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Curve results with T.P. Northover.
Monopole Results in collaboration with V.Z. Enolski, A.D’Avanzo.
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Recall: To construct a su(2) charge n monopole we need

» Curve CC TP : 0= P(1n,¢) =n"+ ar(O)n" L 4 ... + an(C)
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Recall: To construct a su(2) charge n monopole we need

» Curve CC TP :0=P(n,¢) =n"+ar(O)n" t + ...+ an(0)
> degalQ) <2 ai(e) = (()Cal-)
r [ 1/2 r
ar(€) = [T (2) | st - @+ 2)
ar € C, x € R a,(¢) given by 2r + 1 (real) parameters
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Recall: To construct a su(2) charge n monopole we need

» Curve CC TP : 0= P(1n,¢) =n"+ ar(O)n" L 4 ... + an(C)

\./

> degalQ) <2 ai(e) = (()Cal-)
r &\ /2 r
ar(€) = [T (2) | st - @+ 2)
ar € C, x € R a,(¢) given by 2r + 1 (real) parameters

» Ercolani-Sinha Constraints:

-
1 U=+ (fbl%o,...,fbg%o) =in+lrm.
Bon" % + Bu(Q)n" 3 + .+ Baa(C

on es
es=n-a+m-b impose g transcendental constraints on C

2. Q=

n

di+1)—g=(n+3)(n—1)=(n—1)>=4(n—1)

j=2

» Flows and Theta Divisor: sU+C & ©
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Recall: To construct a su(2) charge n monopole we need

» Curve CC TP : 0= P(1n,¢) =n"+ ar(O)n" L 4 ... + an(C)

\./

> degalQ) <2 ai(e) = (()Cal-)
r &\ /2 r
ar(€) = [T (2) | st - @+ 2)
ar € C, x € R a,(¢) given by 2r + 1 (real) parameters

» Ercolani-Sinha Constraints:

-
1 U=+ (fbl%o,...,fbg%o) =in+lrm.
Bon" % + Bu(Q)n" 3 + .+ Baa(C

on es
es=n-a+m-b impose g transcendental constraints on C

2. Q=

n

di+1)—g=(n+3)(n—1)=(n—1)>=4(n—1)

j=2

» Flows and Theta Divisor: sU+C & ©
» Symmetry aids calculation of 7, U, Kg
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Possible Charge 3 Curve

A trigonal curve and its homology

vl = H(z - X)) R:(z,w) = (z,pw), p=exp{2in/3}
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Possible Charge 3 Curve

A trigonal curve and its homology

vl = H(z - X)) R:(z,w) = (z,pw), p=exp{2in/3}

» R(bj))=a;, i=1,2,3, R(bg)=—as Aut(C) = Cs3
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Possible Charge 3 Curve

Differentials and periods (Wellstein, 1899; Matsumoto, 2000; BE 2006)

d d d 24
duy = —Z, duy, = —22, dus = Z—ZZ, dug = z 22
w w w
A= (Ag) = 7{ dus — (x,b,c,d)
Ak ik=1,..4

B=HAN,  H=diag(1,1,1,—-1), A = diag(p, p*, p*, p°)

Z fdukfdu/—fdukj{du/ =0 0=x"Hb=x"Hc=x"Hd
i a; b; b; aj
.
B 1 gy XX
T =AB""=p <H (1 p)xTHx>

Im 7y is positive definite if and only if X7 Hx < 0
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Possible Charge 3 Curve

Solving the Ercolani-Sinha Constraints

Theorem .
1 1 1
UZTM(fblfYOOw'-;ffbg”yoo> :§n+§7-m§

_ 65
~ [nTHn —m.n+m7Hm]

x={(Hn+p’m), ¢
where & is real

X1 X2 X3 . X4 . f
- - Y

n + p2m - no + p2mo - N3+ p2ms —ng + p2my

x T Hx

€17

xi/x;j € Q[p] x"Hx < 0 <= =[n"Hn—mn+m’" Hm]

3
= E (n? — nim; + m?) — nj — m3 — mgng < 0.
i=1

H.W. Braden The Geometry of Monopoles: New and Old 111



Symmetric 3-monopoles

»C: P4+ x(C+ b -1)=0, beR
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Symmetric 3-monopoles

