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The formal group.

A commutative one-dim formal group law (or shortly formal
group) over a commutative associative ring A is the formal series

F(u,v) =u+v—+ Zai,juivja Qg g S A) 1> 0, 7>0,
satisfying the conditions
F(u,v) = F(v,u), F(u,F(v,w)) =F(F(u,v),w).

Let Fy(u,v) = uw + v. For any formal group F(u,v) € Al[u,v]]
there exists an isomorphism f : Fy — F over A® Q.
The series f(t) € A® Q[[t]] uniquely defined by the conditions

f(t14t2) = F(f(t1), f(t2)), f(0)=0, f/(0)=1

is the exponential of the formal group F'(u,v).



Examples of formal groups and their exponentials.

Flu,v) =u4v— pruv, f(t) = % (1 — exp(—ult)>.

F(u,v) = 1 iﬁfw £(t) = ﬁ_zth(mt).

_ 2 4 _ 2 4
P(u,v) = WA=20Eert E gy 20 (1) = sn(s),

where sn(t) is the Jacobi elliptic sine:

(f)2=1-26f%+ef".



T he general Weierstrass model of the elliptic curve

Y2Z + XY Z +u3Y 2% = X3+ unX?Z + 14X 2% + e 2>
depends on 5 parameters pu = (u1, 12, U3, 4, U6).
The geometric group structure ,,+“ on the elliptic curve:
The points P, Q, R of the curve are on a straight line
if and only if P4+ Q + R = 0.

Let O =(0:1:0) be the zero of the geometric group structure.

For P+Q+ R=0and R+ R+ 0O =0 we get P+ Q = R.



In the chart Z = 0 in Weierstrass coordinates
x = X/Z and y =Y /Z the curve takes the form

y® + p1wy + pzy = @° + pox® + paz + pe.
In the chart Y = 0 in Tate coordinates
u= —X/Y and s = —Z/Y the curve takes the form
s=u>+ puius + ,uguzs -+ ,u332 -+ ,u4u32 -+ ,u6s3.

In the chart X #= 0 with coordinates

v=Y/X and w = Z/X the curve takes the form
vw(v+ p + pzw) = 1+ pow + paw? + pew>.

The gradings are
deg X = —4, degY = —6, degZ = 0, deg u; = —2s.



The Tate coordinates of the elliptic curve.

In the chart {Y # 0} with v = —X/Y and s = —Z/Y the curve
takes the form

s=u+ pius + ,u2u23 + ,u382 + ,u4u82 + ,u683.

We get the formal series s(u) € Z[u][[u]]:

s =+ pru® + (0F + p2)u” + (p3 + 2p1p2 + pz)ul+
+ (u1 + 3pun + p3 + 3p1pz + pa)u’ + ...

The coordinates (u,s(u)) are the arithmetic Tate coordinates.
They define the Tate unifomization of the elliptic curve.
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The elliptic formal group.

Let P = (u,s(u)), Q= (v,s(v)), R = (w,s(w)) and R = (’U_J,S(’u_)))
The geometric group structure on the elliptic curve defines the
series Fg;(u,v) over Zu]:

Fri(u,v) = w.
Theorem. (General elliptic formal group)

o1t pzm) + (ua + 2M6m)k> y
(1 — p3k — pgk?)
(1 + pom + pam? + pem3)

(1 pon + pan2 + pen3) (1 — pzk — pgh2)’

_ s(u) — s(v)

u —v
L us(v) —ws(u) (1 + pom + pgm? + pem3)
= , N =m -+ uv :

uUu—7v (1 — 3]€ ,LL6IC2)

Fri(u,v) = (u +v—

where (u,s(u))evﬂ and




Formal groups for curves with automorphisms. The map
u — au defines an automorphism of an elliptic formal group.
a=2, up=(0,0,pu, 14, us). Then

(12 + 2pam + 3uem?)
(1 + pom + pam? 4 pem3)
a=3, p=(0,0,u3,0,ug). Then
(u =4 v)(1 + pem3) + pzm? + 3ugm2b

Flu,v) =u+v+5b

F(u,v) = 3 — >y
(1 4+ pem=)(1 — pzb) — 7 "pu3(l — p3b — ueb=)
a=4, n=(0,0,0,us,0) #0. a=6, u=(0,0,0,0,u6) #0
P2+ auaft—1) =0, P43+ 27usf® -4 =0,
- 2uamb . 3,u6m2b
F(u,v)—u—l—v—|—1+u4m2. F(u,v)—u—l—v—|—1+lu6m3.
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An elliptic function is a meromorphic function
on the torus T = C/I', where I' € C is a grid of rank 2.

ft+2wr) = f(t), [f(t+2w2) = f(¢), where Im(z—;) 7 0.

