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' AyecopétpnTos Schematic view of topological
S ElaiTen quantization

1 Take aphysical system to analyze.

Construct an equivalent geometrical

configuration.

_ Calculate the topological invariants.

Analyze what this imply 1n the physical
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The physical system: Bosonic Field
Axioms in QM

=== The state of the system 1s represented by a vector
in Hilbert space

=== (Observables are represented by hermitian
operators

=== T'he mesaurement of an observable yields one of
1ts eigenvalues as aresult

=== T'he time evolution of the state of the system 1s
governed by the Shrodinger equation
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Klein-Gordon equation

(Shrodinger equation + Special Relativity)

—1
S=JdL S
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0 =05 (482+m2)g020
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Bose-Einstemn fields

Quantum Field: Set of operators  ¢(x) defined at each point X
in space ( o(x,t) = e hp(x,0)e " or space-time)
7 Y(p) Scalar, Vector, Spino d?’k N | N |
QO(X, t) — m [a(k)el X—1w T &*(_k)ez Xt w }
Lo(x), ()] = [#(x), (y)] = O
[o(&). 2] = i6P (x - y)

H=f3(d3x

| 3
‘O) Vacuum state (state of “no particles’) Pt = _j 7w oipd>x

a*t(py)|0 > State of 1 particle with moment P1

a*(pyat(p,)|0> State of 1 particle with moment Py and other particle with
moment p,
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Harmonic mapping

Manifolds (N, 9) M, @)
Metrics g =gx) G=G(X)
Coordenates | x* (a=1,...,n) X4(A=1,..,m)

Smoothmap ¢: N - M

a

X
A
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Action of harmonic maps

o ING) Gl &
S=fd x /|det(g)| g% (x) aanGAB

If the metric g,p 1s the Induced metric:

o0X40XE
Jap = WWGAB

B 5= fdnx,/ldet(g)l

» §S=0 Minimun embedding!
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F1eld as an harmonic map

. NG Gl°) &
S =fd x 4/ [det(g)| g™ (x) aanGAB K

55=0 # 0, (y/1det(g)] g% 0,%*) — /1det(g)] g» 0, X P9, X T'pc = 0
| \ | )
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Klein-Gordon Eq.: (_82 + m2)(’0 — ()

ik = EG”(desk + O Gjs — 05Gj) N

g=g(r)
G =G(X)

— S = f d™x (—3 09X40,X, — sm?X4X,) ?
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Metric of a Iree massive bosonic held

8 o
ds? = —2dXTdX~ — 12 (Z X! X;) (dXT)* +) dx'dx!

|

Jgab GABG XAabXB o =T7,0

l

A

1
S=1— B2 g (= 0, XTRX ™ — 0, XX T —p2 X2 0, X T, X T +0,X 0, XT)
s
,f_g'gab _ "'}'ﬁb: ~Nrr = T = 1 3 X+ — c];"rp—i_T, p—l— ~ 0
2ra’pT
m— | SPos: — 4 dr do [0- XTo. X — 2 X2 - 9,X10, X"
Ta!
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Inspiration:
Dirac’s electric charge quantization

— Y &
B — g . 7 [(Aq,)a = W(I—Cosﬁ)]
4rr

A =4 =4,=0

he
(A#)b:(Aﬂ)aJr?@#a: —> '!.
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i _ o[ 2ige J g
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Topological quantization

*Charactenistic Class of a principal bundle P over M: J‘ C(P)=¢

“Topological spectrum:  f(aq,as,...,a.) =&, el

*Induced by the conexion (Dirac) P i
y
*Intrinsic (T'angent bundle) ) M e

Topological mvariants
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Fiber bundle

- A fiber bundle 1s
defined by:

- Total space E
- Base space M
- Fiber I¥

- Projection 1

- Group G

(E, m, M, F, G)

Topological mvariants
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Construction of a fiber bundle

*Riemannian manifold (ﬂ’f g )

‘Adas  (Ua. ¢a)
UaUoq = M
Lie group G with Lie algebra @ —> hij : UinNUj — G
- W= h.;ilehij + fz.ﬁldhij
Principal Fiber Bundle P
dim P=dim M + dim G

J‘C(P):g - f(ﬂljﬂ‘Qr“*:‘aC):g! gEZ
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T'wo fiber bundles

4 Analyze spectrum
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Topological quantization for G4p

ds? =|—2JdXTdX
G__|_ — G_|__
Intrinsic Topological Quantization Induced Topological Quantization
GrOUp 50(10) GAB: F+1234. = F+5678 = 2,U., ¢= constant
Euler Class Group U(4)
Chern Class p
2Tn

Topological spectrum u = 3

Supergravity II1B —— U1 Quantized by Dirac

Topological mvariants
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Classical solution of fields

L ! —t wnT+no
X! =2} cospr —I—%SET?#T + /5D v’%_n [ﬂiﬁﬂ“ﬁ’“ +

—— T WaT—N0o ﬂf —‘H—wnf—l—nﬂ' .,ﬂ —:,l%wnf—ng
P

wn = V12 + (pa'pt)?, n >0

wq, is discretized by u

Intrinsic topological quantization gives
a topological spectrum for
a and &

Topological mvariants
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"Topological quantization. Induced metric h g,

G
A B ++
Induced metric  p_, = oX aLGAB Gy =G, _
d0x® dxb
Gry =917
8
_ 15 yi(—1 O
h = ,=la"X 9o X ( 0 1) Conformaly flat with f# as conformal factor
~ L ——————
F y

Group SO(2)® Euler class

w | = [[(o(")-0 (%)) doar

Already discretized Nn,U Y “Wn = \/”2 + (na/pt)? [e(R)=keZ

Topological mvariants

1 Physical system /. Analyze spectrum



A particular case

~ ~

Taking a,, = re™%, &, = #e~% and consideringX’ € R

1 /
_ _ Po a' 2r W, T +mo
Fields: Xl =x,1 + —
Xy sin(ur) e cos(ut) + > \/w_mcos ( T + Y)
X? = x. 2 sin( )+p02 (o) + a' 27 wnr—na+~
= Xo“ SIn(Ut Lt cos(ut 2 Jon cos ap* Y
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. . . e(R) = 7
Topological invariants ' ™

(w,2 —n?) Jo,nt (w,,* —m?) Jw, mr

fe(R)dxdy = je(R)dydx =

(nw,, + mw,) /o, mr (nw,, + mw,) Jo,nt

» fe(R) =%<f e(R)dxdy+fe(R)dydx)

2

2 — 1 wy,n? 72 + w,m? r? Cre7
» f e(R) = 2(Nwy, + Mwy)\/Op/0nm rT - K€

Topological mvariants

1 Physical system /. Analyze spectrum



Analytic integration Numeric mtegration

Integral yin)
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1 Physical system /. Analyze spectrum



Analyzing the topological spectrum
Hamiltonian of the system

o
—0(0,X4)

Hamiltonian density: X4=09.X4 11,

H=XAIT, —L=—0, X20,XBGC 45

r?a’ (w,,n? 7%+ w,m?r?)
H= | Hdxdy = uL L
» f Y Wy Wy (nw,, + mw,,)

Tk

» b 2m%nm

=\/“)m\/“)nr

[ H=Ck keZ J Energy discrete spectrum!

4 Analyze spectrum
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Conclusion

We found a discrete behavior of the energy for
free massive bosonic fields using only
topological considerations.

Topological quantization seem to be a subtle

formalism to hnd a discrete behavior of

physical systems.

There1s alongroad to walk...




SMF

Sociedad Mexicana de Fisica

posgrado en ciencias fisicas
unam



