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Curve results with T.P. Northover.
Monopole Results in collaboration with V.Z. Enolski, A.D’Avanzo.
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Recall

» The only spectral curves of a BPS monopole of the form
1yr(L
7 +X(C6 + b3 — 1) = 0 have b = +5+/2, X% = —% %
6 2
These correspond to tetrahedrally symmetric monopoles. !
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Recall

» The only spectral curves of a BPS monopole of the form
1 1
7+ x(C8 + bC3 — 1) = 0 have b = £5/2, y3 = —1 [,

1 1
26 w2
These correspond to tetrahedrally symmetric monopoles.

» SO(3) induces an action on TP! via PSU(2)
Invariant curves yield symmetric monopoles.

P q 2 2
_ 1] € PSU(2), + =1,
( g p> (2) Pl q|

p¢—a on
T (g¢+p)?
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Recall

» The only spectral curves of a BPS monopole of the form
1 1
n® 4+ x(¢® + b¢® — 1) = 0 have b = +5V/2, X% =-1 7r(51)r(§).

1
26 w2
These correspond to tetrahedrally symmetric monopoles. !
» SO(3) induces an action on TP! via PSU(2)

Invariant curves yield symmetric monopoles.

(_”_ i’) e PSU2),  |pPP+lgP =1
q p
pPC—q n
TS + A CTESE
» Space-time symmetries yield geodesic submanifolds of the
moduli space.
If 1-dimensional then orbits of geodesic scattering
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Recall

» The only spectral curves of a BPS monopole of the form
1 1
n® 4+ x(¢® + b¢® — 1) = 0 have b = +5V/2, X% =-1 7r(51)r(§).

1
26 w2
These correspond to tetrahedrally symmetric monopoles.

» SO(3) induces an action on TP! via PSU(2)
Invariant curves yield symmetric monopoles.

P q 2 2
_ 1] ePsu(2), +1qg)> =1
( g p> (2) 1P|~ + g

pPC—q n
‘< qC+p T (qC+p)
» Space-time symmetries yield geodesic submanifolds of the
moduli space.
If 1-dimensional then orbits of geodesic scattering

» Consider cyclic space-time symmetry
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Cyclically Symmetric Monopoles

Spectral Curves

» w=exp(27mi/n), p=w'? qg=0 (n,¢) = (wn,w()
n'¢d invariant for i+ =0 mod n

n"+an "+ a2+ +an"+ B¢+ =0
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Cyclically Symmetric Monopoles

Spectral Curves
> w=exp(2mi/n), p=wt2qg=0 (n,¢) = (wn,w()
n'¢ invariant for i+ =0 mod n
N+ an" I+ a2+ 4 an("+ B4+ =0
> Impose reality conditions and centre a; =0
0"+ a2+ + B+ (-1)"6 =0,  a€R

By an overall rotation we may choose 5 real
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Cyclically Symmetric Monopoles

Spectral Curves

> w=exp(2mi/n), p=w?q=0 (1,¢) = (wn,w()

n'¢d invariant for i+ =0 mod n
0"+ an" T+ am" P+ an(" + BT+ =0

> Impose reality conditions and centre a; =0
0"+ a2 4k an "+ B+ (-1)"F =0,  aeR
By an overall rotation we may choose 5 real

> X = n/C, v = C”ﬁ,

(1182 _

X"+ ax"2+ . ta,+v+
12
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Cyclically Symmetric Monopoles

Spectral Curves
> w=exp(2mi/n), p=wt2qg=0 (n,¢) = (wn,w()
n'¢ invariant for i+ =0 mod n
N+ an" I+ a2+ 4 an("+ B4+ =0
> Impose reality conditions and centre a; =0
0"+ a2+ + B+ (-1)"6 =0,  a€R

By an overall rotation we may choose 5 real

» x=n/¢, v=_("B,
—1)" 2
x”+azx”2+...+an+y+()y|5|20
(=1)"I8

» Affine Toda Spectral Curve y =v — =121

v

Y2 = (X" 4+ apx" 2 4.+ a,)% — 4(-1)"|5?
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Cyclically Symmetric Monopoles

Overview

> Cronopole IS an unbranched n : 1 cover Cryga
2
8monopole = (n - 1) y 8Toda = (n - 1)
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Cyclically Symmetric Monopoles

Overview

> Cronopole IS an unbranched n : 1 cover Cryga
8monopole = (n - 1)2. 8Toda = (n - 1)

» Sutcliffe: Ansatz for Nahm's equations for cyclic monopoles in
terms of Affine Toda equation.
Cyclic Nahm eqns. D Affine Toda eqns.
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Cyclically Symmetric Monopoles

Overview

> Cronopole IS an unbranched n : 1 cover Cryga
8monopole = (n - 1)2. 8Toda = (n - 1)

» Sutcliffe: Ansatz for Nahm's equations for cyclic monopoles in
terms of Affine Toda equation.

