,V]=0,ou��r

v g]_]U,V` _]3×3 w`c _f i]b e]�j] e`b
U=







−iλ
Q1
√

2

Q2
√

2

−
σ√
2Q∗

1iλ0

−
σ√
2Q∗

20iλ





,V=V0λ
2

+V1λ+V2ou��r

` je

V0=





−2i00
02i0
002i





,V1=





0Q1

√
2Q2

√
2

−σQ∗
1

√
200

−σQ∗
2

√
200





,

WYXsp



V2=







i
2σ(|Q1|

2
+|Q2|

2
)i

√
2

2Q1xi
√

2
2Q2x

iσ
√

2
2Q∗

1x−
1
2iσ|Q1|

2
−

i
2σQ∗

1Q2

iσ
√

2
2Q∗

2x−
i
2σQ∗

2Q1−
1
2iσ|Q2|

2





,

v g]_]λfbc g]bh]ic _`ah` _` w]c]_z {g]j] i]bb` _k�`�h`f _fb

Ψx=UΨ,Ψt=VΨ.o�Wr

�]�cv] e]�j]3×3 w`c _f �M(x,t,λ)~v gf igfbb la dcf ljl }Mx=[U,M]

` je

L=





A(x,t,λ)B
1
(x,t,λ)B

2
(x,t,λ)

C
1
(x,t,λ)D

22
(x,t,λ)D

23
(x,t,λ)

C
2
(x,t,λ)D

32
(x,t,λ)D

33
(x,t,λ)





,

l_f j]�haf if c }l_ w

Ax=
1
√

2

(

Q1C
1

+Q2C
2

+σQ∗
1B

1
+σQ∗

2B
2
)

,ou�pr

B
1
x=−2iλB

1
+(D

22
−A)

Q1
√

2
+D

32Q2
√

2
,ou�sr

WYXss



B
2
x=−2iλB

2
+(D

33
−A)

Q2
√

2
+D

23Q1
√

2
,ou�tr

C
1
x=2iλC

1
+(D

22
−A)σ

Q∗
1

√
2

+D
23
σ
Q∗

2
√

2
,ou��r

C
2
x=2iλC

2
+(D

33
−A)σ

Q∗
2

√
2

+D
32
σ
Q∗

1
√

2
,ou��r

D
22
x=−

1
√

2
(σQ∗

1B
1

+Q1C
1
),D

32
x=−

1
√

2
(σQ∗

2B
1

+Q1C
2
),ou��r

D
23
x=−

1
√

2
(σQ∗

1B
2

+Q2C
1
),D

33
x=−

1
√

2
(σQ∗

2B
2

+Q1C
2
),ou��r

�] ilwh lb ]`aa w`c _f �]a] w]jcbf jh lv]_b l }λ`b }laa lvb

A(x,t,λ)=A0(x,t)λ
2

+A1(x,t)λ+A2(x,t)

B
k
(x,t,λ)=B

k
0(x,t)λ

2
+B

k
1(x,t)λ+B

k
2(x,t),ou��r C

k
(x,t,λ)=C

k
0(x,t)λ

2
+C

k
1(x,t)λ+C

k
2(x,t),

D
mn

(x,t,λ)=D
mn
0(x,t)λ

2
+D

mn
1(x,t)λ+D

mn
2(x,t),ou��r

WYXst



v g]_]k=1,2` jem,n=2,3z� }c]_b dybcf cdcf j|ou��rÉÈou��rf jc lbkb c] w

ou�pr Èou��rv] e]_f ^]c g] }laav lf j| _]id__]jc_]a`cf ljb

Al,x=
1
√

2

(

Q1C
1
l+Q2C

2
l+σQ∗

1B
1
l+σQ∗

2B
2
l

)

,ou�Wr

B
1
l,x=−2iB

1
l+1+(D

22
l−Al)

Q1
√

2
+D

32
l

Q2
√

2
,ou�pr

B
2
l,x=−2iB

2
l+1+(D

33
l−Al)

Q2
√

2
+D

23
l

Q1
√

2
,ou�sr

C
1
l,x=2iC

1
l+1+(D

22
l−Al)σ

Q∗
1

√
2

+D
23
lσ

Q∗
2

√
2
,ou�tr

C
2
l,x=2iC

2
l+1+(D

33
l−Al)σ

Q∗
2

√
2

+D
32
lσ

Q∗
1

√
2
,ou��r

D
22
l,x=−

1
√

2
(σQ∗

1B
1
l+Q1C

1
l),D

32
l,x=−

1
√

2
(σQ∗

2B
1
l+Q1C

2
l),ou��r

D
23
l,x=−

1
√

2
(σQ∗

1B
2
l+Q2C

1
l),D

33
l,x=−

1
√

2
(σQ∗

2B
2
l+Q1C

2
l).ou��r

WYXs�



Ê gllb ]c g]f jf cf`ailjef cf ljb

A0=−2i,D
22
0=D

33
0=2i,D

23
0=D

32
0=0,

B
k
1=

√
2Qk,A1=0,D

mn
1=0.

