
Krichever formal groups

and the deformed Baker-Akhiezer

function.

Elena Yu. Bunkova

〈bunkova@mi.ras.ru〉

Steklov Mathematical Institute, Russian Academy of sciences,

Laboratory of geometric methods in mathematical physics, MSU

Moscow

in collaboration with V.M.Buchstaber

International conference
”
Geometry, Integrability and Quantization“,

8 june 2011



New results are published in

[1] V. M. Buchstaber and E. Yu. Bunkova,

Krichever formal group law, Functional. Anal. Appl., 45:2 (2011).

[2] E. Yu. Bunkova,

The addition theorem for the deformed Baker-Akhiezer function,

Russian Mathematical Surveys, 2010, 65:6.

[3] V. M. Buchstaber,

The general Krichever genus, Russian Mathematical Surveys,

2010, 65:5, 979�981.

[4] Victor M. Buchstaber, Elena Yu. Bunkova,

”
Elliptic formal group laws, integral Hirzebruch genera

and Krichever genera“, arXiv:1010.0944

[5] V. M. Buchstaber and E. Yu. Bunkova,

”
Addition Theorems, Formal Group Laws and Integrable

Systems“, AIP Conference Proceedings Volume 1307,

XXIX Workshop on Geometric Methods in Physics.

1



The formal group.

A commutative one-dim formal group law (or shortly formal

group) over a commutative associative ring A is the formal series

F (u, v) = u+ v +
∑

ai,ju
ivj, ai,j ∈ A, i > 0, j > 0,

satisfying the conditions

F (u, v) = F (v, u), F
(
u, F (v, w)

)
= F

(
F (u, v), w

)
.

Let Fa(u, v) = u + v. For any formal group F (u, v) ∈ A[[u, v]]

there exists an isomorphism f : Fa → F over A⊗ Q.
The series f(t) ∈ A⊗ Q[[t]] uniquely de�ned by the conditions

f(t1 + t2) = F
(
f(t1), f(t2)

)
, f(0) = 0, f ′(0) = 1

is the exponential of the formal group F (u, v).
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Examples of formal groups and their exponentials.

F (u, v) = u+ v − µ1uv, f(t) = 1
µ1

(
1− exp(−µ1t)

)
.

F (u, v) = u+v
1+µ2uv

, f(t) = 1√
µ2
th
(√

µ2 t
)
.

F (u, v) = u
√

1−2δv2+εv4 + v
√

1−2δu2+εu4

1−εu2v2 , f(t) = sn(t),

where sn(t) is the Jacobi elliptic sine:

(f ′)2 = 1− 2δf2 + εf4.
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The general Weierstrass model of the elliptic curve

Y 2Z + µ1XY Z + µ3Y Z
2 = X3 + µ2X

2Z + µ4XZ
2 + µ6Z

3

depends on 5 parameters µ = (µ1, µ2, µ3, µ4, µ6).

The geometric group structure
”
+“ on the elliptic curve:

The points P , Q, R of the curve are on a straight line

if and only if P +Q+R = 0.

Let O = (0 : 1 : 0) be the zero of the geometric group structure.

For P +Q+R = 0 and R+R+O = 0 we get P +Q = R.
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In the chart Z 6= 0 in Weierstrass coordinates

x = X/Z and y = Y/Z the curve takes the form

y2 + µ1xy + µ3y = x3 + µ2x
2 + µ4x+ µ6.

In the chart Y 6= 0 in Tate coordinates

u = −X/Y and s = −Z/Y the curve takes the form

s = u3 + µ1us+ µ2u
2s+ µ3s

2 + µ4us
2 + µ6s

3.

In the chart X 6= 0 with coordinates

v = Y/X and w = Z/X the curve takes the form

vw(v + µ1 + µ3w) = 1 + µ2w + µ4w
2 + µ6w

3.

The gradings are

degX = −4, degY = −6, degZ = 0, degµi = −2i.
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The Tate coordinates of the elliptic curve.

In the chart {Y 6= 0} with u = −X/Y and s = −Z/Y the curve

takes the form

s = u3 + µ1us+ µ2u
2s+ µ3s

2 + µ4us
2 + µ6s

3.

We get the formal series s(u) ∈ Z[µ][[u]]:

s = u3 + µ1u
4 + (µ2

1 + µ2)u5 + (µ3
1 + 2µ1µ2 + µ3)u6+

+ (µ4
1 + 3µ2

1µ2 + µ2
2 + 3µ1µ3 + µ4)u7 + ...