»C: P4+ x(C+ b -1)=0, beR
>
s/—b+Vb>+4

> >0, af=-1

(a, p*B, pa, B, p°a, pB), a=
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Symmetric 3-monopoles

»C: P4+ x(C+ b -1)=0, beR

bt VB2
(G(, p2185 P% ﬂv p2Oé, pﬁ)a a = w
> Aut(C) — C3 x S3 (¢, n) = (p¢,m), (¢m) = (—=1/¢,—n/¢?)
Ii(a) = dz_ 27r\f042,__1 <3 3,1,—a6>

w 9

>0, af=-1

w O«

Jia) = dz _ a3 e <3 il a6>

0
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Symmetric 3-monopoles

»C: P4+ x(C+ b -1)=0, beR
>

—b+Vb?+4
(Oé, p2/85 P, ﬂ7 0204: pﬁ)a o = \ f > 05 OZ/B: -1

> Aut(C) — C3 x S3 (¢, n) = (p¢,m), (¢m) = (—=1/¢,—n/¢?)

’ dz 21v/3a
Z'-1(04): W: 9 2F]_ <3 3,1,—0[6>

dz 27rf
Ji(a) = 0 2F1<1— 6>

w O« 3’3
>
xt =—QRA+4)p—-2L1—T, x =pxi,
x3 = p3xi, xs =3(h —T1)p+ 3,
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Symmetric 3-monopoles

Solving the Ercolani-Sinha Constraints

To each pair of relatively prime integers (n, m) = 1 for which
(m+n)(m—2n) <0
we obtain a solution to the Ercolani-Sinha constraints for our curve

with n = (n,m—n,—m,2n— m), m = (m,—n,n — m, —3n) as
follows. First we solve for t, where

2n—m 2Fl(7%;17t)
1,1

1

3

o 1 2.
m+n 2F1(3,5: 1,

Then
o 1-2t t_—b+\/b2+4
Vil —t) Vb2 +4
and with a® = t/(1 — t) we obtain x from
27 o 12
YRGS,
W3 (1ot 033 Y
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Ramanujan (1914)
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Ramanujan (1914)

If k1 = ﬁ then 71 = 27. Modular equation of degree n:

2F1(2521111 )_2F1(évév1 175)
2F1(2,2,1Oé) 2F1(2,2, :B)
(@8 + (1= )1~ A4 = 1= n=3




Modular equation of degree n and signature r

n2F1(%,@-1-1—a) 2Fi(E, 54 11— )
2Fi(2, =1 1) oFi(2, 22,1 8)
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Modular equation of degree n and signature r

n=2r=3= (af)P+(1-a)1-p8)3=1
53

_1’_7

a=1/2= B3+ (1-p)"* = 21/3:>ﬂ—§ 18

n=5, r=3=>(aB)/3+((1—a)(1-B))*/*+3(aB(1-a)(1-8))/*=1
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Modular equation of degree n and signature r

2F1( *'1;1 —a) 2F1(%-/ r;,l; 1,1-0)
2F1(%7 r:l 1 Oé) 2F1(%7 r:l 1 [3)

n=2r=3= (af)P+(1-a)1-p8)3=1

a=1/2= B3+ (1-p)/*= 21/3:>B—;+51\8f
n|l m 2:1;’: t b
2| 1 1 3 0
10| 2 1y —5V2
11 % 1 S\f 5v/2
41 -1 3 |(63+ 171\f 18f)/250 3(44 4 38v/2 4 26V/4)
5| 2| 4 1 153/3-99v2 91/458 + 187\/6
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Symmetric 3-monopoles

The H3 constraint

Flows and Theta Divisor: 6(sU + C) # 0

n

C=Kqo+ ¢q ((n -2) Z ook>, Q a branchpoint C = Kg
k=1

1,500

1,000

Conjecture: No solutions to H3 apart from (n,m) € {(1,0),(1,1)}
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Symmetric 3-monopoles
The H3 constraint and Symmetry

'77 T ) T

Er=(z4,wy) E-=(z-,w-) &i=(z1,m) &= (2,w)
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Symmetric 3-monopoles
The H3 constraint and Symmetry

™

™

7N

&y = (Z+’ W+) &= ( —> W*) & = (217 Wl) & = (227 W2)