��haf if cak~ lj]ilwh dc]b
C

1
1=−

√
2σQ∗

1,C
2
1=−

√
2σQ∗

2

A2=
i

2
(|Q∗

1|
2

+|Q∗
2|

2
),B

1
2=

i
√

2
Q1,x,B

2
0=

i
√

2
Q2,x,

C
1
2=

i
√

2
σQ∗

1,x,C
2
2=

i
√

2
σQ∗

2,x,D
22
2=−

i

2
σ|Q1|

2
+ia1,

D
23
2=−

i

2
σQ∗

1Q2,D
33
2=−

i

2
σ|Q2|

2
+ia2,D

32
2=−

i

2
σQ∗

2Q1.

ËÌÍÎÏÐÑσ=1

{g]�`�_]h _]b ]jc`cf ljkf ]a eb`c _f| lj`ajljgkh]_]aafhcf iid_^]V=
(ν,λ) e]c(L(λ)−νI3)=0v g]_]I3fbc g]3×3djf c w`c _f �z�l_c g]

WYXs�



b ]iljeÒ lvc g]id_^]fb|f ^]j]�haf if cakyk

(ν+2ıλ
2
)(ν−2ıλ

2
)
2
+(A0λ+B0)(ν−2ıλ

2
)−ıC0−4D0λ

2
−E0λ−F0ν

2
−ıH0λ

4
=0,

ou��r v g]_]

A0=ı

(

2∑

k=1

Q∗
kQk,x−Q∗

k,xQk

)

B0=H̃−a1a2

H̃=
1

2

2∑

k=1

|Qk,x|
2

+
1

4

(

2∑

k=1

|Qk|
2

)

2

−
1

2

2∑

k=1

ak|Qk|
2

C0=
1

4
Q1,xQ∗

2,xQ∗
1Q2+

1

4
Q2,xQ∗

1,xQ∗
2Q1−

1

4|Q∗
1,x|

2
|Q∗

2|
2
−

1

4|Q∗
2,x|

2
|Q∗

1|
2

−
1

2

(

|Q1|
2

+|Q2|
2
)

(

a1a2−
1

2
a2|Q1|

2
−

1

2
a1|Q2|

2

)

+
1

2
a2|Q1,x|

2
+

1

2
a1|Q2,x|

2
,

E0=(Q∗
1,xQ1−Q∗

1Q1,x)a2+(Q∗
2,xQ2−Q∗

2Q2,x)a1,

D0=ıa1a2,F0=ı(a1+a2),H0=−4ıF0.ou��r

WYXs�



{g]b ]_f ]b l }yf _`cf lj`ac _` jb }l_ w`cf ljb

ν=ν0+2iλ
2
,ν0=

1
2E0−

1
2λ1+

1
4ν1

4iλ2
1−4iF0+D0

,λ=ν1,ν1=4w,z=iλ1,ou��r

kf ]a eb`gkh]_]aafhcf iid_^]l }| ]jdbcv le]�j] eyk i` jljf i`a }l_w

w
2

=4z
5

+σ4z
4

+σ3z
3

+σ2z
2

+σ1z+σ0,

v g]_]c g]¬·© ³¯­ l }c g]id_^]σi` _]]�h _]bbfya]f jc]_ wb l }h gkbf i`a

h` _` w]c]_bXa]^]al }]j]_|kH̃` jeiljb c` jcba1,a2~C̃1,C̃2`b }laa lvb

σ4=−8(a1+a2),
σ3=−4H̃+4(a1+a2)

2
+8a1a2,

σ2=4H̃(a1+a2)−4G̃−C
2
1−C

2
2−8a1a2(a1+a2),

σ1=4G̃(a1+a2)−4a1a2H̃+2C̃
2
1a2+2C̃

2
2a1+4a

2
1a

2
2,

σ0=−4a1a2G̃−C̃
2
1a

2
2−C̃

2
2a

2
1.

v g]_]

G̃=
1

8

(

Q1Q∗
2,x−Q∗

2Q1,x

)(

Q∗
1Q2,x−Q2Q∗

1,x

)

WYXs�



+
1

8
(Q2Q1,x−Q1Q2,x)

(

Q∗
2Q∗

1,x−Q∗
1Q∗

2,x

)

+
1

2

(

|Q1|
2

+|Q2|
2
)

(

a1a2−
1

2
a2|Q1|

2
−

1

2
a1|Q2|

2

)

−
1

2
a2|Q1,x|

2
−

1

2
a1|Q2,x|

2
,C̃

2
k=

1

4|
(

QkQ∗
k,x−Q∗

kQk,x

)

|
2
,k=1,2.