The coordinates (u, s(u)) are the arithmetic Tate coordinates.

They de�ne the Tate unifomization of the elliptic curve.

6



7



The elliptic formal group.

Let P =
(
u, s(u)

)
, Q =

(
v, s(v)

)
, R =

(
w, s(w)

)
and R =

(
w̄, s(w̄)

)
.

The geometric group structure on the elliptic curve de�nes the

series FEl(u, v) over Z[µ]:

FEl(u, v) = w̄.

Theorem. (General elliptic formal group)

FEl(u, v) =

(
u+ v − uv

(µ1 + µ3m) + (µ4 + 2µ6m)k

(1− µ3k − µ6k2)

)
×

×
(1 + µ2m+ µ4m

2 + µ6m
3)

(1 + µ2n+ µ4n2 + µ6n3)(1− µ3k − µ6k2)
,

where
(
u, s(u)

)
∈ Vµ and m =

s(u)− s(v)

u− v
,

k =
us(v)− vs(u)

u− v
, n = m+ uv

(1 + µ2m+ µ4m
2 + µ6m

3)

(1− µ3k − µ6k2)
.
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Formal groups for curves with automorphisms. The map
u→ αu de�nes an automorphism of an elliptic formal group.

α = 2, µ = (0,0, µ2, µ4, µ6). Then

F (u, v) = u+ v + b
(µ2 + 2µ4m+ 3µ6m

2)

(1 + µ2m+ µ4m2 + µ6m3)
.

α = 3, µ = (0,0, µ3,0, µ6). Then

F (u, v) =
(u+ v)(1 + µ6m

3) + µ3m
2 + 3µ6m

2b

(1 + µ6m3)(1− µ3b)− bm
uvµ3(1− µ3b− µ6b2)

.

α = 4, µ = (0,0,0, µ4,0) 6= 0. α = 6, µ = (0,0,0,0, µ6) 6= 0

f2(f ′2 + 4µ4f
4 − 1) = 0, f ′3 + 3f ′2 + 27µ6f

6 − 4 = 0,

F (u, v) = u+ v +
2µ4mb

1 + µ4m2
. F (u, v) = u+ v +

3µ6m
2b

1 + µ6m3
.
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An elliptic function is a meromorphic function

on the torus T = C/Γ, where Γ ∈ C is a grid of rank 2.

f(t+ 2ω1) = f(t), f(t+ 2ω2) = f(t), where Im(
ω1

ω2
) 6= 0.

Elliptic functions form a di�erential �eld, algebraicly generated

by the functions ℘(t) and ℘′(t).
The Weierstrass function ℘(t) is the unique even elliptic function

on C with periods 2ω1, 2ω2 and double poles at grid points such

that

lim
t→0

(
℘(t)−

1

t2

)
= 0.

We will need the Weierstrass σ-function, which is an entire function

on the universal covering of T and is de�ned by the condition

(lnσ)′′ = −℘ and the initial conditions σ(0) = 0, σ′(0) = 1.
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Theorem. The exponential of the general elliptic formal group is

fEl(t) = −2
℘(t)− 1

12(µ2
1 + 4µ2)

℘′(t)− µ1(℘(t)− 1
12(µ2

1 + 4µ2))− µ3

where ℘(t) = ℘(t; g2(µ), g3(µ)).

fEl(t) is an elliptic function of order 3 for µ6 6= 0
and of order 2 for µ6 = 0 (in the case of a non-degenerate curve).

Example of a degenerate curve µ = (µ1, µ2,0,0,0).

℘(t) =
(a− b)2

4

(eat + ebt

eat − ebt

)2

−
2

3

 =
1

t2
+

(a− b)4

240
t2 + ...

where µ1 = a+ b, µ2 = −ab. The formal group is rational

F (u, v) =
u+ v − µ1uv

1 + µ2uv
, where f(t) =

eat − ebt

aeat − bebt
.
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We can rewrite the formula for the exponential as

1

fEl(t)
=
µ1

2
−

1

2

℘′(t) + ℘′(w)

℘(t)− ℘(v)
,

where ℘(t) = ℘(t; g2(µ), g3(µ)), and v and w are determined by

℘′(w) = −µ3, ℘(v) = 1
12(4µ2 + µ2

1).

In the case v = ±w the compatibility condition for the last system

is µ6 = 0.