Cyclic Nahm eqns. D Affine Toda eqns.
» Cyclic Nahm eqns. = Affine Toda eqns.
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Cyclically Symmetric Monopoles

Overview

> Cronopole IS an unbranched n : 1 cover Cryga
8monopole = (n - 1)2. 8Toda = (n - 1)

» Sutcliffe: Ansatz for Nahm's equations for cyclic monopoles in
terms of Affine Toda equation.
Cyclic Nahm eqns. D Affine Toda eqns.

» Cyclic Nahm eqns. = Affine Toda eqns.

» Cyclic monopoles = (particular) Affine Toda solns.
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Cyclically Symmetric Monopoles

Overview

> Cronopole IS an unbranched n : 1 cover Cryga
8monopole = (n - 1)2. 8Toda = (n - 1)

» Sutcliffe: Ansatz for Nahm's equations for cyclic monopoles in
terms of Affine Toda equation.
Cyclic Nahm eqns. D Affine Toda eqns.

» Cyclic Nahm eqns. = Affine Toda eqns.
» Cyclic monopoles = (particular) Affine Toda solns.

» Implementation in terms of curves, period matrices, theta
functions etc.
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Cyclic Nahm eqns. = Affine Toda eqns.

Sutcliffe Ansatz

Ti+iT,=(Ty—iT)"

0 elai—a2)/2 0 .. 0
0 0 ele—a3)/2 0
(;) 0 0 e(qnfl;qn)/2

elan—a1)/2 0 0 :: 0

..
T3 = —5 Diag(p1, p2; - - - Pn)

ds
d .
T3 =[T1, Th] = é[Tl +iTy, Ty — iTy] = pj = —e9 9+ 4 gi17 9

d . . . . .
(Ty+iTR) =i[T3, T1 + iT2] = pi — piv1 = i — Gi+1

ds
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Cyclic Nahm eqns. = Affine Toda eqns.

Sutcliffe Ansatz C'td

> pj, q; real
1
H = 5 (p]z- + ...+ pi) _ [eQI*QZ + equqs + ...+ eQn*QI] .
Toda = Nahm  Affine Toda eqns. C Cyclic Nahm eqgns.
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Cyclic Nahm eqns. = Affine Toda eqns.

Sutcliffe Ansatz C'td

> pj, q; real
H = % (p]z- + ...+ pi) _ [eQI*QZ + equqs + ...+ eQn*QI] .

Toda = Nahm  Affine Toda eqns. C Cyclic Nahm eqgns.

» G C SO(3) acts on triples t = (Ty, T2, T3) € R3 ® SL(n, C)
via natural action on R3 and conjugation on SL(n, C)

» g’ € SO(3) and g = p(g’) € SL(n,C). Invariance of curve =

g(Mi+iT)g t=w(Ti+iT),
gTg b =Ts,
g(T1 — I'Tz)gil = wil(Tl — iTQ).
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Cyclically Symmetric Monopoles

Cyclic Nahm eqns. = Affine Toda eqgns.

» SO(3) actionon SL(n,C) ~2n—1®2n—3®...®5d3

H.W. Braden The Geometry of Monopoles: New and Old IV



Cyclically Symmetric Monopoles

Cyclic Nahm eqns. = Affine Toda eqgns.

» SO(3) actionon SL(n,C) ~2n—1®2n—3®...®5d3

» Kostant = p(SO(3)) principal three dimensional subgroup.

» g =p(g’) =exp [%”H] H semi-simple, generator Cartan TDS
» g = Diag(w"1,...,w,1), gEjg 1 =/ E;.
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Cyclically Symmetric Monopoles

Cyclic Nahm eqns. = Affine Toda eqgns.