{g]�_b cc _` jb }l_ w`cf ljf jo��rc _` jb }l_ wbf jf cf`a²­¸ ³¯¨§bh]ic _`aid_^] c ljljbf j| da` _c _f| lj`aid_^]l }| ]jdbcv lz {g]b ] iljecv lc _` jb }l_ w` X

cf ljbf jou��rc _` jb }lwjljbf j| da` _id_^]c li` jljf i`a�]f ]_bc _`bb }l_w l }gkh]_]aafhcf iid_^]l }| ]jdbcv lz

ËÌÓÎÏÐÑσ=−1

{g]�`�_]h _]b ]jc`cf ljkf ]a eb`c _f| lj`ajljgkh]_]aafhcf iid_^]V=
(ν,λ) e]c(L(λ)−νI3)=0v g]_]I3fbc g]3×3djf c w`c _f �z�l_c g] b ]iljeÒ lvc g]id_^]fb|f ^]j]�haf if cakyk

(ν+2ıλ
2
)(ν−2ıλ

2
)
2

+(A0λ+B0)(ν−2ıλ
2
)

WYXs�



−ıC0+4D0λ
2
−E0λ−F0ν

2
−ıH0λ

4
=0,

v g]_]

A0=−ı
(

2∑

k=1

Q∗
kQk,x−Q∗

k,xQk

)

B0=H̃−a1a2

H̃=−
1

2

2∑

k=1

|Qk,x|
2

+
1

4

(

2∑

k=1

|Qk|
2

)

2

+
1

2

2∑

k=1

ak|Qk|
2

C0=
1

4
Q1,xQ∗

2,xQ∗
1Q2+

1

4
Q2,xQ∗

1,xQ∗
2Q1−

1

4|Q∗
1,x|

2
|Q∗

2|
2
−

1

4|Q∗
2,x|

2
|Q∗

1|
2

+
1

2

(

|Q1|
2

+|Q2|
2
)

(

a1a2+
1

2
a2|Q1|

2
+

1

2
a1|Q2|

2

)

−
1

2
a2|Q1,x|

2
−

1

2
a1|Q2,x|

2
,

E0=−(Q∗
1,xQ1−Q∗

1Q1,x)a2−(Q∗
2,xQ2−Q∗

2Q2,x)a1,

D0=ıa1a2,F0=ı(a1+a2),H0=−4ıF0.ou�Wr

WYXs�



{g]b ]_f ]b l }yf _`cf lj`ac _` jb }l_ w`cf ljb

ν=ν0+2iλ
2
,ν0=

1
2E0−

1
2λ1+

1
4ν1

4iλ2
1−4iF0+D0

,λ=ν1,ν1=4w,z=iλ1,

kf ]a eb`gkh]_]aafhcf iid_^]l }| ]jdbcv le]�j] eyk i` jljf i`a }l_w

w
2

=4z
5

+σ4z
4

+σ3z
3

+σ2z
2

+σ1z+σ0,ou�pr

v g]_]c g]¬·© ³¯­ l }c g]id_^]σi` _]]�h _]bbfya]f jc]_ wb l }h gkbf i`a

h` _` w]c]_bXa]^]al }]j]_|kH̃` jeiljb c` jcba1,a2~C̃1,C̃2`b }laa lvb

σ4=−8(a1+a2),
σ3=−4H̃+4(a1+a2)

2
+8a1a2,

σ2=4H̃(a1+a2)−4G̃−C
2
1−C

2
2−8a1a2(a1+a2),

σ1=4G̃(a1+a2)−4a1a2H̃+2C̃
2
1a2+2C̃

2
2a1+4a

2
1a

2
2,

σ0=−4a1a2G̃−C̃
2
1a

2
2−C̃

2
2a

2
1.

v g]_]

G̃=
1

8

(

Q1Q∗
2,x−Q∗

2Q1,x

)(

Q∗
1Q2,x−Q2Q∗

1,x

)

WYXtW



+
1

8
(Q2Q1,x−Q1Q2,x)

(

Q∗
2Q∗

1,x−Q∗
1Q∗

2,x

)

−
1

2

(

|Q1|
2

+|Q2|
2
)

(

a1a2+
1

2
a2|Q1|

2
+

1

2
a1|Q2|

2

)

+
1

2
a2|Q1,x|

2
+

1

2
a1|Q2,x|

2
,C̃

2
k=

1

4|
(

QkQ∗
k,x−Q∗

kQk,x

)

|
2
,k=1,2.