For µ6 = 0 the solution of

(ln Φ(t))′ =
µ1

2
−

1

fEl(t)
(1)

is the well-known Baker-Akhiezer function of the elliptic curve.

The solution of eq. (1) in the general case is called

the deformed Baker-Akhiezer function.
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The Baker-Akhiezer function

Φ(t) = Φ(t, τ) =
σ(τ + t)

σ(t)σ(τ)
e−ζ(τ)t

gives a solution to the Lame equation(
d2

dt2
− 2℘(t)

)
Φ(t) = ℘(τ)Φ(t).

In the vicinity of t = 0 we have

Φ(t; τ) =
1

t
−

1

2
℘(τ)t−

1

6
℘′(τ)t2 + (t3).

Let 2ωk, k = 1,2be the periods of the ℘-function. Then

Φ(t+ 2ωk; τ) = Φ(t; τ) exp(−2(ζ(τ)ωk − ηkτ)),

Φ(t+ 2ωk;ωk) = Φ(t;ωk), Φ(t; τ + 2ωk) = Φ(t; τ).
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Lemma.

The following operators annulate the Baker-Akhiezer function:

H0 = 4g2
∂

∂g2
+ 6g3

∂

∂g3
− t

∂

∂t
− τ

∂

∂τ
− 1,

H2 = 6g3
∂

∂g3
+

1

3
g2

2
∂

∂g3
− ζ(t)

∂

∂t
− ζ(τ)

∂

∂τ
− (℘(t) + ℘(τ) +

1

2
t℘′(τ)),

L1 =
∂

∂t
+ P, where P = −

1

2

℘′(t)− ℘′(τ)

℘(t)− ℘(τ)
,

L2 =
∂2

∂t2
− 2℘(t)− ℘(τ),

L3 = 2
∂3

∂t3
− 6℘(t)

∂

∂t
− 3℘′(t)− ℘′(τ).
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Theorem.

The solution of the algebraic dynamical system on C4 with coordinates

(z1, z2, x, y):

∂tz1 = z2, ∂τz1 =
1

2
(z2

1 + z2 − 3x),

∂tz2 = 2z3
1 − 6z1x− 2y, ∂τz2 = z3

1 − 3z1x− y + z1z2,

∂tx = 0, ∂τx = y,

∂ty = 0, ∂τy = 6x2 −
1

2
(z2

2 − z
4
1 + 6xz2

1 + 4yz1 + 3x2).

passing at t = 0, τ = 0 through (z0
1, z

0
2, x

0, y0)

where 3x0 6= (z0
1)2 − z0

2 is

(−(ln Φ(t+t0; τ+τ0))′,−(ln Φ(t+t0; τ+τ0))′′, ℘(τ+τ0), ℘′(τ+τ0)).
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For the coe�cients of the Weierstrass σ-function

σ(u) = u
∑
i,j≥0

ai,j

(4i+ 6j + 1)!
(
g2u

4

2
)i(2g3u

6)j,

there is the Weierstrass recursion

ai,j = 3(i+1)ai+1,j−1+
16

3
(j+1)ai−2,j+1−

1

3
(4i+6j−1)(2i+3j−1)ai−1,j

with the initial conditions

a0,0 = 1, and ai,j = 0 for i < 0 or j < 0.

Conjecture. For a(i, j) = 2k3ls(i, j), and

(4i+ 6j + 1)!

23i+4j 3i+j i! j!
= 2k13l1s1(i, j),

where s(i, j) and s1(i, j) ∈ Z are coprime with 2 and 3

we have k = k1, l = l1.
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The Krichever genus.

I. M. Krichever introduced in 1990 the Hirzebruch genus Lf ,

where

f(t) = fKr(t) =
exp(µ1

2 t)

Φ(t, τ)
,

and proved this genus to have the fundamental rigidity property

on normally complex S1-equivariant SU-manifolds.

Theorem. The series fKr(t) is a Hurwits series over Z[µ1
2 , ℘(τ), ℘′(τ), g2

2 ],

that is

fKr(t) =
∑
k≥0

fk
tk+1

(k + 1)!
, fk ∈ Z[

µ1

2
, ℘(τ), ℘′(τ),

g2

2
].
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The addition theorem for the Baker-Akhiezer function.

Φ(t+ q) =
Φ(t)Φ′(q)−Φ′(t)Φ(q)

℘(t)− ℘(q)
.

For applications to the Kp hierarchy see in I.M. Krichever, FAA

(1980).