» C covers the ge« = 2 hyperelliptic curve
C* = {(n,v)[V* = (4 + b)* + 4}
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Symmetric 3-monopoles
The H3 constraint and Symmetry

. =Ky
T4 T us T2
/ \ (z—,w-) & = (z1,m)

Er =(z4,wy) E- = L
» C covers the ge» = 2 hyperelliptic curve
C* = {(n,v)l* = (1° + b)* + 4}

> C* covers two-sheetedly elliptic curves £ with Jacobi moduli

& = (22, W)

k-
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Symmetric 3-monopoles

The H3 constraint and Symmetry

C
T
C*
'77 \W\ 1 2

Er =(z4,wy) E-
» C covers the ge+

0" = {(v)lv? = (1* + b + 4}

> C* covers two-sheetedly elliptic curves £ with Jacobi moduli

(z—,wo) &S =(z,m) & =(z2,W)
2 hyperelliptic curve

ki
3 2
» Parameterize )31 L+2p+p with p = w
(b +4)ys 1+2p—p 93(0|7)
) = 2200m) o 95(0B37)
T U030 T 93(0137)
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The Symmetric Monopole

Rewriting H2

P+ x(C®+b-1)=0, beR
satisfies H1 and H2 < 3 n,m (n,m) =1, (m+ n)(m —2n) <0

V3(p(m, n)® — 45p(m, n)* + 135p(m, n)? — 27)

b= blm.m) = =g ) (p(m, ) — 10p(m, n)? + 9)
3192 0l e n+m
p(m7 n) = 2(7’(m,n)’ T(ma n) = 22\/§2n —m

33 (0 72)

Expression for x = x(m, n) can be given.
What about H3? Reduces to questions of 8 for C*.
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The Humbert Variety

T the period matrix of a genus 2 curve C*.
> 7 € Hp if there exist g; € Z
g1+ G211 + G372 + Ga22 + G5(THh — T11722) = 0
g5 — 4(q195 + q2qa) = A
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The Humbert Variety

7 the period matrix of a genus 2 curve C*.
> 7 € Hp if there exist g; € Z
@1+ Qo711 + G371 + GaToo + Gs(TH, — T11722) = 0
@ — 4(q1g5 + q2qa) = A
» C* covers elliptic curves £ < A =h>>1, heN.
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The Humbert Variety

T the period matrix of a genus 2 curve C*.

> 7 € Hp if there exist g; € Z
@1+ Qo711 + G371 + GaToo + Gs(TH, — T11722) = 0
@ — 4(q1g5 + q2qa) = A
» C* covers elliptic curves £ < A =h>>1, heN.
» Bierman-Humbert: 7 € H;2 = 36 € Sp(4,Z), such that

~ 1

- T F
Sor=7= 1 h
o T22

H.W. Braden The Geometry of Monopoles: New and Old 111



The Humbert Variety

7 the period matrix of a genus 2 curve C*.
> 7 € Hp if there exist g; € Z
@1+ Qo711 + G371 + GaToo + Gs(TH, — T11722) = 0
95 — 4(q105 + q2q4) = A
» C* covers elliptic curves £ < A =h>>1, heN.
» Bierman-Humbert: 7 € H;2 = 36 € Sp(4,Z), such that

~ 1

- T F
Sor=7= 1 h
o T22

h—1 k
>9(21,22‘?)= 193(21—1—h‘?171>9|:
k=0

O =ix

] (hzo | B*72)
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The Humbert Variety

7 the period matrix of a genus 2 curve C*.
> 7 € Hp if there exist g; € Z
@1+ Qo711 + G371 + GaToo + Gs(TH, — T11722) = 0
95 — 4(q105 + q2q4) = A
C* covers elliptic curves £ < A=h?>1, he N.
Bierman-Humbert: 7 € H;» = 36 € Sp(4,Z), such that

~ 1
o T22
h—1 k
e(zl,zz\%):;)ﬁg <zl+hm1>0{

9(21, Vo) | ;) =13 (21 | 7~'11) 3 (222 | 47~'22) +
193 (Zl =+ ]./2 | ?11) 792 (222 ‘ 47’:22)

v

v

v
O >Ix

] (hzo | B*72)

v
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The Symmetric Monopole

H3 and an elliptic function conjecture

» Bierman-Humbert+Weierstrass-Poincare+Martens
O(AU — K; Tionopole) = 0 for A € [0,2] < at least one of the
functions (k = —1,0,1 mod 3)