Elliptic functions form a differential field, algebraicly generated
by the functions p(t) and ©'(t).

The Weierstrass function p(t) is the unique even elliptic function
on C with periods 2w1, 2ws and double poles at grid points such
that

We will need the Weierstrass o-function, which is an entire function
on the universal covering of T and is defined by the condition
(Ino)” = —p and the initial conditions ¢(0) = 0, ¢/(0) = 1.
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Theorem. The exponential of the general elliptic formal group is
o(t) — 53 + 4un)

o (1) — p1(pt) — 1513 + 4p2)) — p3

where p(t) = p(t; g2(n), g3(1)).

fei(t) = -2

fri(t) is an elliptic function of order 3 for ug # 0
and of order 2 for ug = 0 (in the case of a non-degenerate curve).

Example of a degenerate curve u = (u1, 12,0,0,0).

a—b)2 [ /et 4 obt\ 2 a— b4
@(t)=( b) (( + )—2>=tlz (a=b) t2 4 ..

4 eat — ebt 3 240
where u1 =a+ b, up = —ab. The formal group is rational
_ at bt
Fuv) =S TUTHIUW here f1) = & ¢

1 4+ pouw ae — bebt’
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We can rewrite the formula for the exponential as
1 pp 19(1) + @' (w)

fe@) 2 2 pt) —p()
where ©(t) = p(t; go(1), g3()), and v and w are determined by

o (w) = —pz, p(v) = 5(4uo + p3).

In the case v = +w the compatibility condition for the last system
IS ug = 0.

For ug = 0 the solution of

) M1 1
(no®) ="~ (1)

IS the well-known Baker-Akhiezer function of the elliptic curve.

The solution of eq. (1) in the general case is called
the deformed Baker-Akhiezer function.
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The Baker-Akhiezer function

) = o(t+1t) ()t
c(H)o(r)

gives a solution to the Lame equation

d(t) = (¢, 7

d2
( 2@(15)) D(t) = p(T)P(L).

dt2

In the vicinity of ¢t = O we have

D(ti7) = — St = —p (D2 + ().

Let 2wy, Kk = 1,2be the periods of the p-function. Then

D(t + 2wy; 7) = P(E; 7) exp(=2(¢(T)wg, — mT)),
CD(t—I—ka;wk) = CD(t;wk), CD(t;T—I—ka) = Cb(t;’r).
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Lemma.
The following operators annulate the Baker-Akhiezer function:

0 0 0 0

Ho = 4g>—— +6g3—— —t— — 17— — 1,
0= 4925 ~F Bogs ot o7
o 1,9 o 5, 1,
Hor = 62— + —g5—— — ((t)— — — _(o(t ¢ ,
> g3ag3+392893 C()at C(T)aT (@()—I—p(f)—l—zp(f))
1 / PN
£1=2-|-P, where P:——p(t) p(T),
ot 2 p(t) — p(1)
62
522@—2@(75)—@(7)»
o3 5,
L2=2—— —6p(t)— — 30 (1) — (7).
3= 253~ 6p() . —3¢'(1) —p(7)
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T heorem.
The solution of the algebraic dynamical system on C4 with coordinates

(21,22, 7,Y):

1
Orz1 = 22, Orz1 = E(Z% + 20 — 3x),
Otzo = 22% — 6z1x — 2y, Orzo = z:f — 3z1x — Yy + 2129,
orr = 0, Orx =1,
1
Oy = 0, Ory = 6x° — 5(2% — ziL + 6xz% + 4yzq + 32°).