Corrolary.

Φ(t+ q)

Φ(t)Φ(q)
= −

1

2

∣∣∣∣∣∣∣
1 1 1

℘(t) ℘(q) ℘(τ)
℘′(t) ℘′(q) ℘′(τ)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
1 1 1

℘(t) ℘(q) ℘(τ)
℘(t)2 ℘(q)2 ℘(τ)2

∣∣∣∣∣∣∣
.
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The Krichever formal group.

Set B = Z[χk : k = 1,2, ...].

Consider the series of the special form

F̂(u, v) = ub(v) + vb(u)− b′(0)uv +
b(u)β(u)− b(v)β(v)

ub(v)− vb(u)
u2v2,

where b(u) = 1 +
∑
biu

i, and β(u) = b′(u)−b′(0)
2u =

∑
k>0 βk+2u

k.

Here b1 = χ1, b2i = χ2i b2i+1 = 2χ2i+1 and

β2k = kχ2k, β2k+1 = (2k + 1)χ2k+1.

This series de�nes a formal group FKr(u, v) ∈ Â[[u, v]]
where Â = B/Ĵ and Ĵ is the associativity ideal.

Theorem.

The exponential of the Krichever formal group is fKr(t).
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Theorem.

An elliptic formal group over the ring A with no zero divisors is

a Krichever formal group if and only if in A we have:

µ2µ3 − µ1µ4 = 0, µ2
3 + 3µ6 = 0, µ3(µ1µ3 + µ4) = 0.

Corollary. The conditions of the theorem are equivalent to

µ6 = 0 in the case µ1 = 0, µ3 = 0;

µ2 = 0, µ2
3 = −3µ6, µ4 = 0 in the case µ1 = 0, µ3 6= 0;

µ4 = 0, µ6 = 0 in the case µ1 6= 0, µ3 = 0;

µ2 = −µ2
1, µ4 = −µ1µ3, −3µ6 = µ2

3 in the case µ1 6= 0, µ3 6= 0.

20



Examples of elliptic Krichever formal groups (and integral
Krichever genera).

Let µ1 = µ3 = µ6 = 0 and δ = µ2, ε = µ2
2 − 4µ4, then

FEl(u, v) = FKr(u, v) =
uρ(v) + vρ(u)

1− εu2v2

for ρ2(u) = 1− 2δu2 + εu4. In this case fKr(t) = sn(t).

Let µ1 = µ2 = µ4 = 0 and µ2
3 = −3µ6, then

FEl(u, v) = FKr(u, v) =
u2r(v)− v2r(u)

ur2(v)− vr2(u)

for r3(u) = 1− 3µ3u
3.

Let µ3 = µ4 = µ6 = 0, then

FEl(u, v) = FKr(u, v) =
u+ v − µ1uv

1 + µ2uv
.
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The deformed Baker-Akhiezer function.

Let fEl(t) be the exponential of FEl(u, v). Then

1

fEl(t)
−
µ1

2
= φ(t; v, w) = −

1

2

℘′(t) + ℘′(w)

℘(t)− ℘(v)
, (2)

where ℘(t) = ℘(t; g2(µ), g3(µ)), ℘′(w) = −µ3, ℘(v) = 1
12(4µ2 +

µ2
1).

De�ne the deformed Baker-Akhiezer function as the solution of

Ψ′(t) + φ(t)Ψ(t) = 0

such that Ψ(t) = Ψ(t; v, w) = 1/u+ (regular function).

Lemma. For α = ℘′(w)
℘′(v)

Ψ(t) =
σ(t+ v)

1
2(1−α)σ(v − t)

1
2(1+α)

σ(t)σ(v)
exp

(
(−
µ1

2
+ αζ(v))t

)
.
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The addition formula.

Theorem.

Ψ(t+ q) =

=

∣∣∣∣∣Ψ(t) Ψ(q)
Ψ′(t) Ψ′(q)

∣∣∣∣∣
℘(t)− ℘(q)

×

∣∣∣∣∣∣∣
1 1 1

℘(t) ℘(q) ℘(v)
℘′(t) ℘′(q) ℘′(v)

∣∣∣∣∣∣∣
1−α

2
∣∣∣∣∣∣∣

1 1 1
℘(t) ℘(q) ℘(−v)
℘′(t) ℘′(q) ℘′(−v)

∣∣∣∣∣∣∣
1+α

2

1−α
2

∣∣∣∣∣∣∣
1 1 1

℘(t) ℘(q) ℘(v)
℘′(t) ℘′(q) ℘′(v)

∣∣∣∣∣∣∣+ 1+α
2

∣∣∣∣∣∣∣
1 1 1

℘(t) ℘(q) ℘(−v)
℘′(t) ℘′(q) ℘′(−v)

∣∣∣∣∣∣∣
.
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Properties of the deformed Baker-Akhiezer function

for µ1 = 0.