» SO(3) actionon SL(n,C) ~2n—1®2n—3®...®5d3
» Kostant = p(SO(3)) principal three dimensional subgroup.
» g =p(g’) =exp [%”H] H semi-simple, generator Cartan TDS
» g = Diag(w"1,...,w,1), gEjg 1 =/ E;.
» For a cyclically invariant monopole
Ti+iTa=) @D2E,  Ty= —é S BiH;

aEeA J
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Cyclically Symmetric Monopoles

Cyclic Nahm eqns. = Affine Toda eqgns.

» SO(3) actionon SL(n,C) ~2n—1®2n—3®...®5d3
Kostant = p(SO(3)) principal three dimensional subgroup.

>
» g =p(g’) =exp [%”H] H semi-simple, generator Cartan TDS
» g = Diag(w"1,...,w,1), gEjg 1 =/ E;.

» For a cyclically invariant monopole

TitiTa=Y @D2E,  T3=-_3 pH

aEeA J

v

Sutcliffe follows if §; and p; may be chosen real.
Gi € R with SU(n) conjug. + overall SO(3) rotation.
pi € R from T;(s) = —T,.T(s) which also fixes T; — iT».
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Cyclically Symmetric Monopoles

Cyclic Nahm eqns. = Affine Toda eqgns.

SO(3) actionon SL(n,C) ~2n—1®2n—3@...®5d3
Kostant = p(SO(3)) principal three dimensional subgroup.

g=rp(g')=exp [%”H] H semi-simple, generator Cartan TDS
g = Diag(w"1,...,w,1), gEjg L =/ Ej.
For a cyclically invariant monopole

TitiTa=Y @D2E,  T3=-_3 pH

aEeA J

vV v vV v Y

» Sutcliffe follows if §; and p; may be chosen real.
Gi € R with SU(n) conjug. + overall SO(3) rotation.
pi € R from Ti(s) = —T,.T(s) which also fixes T; — iT5.

» Theorem Any cyclically symmetric monopole is gauge
equivalent to Nahm data given by Sutcliffe’s ansatz, and so
obtained from the affine Toda equations.
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Cyclically Symmetric Monopoles

Flows and Solutions

Theorem
The Ercolani-Sinha vector is invariant under the group of
symmetries of the spectral curve arising from rotations.
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Cyclically Symmetric Monopoles

Flows and Solutions

Theorem
The Ercolani-Sinha vector is invariant under the group of
symmetries of the spectral curve arising from rotations.

» 7 Crmonopole — CToda := C/Cp  n: 1 unbranched cover
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Cyclically Symmetric Monopoles

Flows and Solutions

Theorem
The Ercolani-Sinha vector is invariant under the group of
symmetries of the spectral curve arising from rotations.

> T CAmonopole — CToda = CA/C,7 n : 1 unbranched cover
» AU+ C=7"(\u+ey), u,e; € Jac(Croda)
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Cyclically Symmetric Monopoles

Flows and Solutions

Theorem
The Ercolani-Sinha vector is invariant under the group of
symmetries of the spectral curve arising from rotations.

> T CAmonopole — CToda = CA/C,7 n : 1 unbranched cover
» AU+ C=7"(\u+ey), u,e; € Jac(Croda)
» Cc esingular C Ja4(3(Cmon0pole)- 2C e /\. C= 7T*el

H.W. Braden The Geometry of Monopoles: New and Old IV



Cyclically Symmetric Monopoles

Flows and Solutions

Theorem

The Ercolani-Sinha vector is invariant under the group of
symmetries of the spectral curve arising from rotations.

> T CAmonopole — CToda = CA/C,7 n : 1 unbranched cover
» AU+ C=7"(\u+ey), u,e; € Jac(Croda)

» C € Ogingular C Jac(Crmonopole), 2C €N, C=7"e;
» Fay-Accola

H[C](T‘—*Z; ?nlonopole) - CHG[E,’](Z; TToda)
i=1

" 6-functions are still far from being a spectator sport.”(L.V. Ahlfors)
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Cyclically Symmetric Monopoles

Flows and Solutions

Theorem
The Ercolani-Sinha vector is invariant under the group of
symmetries of the spectral curve arising from rotations.