passing at t = 0,7 = 0 through (29,29, 2°,4°)
where 320 £ (z?)2 — zg iS

(—(In ®(t+tg; 7+70)), —(In P (t+tg; 7+70))", p(r+70), ¢ (T+70)).
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For the coefficients of the Weierstrass o-function
4

ai,j gou - \; 61 i
o(u) =wu — (ZZ)!(2g3u®),
Z',jzzo (4e+65+ 1) 2
there is the Weierstrass recursion
- 16 Lo L
a;j = 3(z—|—1)ai+1,j_1—|—?(]—|—1)a7;_2,j+1_5(424_6]_1)(224_3]_1)%_1,],

with the initial conditions

ap.0 = 1, and a; ;=0 for : <0 or j<O.

Conjecture. For a(i,j) = 2k3!s(3, 4), and

(4i + 65 + 1)!
23i+47 3i+7 41 51

= 2M3l1g, (i, ),

where s(i,7) and s1(i,7) € Z are coprime with 2 and 3
we have k=kq, | = [;.
16



The Krichever genus.

I. M. Krichever introduced in 1990 the Hirzebruch genus Lf,
where

exp (i)

t) = t) = ,

and proved this genus to have the fundamental rigidity property
on normally complex Sl_equivariant SU-manifolds.

Theorem. The series fi,(t) is a Hurwits series over Z %, o(7), o' (1), %2],
that is

fh41
frr®) = ) fi

K1 1N 92
so (k+ 1) T € 255 0(7), 9'(7), T
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The addition theorem for the Baker-Akhiezer function.

D (1) D'(q) — P'(t)P(q)

p(t) — p(q) '
For applications to the Kp hierarchy see in I.M. Krichever, FAA
(1980).

d(t+q) =

Corrolary.
1 1 1
o(t) p(q) (1)
Pt+q) 1) ¢a) o'(7)
PP (g) 2| 1 1 1

() plg) (1)
p(t)? ()% p(r)?
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The Krichever formal group.
Set B=7Z[xr:k=1,2,..].

Consider the series of the special form

b(w)B(u) — b(v)B(v) 2 2.

F(u,v) = ub(v) + vb(u) = b'(0)uv + == 0 s

where b(u) = 1+ Y biul, and B(u) = YWY = 5, (8, | oub.

Here b1 = x1, b2 = x2i boj41 = 2x2;41 and
Bor = kxok, Bok+1 = 2k + 1)xok+1-

This series defines a formal group Fg,(u,v) € Al[w, v]]
where A = B/J and J is the associativity ideal.

T heorem.

The exponential of the Krichever formal group is fg,(t).
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T heorem.
An elliptic formal group over the ring A with no zero divisors is
a Krichever formal group if and only if in A we have:

pop3 — pipg = 0, 3 + 3ue = 0, p3(pips + pg) = 0.

Corollary. The conditions of the theorem are equivalent to

pue = 0O in the case pu; =0, uz = 0;

uo = 0, ,u% = —3ug, g4 =20 in the case u; =0, uz = 0;

e =0, ug=20 in the case w1 #= 0, uz = 0;

po = —pi, pa = —p1p3, —3pe = pu3  in the case ug # 0, pug # 0.

20



Examples of elliptic Krichever formal groups (and integral
Krichever genera).

Let g = u3 = pg = 0 and § = po, € = p3 — 4puy, then
up(v) + vp(u)

1 — eu?v?
for p2(u) = 1 — 26u? + eu®. In this case fx,-(t) = sn(t).

Fri(u,v) = Frp(u,v) =

Let p1 = po = pg =0 and pg = —3pug, then

UQT V) — ’027“ u
Fia(u,) = Fier(uy0) = 53— 2

for r3(u) = 1 — 3uzu>.

Let uz = ug = ug = 0, then

U+ v — uv

F : = F : —
w1 (u,v) xr(u,v) T
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The deformed Baker-Akhiezer function.

Let fg;(t) be the exponential of Fg;(u,v). Then

Looom_ oy 19/ 4+ ' (w)
2 ) = T o ey 2)
where o(t) = p(t; g2(1), 93(1)), ¢’ (w) = —p3, p(v) = {5(4uo +

p).
Define the deformed Baker-Akhiezer function as the solution of

V(1) + o()W(t) =0
such that W(t) = W (¢;v,w) = 1/u + (regular function).