{g]�_b cc _` jb }l_ w`cf ljf jc _` jb }l_ wbf jf cf`a²­¸ ³¯¨§bh]ic _`aid_^]c l jljbf j| da` _c _f| lj`aid_^]l }| ]jdbcv lz {g]b ]iljecv lc _` jb }l_ w`cf ljb f jc _` jb }lwjljbf j| da` _id_^]c li` jljf i`a�]f ]_b c _`bb }l_wl }gkh]_X

]aafhcf iid_^]l }| ]jdbcv lz {g]�`�]n d`cf lj}l_ilwha]c]akf jc]| _`ya] bkb c] wb efb idbb ] ef jc g]h _] ^f ldbb ] icf lj
Lx(λ′)=[M(λ′),L(λ′)],

o�sr

vf c gw`c _f i]bL` jeM|f ^]jyk

L(λ′)=

(

V(x,λ′)U(x,λ′)
W(x,λ′)−V(x,λ′)

)

ou�tr

M(λ′)=

(

01
Q(x,λ′)0

)

.ou��r

WYXtp



fb]n df ^`a]jcc lc g]Ô` _jf ]_bkb c] w~v g]_]U(x,λ′),V(x,λ′),W(x,λ′),Q(x,λ′)

g` ^]c g] }l_w
U(x,λ′)=a(λ′)

(

1−
g∑

i=1

ξiηi

λ′−ai

)

,

V(x,λ′)=−
1

2
Ux(x,λ′)

W(x,λ′)=a(λ′)

(

λ′+
n∑

i=1

ξiηi+
n∑

i=1

ξixηix

λ′−ai

)

,

Q(x,λ′)=λ′+2
n∑

i=1

ξiηi.

�f j`aakv]h lf jcldclj]db ] }da]�h _]bbf lj~v gf igfb]`bkc le]_f ^] }_lw �`�_]h _]b ]jc`cf ljou�sr

W(x,λ′)=U(x,λ′)Q(x,λ′)−1

2
U(x,λ′)

xx.ou��r

WYXts



{g]�`�_]h _]b ]jc`cf ljkf ]a ebc g]gkh]_]aafhcf iid_^]K=(µ′,λ′)

e]c(L(λ′)−µ′�)=0,o��r

| ]j]_`cf j|c g]f jc]| _`ab l }wlcf ljH,F
(i)
,i=1,...,nz�]g` ^]

µ
2

=V
2
(x,λ′)+U(x,λ′)W(x,λ′),

ou��r

�_lwou��r` je]�haf if c]�h _]bbf ljb l }U(x,λ′),V(x,λ′),W(x,λ′)v]lyX

c`f j

µ
2

=a(λ′)2
(

λ′+
n∑

i=1

Hi

λ′−ai
+

1

4

n∑

i=1

J
2
i

(λ′−ai)2+
1

2

n∑

i=1

Ii
λ′−ai

)

,

ou��r v g]_]

Ii=
∑

k6=i

(ξkηix−ηiξkx)(ηkξix−ξiηkx)

ak−ai
,

+
∑

k6=i

(ξiξkx−ξkξix)(ηiηkx−ηkηix)

ak−ai
,

WYXtt



Hi=ξixηix−aiξiηi−ξiηi

(

g∑

k=1

ξkηk

)

,

Ji=ξixηi−ξiηix,ou��r

` je

∑

g
i=1Hifbc g]�` wf ac ljf` j}l_Ô` _jf ]_bkb c] wz\f wha]_] edicf lj ηi=ξ∗

i|f ^]b dbc g]b ]iljeÒ lvl }b c`cf lj` _k ^]ic l_jljaf j]` _\ ig_ÂÁlef j| ]_ ]n d`cf lj~v g]_]yk∗v] e]jlc]ilwha]�ilj� d|`cf ljz

U(x,t)=q1(x)exp







ıa1t+ıC1

x∫

·

dx

q2
1(x)







,ou�Wr

V(x,t)=q2(x)exp







ıa2t+ıC2

x∫

·

dx

q2
2(x)







,

WYXt�



v g]_]c g] }djicf ljbq1,2(x)` _]b dhh lb ] ec ly]_]`a` jea1,a2,C1,C2` _] _]`ailjbc` jcbz\ dybcf cdcf j|o�Wrv]_] edi]c g]bkb c] wc lc g]]n d`cf ljb

d
2
q1

dx2+ρq
3
1+χq1q

2
2−a1q1−

C
2
1

q3
1

=0ou�pr

d
2
q2

dx2+κq
3
2+χq2q

2
1−a2q2−

C
2
2

q3
2

=0.