1. In the vicinity of t = 0 we have

Ψ(t; v, w) =
1

t
−

1

2
℘(v)t+

1

6
℘′(w)t2 + (t3).

2. The function Ψ(t;±v, w) gives a solution to the deformed

Lame equation

Ψ′′(t)− UΨ(t) = ℘(v)Ψ(t),

where U = 2℘(t)−
℘′(v)2 − ℘′(w)2

4(℘(t)− ℘(v))2
.
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3. The periodic properties are

Ψ(t+ 2ωk; v, w) = Ψ(t; v, w) exp(2α(ζ(v)ωk − ηkv));

Ψ(t; v + 2ωk, w) = Ψ(t; v, w).

The function Ψ(t;ωk, w) = Ψ(t;ωk) does not depend on w and

Ψ(t+ 2ωk;ωk) = Ψ(t;ωk).

4. Ψ(t; v, ωk) =
√
℘(t)− ℘(v).

5. We have the relations

Ψ(t; v, w) = Ψ(t;−v,−w) = −Ψ(−t; v,−w).
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Let L+
1 = L1 = ∂ + φ(t) and L−1 = ∂ − φ(t) where

φ(t) = −
1

2

℘′(t) + ℘′(w)

℘(t)− ℘(v)
.

We have L2Ψ(t) = 0, where L2 = ∂2 − U − ℘(v) = L−1L
+
1 and

U = 2℘(t)−
℘′(v)2 − ℘′(w)2

4(℘(t)− ℘(v))2
.

Set V = (1−α2)
16 ℘′(v)2T , where T = (3℘′(t)+℘′(w))

(℘(t)−℘(v))3 è

(1− α2)℘′(v)2 = ℘′(v)2 − ℘′(w)2.

The addition formula gives the operator L3 = 2∂3−3U∂−U0,

ãäå U0 = 3
2U
′+ 2V − ℘′(w), such that L3Ψ(t) = 0. We have

[L2, L3] = −
1

4
(1− α2)℘′(v)2

(
∂

∂t
T
)
L1.
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The Hirzebruch genera.

Let A =
∑
A−2k be a commutative associative graded torsion-

free ring and let f(u) = u+
∑
k≥1 fku

k+1, where fk ∈ A−2k ⊗ Q.
Set

Lf(σ1, ..., σk, ...) =
N∏
i=1

ui
f(ui)

,

where σk is the k-th elementary symmetric polynomial of u1, ..., uN .

We have

Lf(σ1, ..., σn) = 1− f1σ1 + (f2
1 − f2)σ2

1 + (2f2 − f2
1 )σ2 + . . .

The Hirzebruch genus Lf of a stably complex manifold M2n

with tangent Chern classes ci = ci(τ(M2n)) and fundamental

cycle 〈M2n〉 is de�ned by the formula

Lf(M2n) = (Lf(c1, ..., cn), 〈M2n〉) ∈ A−2n ⊗ Q.
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Theorem.

The solution of the algebraic dynamical system on C4 with coordinates

(z1, z2, x, y) (see below) is

(−(ln Φ(t+t0; τ+τ0))′,−(ln Φ(t+t0; τ+τ0))′′, ℘(t+t0), ℘′(t+t0)).

∂tz1 = z2, ∂τz1 = 3x+ 2z2 − z2
1,

∂tz2 = 2z1z2 − 2y, ∂τz2 = −y + 2z1z2,

∂tx = y, ∂τx = 0,

∂ty = −2z2
2 + 2z2

1z2 − 2z1y − 6xz2, ∂τy = 0.

∂0z1 = z1, ∂2z1 = z3
1 − z2z1 − 4xz1 −

3

2
y

∂0z2 = 2z2, ∂2z2 = 4xz2 + z1z2 − 2z2
1z2 + 2z2

2

∂0x = 2x, ∂2x = −2x2 −
4

3
z2

2 +
4

3
z2

1z2 −
4

3
z1y − 4xz2

∂0y = 3y, ∂2y = 3xy
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