Lemma. For a = @/,(w)
o' (v)

o (t 4+ v)2(1= Vg (y — )21+
o(t)o(v)

W(t) = exp (—12 4 ac()r)

22



The addition formula.

T heorem.
V(t+q) =
Lo 1+a
1 1 1 2 1 1 1 2
w(t) W(q) p(t) plg) p) p(t) plg) p(-v)
_ VO V@ 1) @@ ¢ |91 ¢'a) ¢(-v)
p(t) —pla) 1 1 1 1 1 1

12006 pla) p@)|+ 5% p@) pl@) e(-v)
' (t) ©'(q) ¢'(v) o' (t) ©'(q) ©'(—v)

23




Properties of the deformed Baker-Akhiezer function
for u1 = 0.

1. In the vicinity of ¢t = 0 we have

1 1

Wto,w) = = o)t + g (W) + ().

2. The function W(¢; +v,w) gives a solution to the deformed
Lame equation

V() —UW () = p(o)W (1),

o' (v)2 — o' (w)?
4(p(t) — p(v))?

where U = 2p(t) —

24



3. The periodic properties are
W (t + 2w, v, w) = V(t;v,w) exp(Ra(l(v)w, — niv));

Wt v+ 2w, w) = V(L v,w).

The function W (t; wg, w) = W(t; w,) does not depend on w and
W (t 4+ 2w, wy) = V(t; w).

4. W (tv,wy) =/p(t) — p(v).

5. We have the relations

V(t;v,w) =V, —v,—w) = =V (-t v, —w).

25



Let Li" =Ly =0+ ¢(t) and LT = 0 — ¢(t) where
1o'(t) + ¢ (w)
2 p(t) - p(v)
We have LoW(t) =0, where Ly =82 —U — p(v) = L7 LT and
o' (v)? — ¢/ (w)*
4(p(t) — p(v))?
_ (1 a 2) 1212 — Be'W+p'w)) |,
Set V = @ (v)<T, where T = (o)) —p(0))3
(1 - az)@’(v)Q = ©'(v)? — p'(w)?.

o(t) =

U =2p(t) -

The addition formula gives the operator L3 = 283 —3U8— Uy,
roe Ug = %U’ + 2V — ¢/(w), such that LaW(¢t) = 0. We have

Lo, L3] = —%(1 — 02)(v)? (%T) Li.

26



The Hirzebruch genera.
Let A = > A_,;. be a commutative associative graded torsion-
free ring and let f(u) = v+ Y1 frufT1, where fo e A 5. ® Q.
Set

N

.
L e Oy ) = L,
(o150 Opy ) 7:1;[1 )

where o is the k-th elementary symmetric polynomial of uq, ..., uy.

We have
Li(o1,...;on) =1— fio1+ (ff — f2)o1 + (2f2 — fHoo+ ...

The Hirzebruch genus Lf of a stably complex manifold M2
with tangent Chern classes ¢; = ¢;(7(M2")) and fundamental
cycle (M?") is defined by the formula

Lp(M?") = (Lg(c1, ..., cn), (M?") € A_2, ® Q.
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T heorem.

The solution of the algebraic dynamical system on C4 with coordinates
(z1,22,z,y) (see below) is

(—(In®(t+to; 7+710)), —(In D(t+tg; 74+10))", p(t+to), ¢ (t+1g)).

Otz1 = 29, Orz1 = 3x + 220 — z%,
Otzp = 22125 — 2y, Orzp = —y + 22122,
orxr = vy, orx = 0,

Oy = —2z§ + 22%22 — 221y — 6x29, ory = 0.

3
Opz1 = 21, Orz1 = z:f — 2021 — 4xz1 — Ey
Opzo = 227, Orzo = 4xzo + 2120 — 22%22 + 22%
4 4 4
Opx = 2, Orx = —2z° — §z§ -+ gz%zg — gzly — 4xzo

doy = 3y, Oy = 3xy
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