{g]bkb c] wo�prfbc g]j`cd_`ag` wf ac ljf` jcv lXh` _cf ia]bkb c] wvf c gc g] g` wf ac ljf` jl }c g] }l_ w

H=
1

2
p
2
1+

1

2
p
2
2+

1

4
(ρq

4
1+2χq

2
1q

2
2+κq

4
2)

−
1

2
a1q

2
1−

1

2
a2q

2
2+

1

2

C
2
1

q2
1

+
1

2

C
2
2

q2
2

,ou�sr

v g]_]p1(t)=dqi(t)/dtz

WYXt�
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{g]bkb c] w1:2:1(κ=χ=ρ=1)fb` ilwha]c]akf jc]| _`ya]g` wf aX

c ljf` jbkbc] w

d
2
q1

dx2+(q
2
1+q

2
2)q1−a1q1−

C
2
1

q3
1

=0,

ou�tr d
2
q2

dx2+(q
2
1+q

2
2)q2−a2q2−

C
2
2

q3
2

=0

vf c gc g]�` wf ac ljf` j

H=
1

2

2∑

i=1

p
2
i+

1

4

(

q
2
1+q

2
2

)

2
−

1

2
a1q

2
1−

1

2
a2q

2
2+

1

2

C
2
1

q2
1

+
1

2

C
2
2

q2
2

,ou��r

v g]_]c g]^` _f`ya]b(q1,p1;q2,p2)` _]c g]i` jljf i`ak ilj� d|`c] e^` _f`ya]b vf c g_]bh]icc lc g]b c` je` _e� lfbb ljy _` i�]c~{·;·}z {gfbbkb c] wh]_wf cbc g]�`�_]h _]b ]jc`cf lj�

WYXt�



dL(λ)

dx
=[M(λ),L(λ)],

L(λ)=

(

V(λ)U(λ)
W(λ)−V(λ)

)

,M=

(

01
Q(λ)0

)

ou��r

fb]n d^`a]jcc lc g]ou�tr~v g]_]U(λ),W(λ),Q(λ)g` ^]c g] }l_ w

U(λ)=−a(λ)

(

1+
1

2

q
2
1

λ−a1
+

1

2

q
2
2

λ−a2

)

,

V(λ)=−
1

2

d

dx
U(λ),

W(λ)=a(λ)

(

−λ+
q
2
1

2
+
q
2
2

2
+

1

2

(

p
2
1+

C
2
1

q2
1

)

1

λ−a1

+
1

2

(

p
2
2+

C
2
2

q2
2

)

1

λ−a2

)

,

Q(λ)=λ−q
2
1−q

2
2,

v g]_]a(λ)=(λ−a1)(λ−a2)z
WYXt�



{g]�`�_]h _]b ]jc`cf ljkf ]a eb gkh]_]aafhcf iid_^]V=(ν,λ)~

det(L(λ)−
1

2
ν12)=0,

v g]_]12y]2×2djf c w`c _f �` jefb|f ^]j]�haf if cak`b

ν
2

=4(λ−a1)(λ−a2)(λ
3
−λ

2
(a1+a2)+λ(a1a2−H)−F)

−C
2
1(λ−a2)

2
−C

2
2(λ−a1)

2
,ou��r

v g]_]Hfbc g]g` wf ac ljf` jou��r` jec g]b ] iljef je]h]je]jcf jc]| _`al } wlcf ljF~{F;H}=0fb|f ^]j`b
F=

1

4
(p1q2−p2q1)

2
+

1

2
(q

2
1+q

2
2)(a1a2−

1

2
a2q

2
1−

1

2
a1q

2
2)

−
1

2
p
2
1a2−

1

2
p
2
2a1−

1

4

(2a2−q
2
2)C

2
1

q2
1

−
1

4

(2a1−q
2
1)C

2
2

q2
2

.ou��r

�]_] w` _�~c g`cc g]h` _` w]c]_bCi` _]af j�] evf c gill_ef j`c]b l }c g]

h lf jcb(ai,ν(ai))ykc g] }l_ wda`

C
2
i=−

ν(ai)
2

(ai−aj)2,i,j=1,2.ou��r

WYXt�



�]cdbv _f c]c g]id_^]ou��rf jc g] }l_ w

ν
2

=4λ
5

+α4λ
4

+α3λ
3

+α2λ
2

+α1λ+α0,ou��r

v g]_]c g]¬·© ³¯­ l}c g]id_^]αi` _]]�h _]bbfya]f jc]_ wb l }h gkbf i`a

h` _` w]c]_bXa]^]al }]j]_|kH` jeiljb c` jcba1,a2~C1,C2`b }laa lvb

α4=−8(a1+a2),
α3=−4H+4(a1+a2)

2
+8a1a2,

α2=4H(a1+a2)−4F−C
2
1−C

2
2−8a1a2(a1+a2),

α1=4F(a1+a2)−4a1a2H+2C
2
1a2+2C

2
2a1+4a

2
1a

2
2,

α0=−4a1a2F−C
2
1a

2
2−C

2
2a

2
1.