> T CAmonopole — CToda = CA/C,7 n : 1 unbranched cover
» AU+ C=7"(\u+ey), u,e; € Jac(Croda)

» C € Ogingular C Jac(Crmonopole), 2C €N, C=7"e;
» Fay-Accola

n
H[C](T‘—*Z; ?nlonopole) =cC H 9[6,’](2; TToda)
i=1
" 6-functions are still far from being a spectator sport.”(L.V. Ahlfors)
> 0(321,22,22,22;7/:) _
0(z1,22;7)0(z1 + 1/3, 20, 7)0(z1 — 1/3, 22, 7)
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The C3 cyclically symmetric spectral curve of genus 4

A

C: wi+awz?+ 2% ++2° — =0 (a =0 Symmetric MonP'®)
Cs : (2, w) = (pz, pw), p = exp(2ri/3)

a b b b ok(a;) = aitk
_ [ b cd d o (b7) = bik
Cmonopole — b d c d Uf(ao):ao

b d d c a%(bo) ~ bo

3
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The C3 Cyclically Symmetric Monopole

The spectral curve of genus 2

Figure: Projection of the previous basis
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C3 Cyclically Symmetric Monopoles

ES conditions

> ¢ = m(es)
Y2=(X3+aX+g)>+4

ax _

v 0

ES conditions =
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C3 Cyclically Symmetric Monopoles

ES conditions

> ¢ = m(es)

Y2=(X3+aX+g)>+4 S ’
y dX
ES conditions = ¢ — =0 e e
Y ‘ T
¢ /"’//’ B
////"/ 30
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C3 Cyclically Symmetric Monopoles

ES conditions

> ¢ = m(es)

Y2=(X34+aX+g)?2+4 ’

dx
ES conditions = ¢ — =0 P R R

Y e

¢ T
» With a = a/8%3, g = /8 and 3 defined by
XdX
1/3 _
60 v

c

we may recover the monopole spectral curve.
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C3 Cyclically Symmetric Monopoles

Properties

Figure: A log-log plot of the asymptotic behaviour of « versus ~y

[\ A

| \
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C3 Cyclically Symmetric Monopoles
The Richelot Transform
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C3 Cyclically Symmetric Monopoles

The Richelot Transform

dX
> v Yz—(X3+aX+g)2+4
¢
n bn
> a,b€R+ ap = a, bp = b, an+1:a _; , bry1 =+ anby
lim a, = lim b, = M(a, b)
n—oo n—oo
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C3 Cyclically Symmetric Monopoles

The Richelot Transform

> % Y2=(X3+aX+g)P2+4
C
> a,bcR, ay=a, bo=b, api1— a”;b", bri1 = \/anbn
A0, an = Jin, bo = M2, )
/2 do -

AGM Gauss

0 /a?cos? ¢+ b2sin? ¢ ~ 2M(a, b)
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C3 Cyclically Symmetric Monopoles

The Richelot Transform

X
> d7 Y2=(X3+aX+g)P2+4
‘ b
> a,bcR, ay=a, bo=b, api1— a”; " byt = \/anbn
lim a, = lim b, = M(a, b)
n—oo n—oo
w/2
AGM Gauss dé S
0 /a?cos?2p + b2sin2g  2M(a, b)
En— Enya, En: y,% = Xp(xn — a,2,)(x,, - b,2,)
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C3 Cyclically Symmetric Monopoles
The Richelot Transform

ax

>

Y2=(X3+aX+g)P2+4

FIGURE 1. Roots of P,Q, R and U,V,W W(X
» Degree 2 correspondence Z C C x C’
C: y?+ P(x)Q(x)R(x) =0, C': Ay? + U(X)V(xXYW(x)=0
2. JPEUK) + Q) V(X) =0,
- = PV (x = X).
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C3 Cyclically Symmetric Monopoles
The Richelot Transform

ax

>

Y2=(X}+aX+g)P+4

a w
> / dx :2\/5/ dx
2 V/—P(x)Q()R(x) v /U V(x)W(x)




There remain two types of outstanding difficulty when
implementing the algebro-geometric solution of integrable systems.
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There remain two types of outstanding difficulty when
implementing the algebro-geometric solution of integrable systems.

» Transcendental constraints: C constrained by requiring periods
of a given meromorphic differential to be specified.

T
L= trivial U= (fbl Yooy - - .,fbg 700) =in+irm.
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There remain two types of outstanding difficulty when
implementing the algebro-geometric solution of integrable systems.

» Transcendental constraints: C constrained by requiring periods
of a given meromorphic differential to be specified.

T
£2trivial U=k (v sy, Toe) = B0 3Tm.
» Flows and Theta Divisor:
HY(C,L)=0  6(tU+C|r)=0
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