U3 (. kT 9 k T

also vanishes. y := y(A) = A(n+m)p/3, T =2iV3 ! +_m
p = exp(2m/3)

2n—m
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The Symmetric Monopole

H3 and an elliptic function conjecture

» Bierman-Humbert+Weierstrass-Poincare+Martens
O(AU — K; Tionopole) = 0 for A € [0,2] < at least one of the
functions (k = —1,0,1 mod 3)

U3 (. kT 9 k T

also vanishes. y := y(\) = X(n+ m)p/3, T =2iV3 n +_m
p = exp(2m/3)

» Conjecture h_1(y)ho(y)h1(y) vanishes 2(|n| — 1) times on the
interval A € (0,2)

2n—m
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The Symmetric Monopole

H3 and an elliptic function conjecture

» Bierman-Humbert+Weierstrass-Poincare+Martens
O(AU — K; Tionopole) = 0 for A € [0,2] < at least one of the
functions (k = —1,0,1 mod 3)

U3 (. kT 9 k T

n+m
2n—m

also vanishes. y := y(A) = A(n+m)p/3, T =2iV3

p = exp(2m/3)
» Conjecture h_1(y)ho(y)h1(y) vanishes 2(|n| — 1) times on the
interval A € (0,2)

An identity (new?)

» Monopole requires

W[ Wl
SN—

~—

H.W. Braden The Geometry of Monopoles: New and Old 111



The Symmetric Monopole

H3 and an elliptic function conjecture

» Bierman-Humbert+Weierstrass-Poincare+Martens
O(AU — K; Tionopole) = 0 for A € [0,2] < at least one of the
functions (k = —1,0,1 mod 3)

)= 52 (Way+ 5 |7) + cor 2 (v 517

also vanishes. y :=y(A) = A(n+m)p/3, T = 2i\f32nn+ i

p = exp(2m/3)
» Conjecture h_1(y)ho(y)h1(y) vanishes 2(|n| — 1) times on the
interval A € (0,2)
93 (517) _ 92(515)
|

%2 (517) ~ 03 (313)

» Numerically h(y) =0 < he(py) =0 < hi(p?y) = 0 True?

—m

» Monopole requires

An identity (new?)

[NER[IE]
W[ W=

W[ Wl



Summary: The Tetrahedral Monopole

» Theorem Only (n,m) = (1,1) and (1,0) have no zeros within
the range.
Conjecture: unsolved
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Summary: The Tetrahedral Monopole

» Theorem Only (n,m) = (1,1) and (1,0) have no zeros within
the range.
Conjecture: unsolved

» Theorem The only curves 1> + x(¢® 4+ b¢3 — 1) = 0 that

1yr(L
yield BPS monopoles have b = +£5v/2, X% = —% w

26 72
These correspond to tetrahedrally symmetric monopoTes.

The monopole is expressible in terms of elliptic functions; this
was studied by Hitchin, Manton, Murray.
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Summary: The Tetrahedral Monopole

» Theorem Only (n,m) = (1,1) and (1,0) have no zeros within
the range.
Conjecture: unsolved

» Theorem The only curves 1> + x(¢® 4+ b¢3 — 1) = 0 that
yield BPS monopoles have b = +5+/2, X% = —% %
These correspond to tetrahedrally symmetric mon02;)607|rezs.

The monopole is expressible in terms of elliptic functions; this
was studied by Hitchin, Manton, Murray.

» We know the Ercolani-Sinha vector for these curves.
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Summary: The Tetrahedral Monopole

» Theorem Only (n,m) = (1,1) and (1,0) have no zeros within
the range.
Conjecture: unsolved

» Theorem The only curves 1> + x(¢® 4+ b¢3 — 1) = 0 that
yield BPS monopoles have b = +5+/2, X% = —% %
These correspond to tetrahedrally symmetric mon02;)607|rezs.

The monopole is expressible in terms of elliptic functions; this
was studied by Hitchin, Manton, Murray.

» We know the Ercolani-Sinha vector for these curves.
» When does sU + C ¢ ©7
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