�]cdb e]�j]j]vill_ef j`c]bµ1,µ2`bx]_lb l }c g]]jc _kU(λ)c lc g] �`�lh]_`c l_z {g]j

q
2
1=2

(a1−µ1)(a1−µ2)

a1−a2
,q

2
2=2

(a2−µ1)(a2−µ2)

a2−a1
.oqpWWr

{g] e]�jf cf ljl}µ1,µ2f jc g]ilwyf j`cf ljvf c gc g]�`�_]h _]b ]jc`cf lj

WYXt�



ilw]bc lc g]]n d`cf ljb

νi=V(µi)=−
1

2

∂

∂x
U(µi),i=1,2,oqpWpr

v gf igi` jy]c _` jb }l_ w] ec lc g]]n d`cf ljb l }c g]c g] }l_ w

u1=

∫

µ1

a1

du1+

∫

µ2

a2

du1,oqpWsr

u2=

∫

µ1

a1

du2+

∫

µ2

a2

du2oqpWtr

v g]_]du1,2 e]jlc]f je]h]je]jci` jljf i`agla lwl_h gf ief�]_]jcf`ab

du1=
dλ

ν
,du2=

λdλ

ν
.oqpW�r

` jeu1=a,u2=2x+bvf c gc g]iljbc` jcba,b e]�jf j|ykc g]f jf cf`a iljef cf ljbz {g]f jc]| _`cf ljl }c g]h _lya] wfbc g]j_] edi]bc lc g]b la ^f j| l }c g]Ö ¨®· ±­­ «° ¦§²­ ·«´§ · ±¯¦¬`bb lif`c] evf c gc g]id_^]~v gf igiljbfbc f jc g]]�h]bbf ljl }c g]bk ww]c _f i}djicf ljb l }(µ1,µ2,ν1,ν2)`b }djicf lj l }cv lilwha]�^` _f`ya]b(u1,u2)z
WYX�W
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� jc gfbb ]icf ljv]|f ^]c g]c _`� ]ic l_f ]b l }c g]bkbc] wdje]_iljbf e]_`cf lj f jc]_ wb l}Ùa]f j` jgkh]_]aafhcf i}djicf ljb~y]f j|`bb lif`c] evf c gc g] `a| ]y _`f iid_^]l }| ]jdbcv lo��rv gf igi` jy]`ab lv _f cc]jf jc g] }l_ w

ν
2

=4
∏

4
i=0(λ−λi),opW�r

v g]_]λi6=λi` _]y _` jigf j|h lf jcbz�c`aa_]`ay _` jigf j|h lf jcbc g] ia lb ] ef jc]_^`ab[λ2i−1,λ2i],i=0,...4vf aay]_] }]__] e}d_c g]_`ba` idj` ] z� lvv]` _]f jh lbf cf ljc lv _f c]c g]b la dcf ljl }c g]l }c g]bkbc] wf j c]_ wb l }Ùa]f jf` jσX }djicf ljb` jef e]jcf }kc g]iljb c` jcbf jc]_ wb l }c g] wledaf l }c g]id_^]z�bf j|oqpWWrc g]b la dcf ljb l }ou�tr g` ^]c g] }laa lvf j| }l_ wf jc]_ wb l }Ùa]f jf` j}djicf ljb℘22(u),℘12(u)

q
2
1=2

a
2
1−℘22(u)a1−℘12(u)

a1−a2
,

WYX�p



q
2
2=2

a
2
2−℘22(u)a2−℘12(u)

a2−a1
,oqpW�r

v g]_]c g]^] ic l_u
T

=(a,2x+b)z

ÚÛ ��� $�� �#�Ü!��� )�� $�� �� $�  � $��Ç��� �� $

�]cdb iljbf e]_c g]jljb c`cf lj` _k\ ig_ÂÁlef j| ]_]n d`cf ljvf c g` _]`ab wllc g �jf c]X|`hh lc]jcf`au(x,t)

(i∂t+∂
2
x−u(x,t))ψ(x,t,λ)=0,oqpW�r

�l_]^]_k�jf c]b wllc g�jf c]X|`hh lc]jcf`ac g] }laa lvf j|]�h` jbf ljl } u(x,t)f jc]_ wb l }bn d` _] e]f| ]j}djicf ljbψ(x,t,λ)gla elj����~u(x,t)=
−
∑

g
i=1|αi|

2
|ψ(x,t,pi)|

2
+Cv g]_]αi~C` _]iljbc` jcbh` _` w]c _fx] e f j| ]j]_`aykjljgkh]_]aafhcf i�f ] w` jjb d_ }` i]Kl }| ]jdbg` jepi

` _]b lw]��] eh lf jcb ljKz� jh` _cf ida` _i`b ]v g]jKfb gkh]_]aafhcf i �f ] w` jjb d_ }` i]v]i` jiljbc _dicc g] }laa lvf j|bh]if`a�`�]_X�Ù gf ]x]_

WYX�s



}djicf ljψ(x,t,λ)=
√

F(z,λ)exp(Θ)v g]_]

Θ=
1

2
ıcx+ı(λ−

1

4
c
2
)t−

1

2

(∫

z

0

ν(λ)

F(z′,λ)
dz′
)

,

` jez=x−ct~F(z,λ)fbc g]| ]j]_`afb ] e�]_wf c]l_c g]bc` je` _e�]_ wf c]

h lak jlwf`az�y _f ] }ilwh dc`cf lj_] ^]`abc g`cc g]�� }djicf ljb la ^]b �f aaÞÝb]n d`cf lj (

d
2

dz2−u(z)

)

ψ̃=λψ̃,ψ̃(z,λ)=
√

F(z,λ)exp

(

−
1

2

∫

z

0

ν(λ)

F(z′,λ)
dz′
)

.

�l_c g]bh]if`ah lf jcbai−∆i=1,2f jia lb ] ef jc]_^`ab[λ2i−1,λ2i]~ i=1,2c g] }djicf ljbQi=αiψ(x,t,λ=ai−∆)` _]b la dcf ljb l }ou��r z �]dje]_c`�]c g]b gf }cl }c g]bh]ic _`ah` _` w]c]_~λ−→λ+∆,∆=
2
5a1+

2
5a2c lw`�]f jf cf`aid_^]ilwh`cfya]vf c gc g]�`�_]h _]b ]jc`cf ljz {g]�j`a }l_wda` }l_c g]b la dcf ljb l }c g]bkbc] wou��rc g]j_]` eb

Q1(x,t)=

√

2
F(x,a1−∆)

a1−a2
exp

{

ıa1t−
1

2
ν(ai−∆)

∫

x
dx′

F(x′,a1−∆)

}

,

WYX�t



opW�r

Q2(x,t)=

√

2
F(x,a2−∆)

a2−a1
exp

{

ıa2t−
1

2
ν(a2−∆)

∫

x
dx′

F(x′,a2−∆)

}

.

�]c

qj(z)=
√

Aj℘(z+ω′)+Bj,oqpW�r

` jedbf j|c g]v]aa�jlv j_]a`cf ljb ∫

z

o

dz′

℘(z)−℘(ãj)
=

1

℘′(ãj)

(

2zζ(ãj)+a j

σ(z−ãj)

σ(z+ãj)

)

,oqppWr

` je

℘(z+ω′)−℘(ãj)=−
σ(z+ω′+ãj)σ(z+ω′−ãj)

σ(z+ω′)2σ(ãj)2,oqpppr

v]lyc`f j

Q1=
√

−A1
σ(z+ω′+ã1)

σ(z+ω′)σ(ã1)
exp

(

i

2
cx+i(a1−

1

4
c
2
)t−(z+ω′)ζ(ã

1)

)

,

WYX��



Q2=
√

−A2
σ(z+ω′+ã2)

σ(z+ω′)σ(ã2)
exp

(

i

2
cx+i(a2−

1

4
c
2
)t−(z+ω′)ζ(ã

2)

)

,

v g]_]

2∑

j=1

Aj=−2,aj=

2∑

k=1

Bk−
Bj

Aj
,

C
2
j

Aj
=
i

2

√

4λ3−λg2−g3|λ=−
Bj
Aj

,℘(ãj)=−
Bj

Aj
=âj.j=1,2. oqppsr

{g]b ]b la dcf ljbg` ^]c g]}laa lvf j|f jc]_h _]c`cf ljf jc]_wb l }bh]ic _`a }djicf lj

ψ(x,t,λ)=
√

g(x,t)exp

(

θ(x,t,λ)−
i

2

√

R(λ)

∫

z

0

1

g(z′,λ)
dz′
)

,oqpptr

v g]_]g(x,t)=µ(x,t)−λ=℘(z−ω′)−λ~θ(x,t)=
1
2cx+(λ+

∑

2
k=1Bk−

1
4c

2
)t` jeλfbc g]bh]ic _`ah` _` w]c]_z� d_b la dcf ljb` _]lyc`f j] ev g]jλ

fb|f ^]j`ch lf jcb−Bj/Aj` jeQj=
√

Ajψ(x,t,−Bj/Aj)z {g] ek j` wf ib

WYX��



fb ljc g]�f ] w` jjb d_ }` i]ν
2

=R(λ)=4λ
3
−λg2−g3` jec g] }djicf lj µ(x,t)ly]kµx=

√

R(µ)z � j]bh]if`ab la dcf ljl}bkbc] wo��r~σ=1fbv _f cc]jyk

q1=C1 ij(αz,k),q2=C2 ij(αz,k),oqpp�r

v g]_]α
2

=a1/(2k
2
−1)~C

2
1+C

2
2=2α

2
k

2

~a1=a2=a` jef jc g]af wf c k→1v]lyc`f jv]aa�jlv jß¨«¨¹·°b laf c ljb la dcf lj

Q1=

√
2aε1exp

{

i
(

1
2c(x−x0)+(a−

1
4c

2
)t
)}

ig(√a(x−x0−ct))
,

Q2=

√
2aε2exp

{

i
(

1
2c(x−x0)+(a−

1
4c

2
)t
)}

ig(√a(x−x0−ct))
,

v g]_]v]f jc _ledi]c g] }laa lvf j| jlc`cf ljb
|ε1|

2
+|ε2|

2
=1,ζ1=

1

2
c+i

√
a=ξ+iη,oqpp�r

v g]_]x0fbc g]h lbf cf ljl }b laf c lj~(ε1,ε2)` _]c g]ilwh lj]jcb l }h la` _X

fx`cf lj^] ic l_z� j]jlc]bc g`cc g]_]`ah` _cl }ζ1f z]zc/2|f ^]bdbc g]

WYX��



b laf c lj^]a lif ckv gf a]c g]f w`|f j` _kh` _cl }ζ1~f z]z

√
2a|f ^]bc g]b laf X

c lj` whaf cde]` jevf ec gz�]�cb la dcf ljl }c g]bkb c] wou��r~σ=−1v] lyc`f jdbf j|c g] }laa lvf j|` jb`cx

qi(ζ)=
√

Ai℘2(ζ+ω′)+Bi℘(ζ+ω′)+Ci,i=1,2opp�r

c g]jv]g` ^]

2∑

i=1

Ai=0,

2∑

i=1

Bi=−6,ai=

2∑

k=1

Ck−3
Bi

Ai
,Ci=

B
2
i

Ai
−

1

4
Aig2, oqpp�r

C
2
i=

A
2
i

2·33·4(4λ
5

+27λ
2
g3+27λg

2
2−21λ

3
g2−81g2g3),opp�r

v g]_]λ=−3Bi/Aiz {g]h` _] w]c]_bAi,Bi,Ci~i=1,2` _]]�h _]bb ] ef j c]_ wb l }aiyk

A1=
18

a1−a2
,A2=

18

a2−a1
,

B1=−
6(a1−∆)

a1−a2
,B2=−

6(a2−∆)

a2−a1
,

WYX��



C1=
2(a1−∆)

2

a1−a2
−

9

2

g2
a1−a2

,C2=
2(a2−∆)

2

a2−a1
−

9

2

g2
a2−a1

,

` je∆=
2
5a1+

2
5a2z� j]i` jlyc`f jc g]bh] if`ab la dcf lj

q1=Cb j(αz,k) ej(αz,k),q2=Cij(αz,k) ej(αz,k),oqpp�r

v g]_]

α
2

=
1

15
(4a2−a1),C

2
=

2

5
(4a2−a1),k

2
=5

a2−a1

4a2−a1
,oqpsWr

f jc g]af wf ck→1v]g` ^]c g] }laa lvf j|b laf c ljb la dcf lj

Q1=
√

6aε1exp

{

i

(

1

2
c(x−x0)+(a−

1

4
c
2
)t

)}

×

c g(
√
a(x−x0−ct))b ]ig(

√
a(x−x0−ct)),

Q2=

√
6aε2exp

{

i
(

1
2c(x−x0)+(4a−

1
4c

2
)t
)}

ig

2
(√a(x−x0−ct))

,

v g]_]v]f jc _ledi]c g] }laa lvf j| jlc`cf ljb

|ε1|
2

=|ε2|
2

=1,a1=a,a2=4a1.oqpspr

WYX��



� jlc g]_bh]if`ab la dcf ljl }o��r~σ=−1fbv _f cc]jyk

q1=C

(

1

3
C1−k

2

b j

2
(αz,k)

)

,oqpssr

q2=Cb j(αz,k) ej(αz,k),oqpstr

v g]_]

α
2

=
1

15
(a

2
2−a

2
1),C

2
=−

6

5
(a1+a2),

k
2

=

√

5
3(a2

1−a2
2)+2a1−3a2

2
√

5
3(a2

1−a2
2)

,
1

3
C1=

1

2−
1

2

(

5

3

a1−a2

a1+a2

)

1/2

.

f jc g]af wf ck→1v]lyc`f jc g] }laa lvf j|b laf c ljb la dcf lj

Q1=

√

9a

4
ε1exp

{

i

(

1

2
c(x−x0)−(a+

1

4
c
2
)t

)}

×
(

−
2

3
+b ]ig

2
(

√

a

8
(x−x0−ct)

)

,

WYX��



Q2=

√

9a

4
ε2exp

{

i

(

1

2
c(x−x0)−(

7

8
a+

1

4
c
2
)t

)}

c g(

√

a

8
(x−x0−ct)b ]ig(

√

a

8
(x−x0−ct)),

v g]_]|ε1|
2

=|ε2|
2

=1,a1=−a,a2=−
7
8az
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