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Algebraic Integrable Systems

Integrability in Kowalewska sense

Any solution of a system admits a holomorphic continuation in time.

In other words, any solution is associated with a Riemann surface R.

Integrable systems on orbits of a loop group obey equations of Lax type

dL(λ)

dt
= [A, L(λ)], L(λ) =

(
α(λ) β(λ)
γ(λ) −α(λ)

)
L ∈ g̃∗, g̃ = sl(2,C)× P(λ, λ−1)

α(λ) =
∑N

j=0 αjλ
j , β(λ) =

∑N
j=0 βjλ

j , γ(λ) =
∑N

j=0 γjλ
j .

The spectrum of L does not change ⇒ There exists the spectral curve

R = {det(L(λ)− w) = 0}.
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Phase Space Structure

A �nite gap phase space of the system is a coadjoint orbit ON

of the loop group generated by g̃:

ON = {Tr Lk(λ) = const}.

The complex Liouville torus of the system coincides with the generalized

Jacobian of a Riemann surface R (which is the spectral curve):

J̃ac(R) = SymmN R×R× · · · × R︸ ︷︷ ︸
N

, N > g ,

where g is the genus of R.
Previato E. Hyperelliptic quasi-periodic and soliton solution of the nonlinear
Schrodinger equation, Duke Math. J., 52 (1985), 323�332.
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Separation of Variables

Phase space

{γ0, . . . , γN−1, α0, . . . , αN−1}
=⇒ Canonically conjugated variables

{λ1, . . . , λN , w1, . . . , wN}

The equations of orbit eliminate the variables {β0, . . . , βN−1}:
fk(α, β, γ) = ck
k = 1, . . . , N

⇒ βj = βj(γ, α, c)
j = 0, . . . , N − 1

⇒

⇒ hk(γ, α, c) = hk(λ, w , c) for Hamiltonians h1, . . . , hN .

If one requires (λk , wk) be a point of the spectral curve R then γ(λk) = 0:

det(L(λk)− wk) = 0 ⇒ γ(λk) = 0.

Bernatska J., Holod P. On Separation of Variables for Integrable Equations of

Soliton Type, Journal of Nonlinear Math. Phys., 14 (2007), 353�374.
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Canonical Quantization

Lagrangian manifold

This is a half-dimensional submanifold in the phase space such that the

exterior form specifying the symplectic structure on the phase space vanishes

identically on it.

In terms of the canonical coordinates {λ1, . . . , λN , w1, . . . , wN}
a submanifold parameterized by {λ1, . . . , λN} is a Lagrangian manifold.

Quantization in the Schr�odinger picture ∼

λk 7→ λ̂k , wk 7→ ŵk =−i~ ∂

∂λk
, {λk ,wl}= δkl 7→ [λ̂k , ŵl ] = i~δkl I .

∼ Representation of the algebra of phase space symmetry group

on a Lagrangian manifold.
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Example: Classical Heisenberg Model

Isotropic Landau�Lifshits equation:

∂µ

∂t
=

1

2c0

[
µ,
∂2µ

∂x2

]
+

c1

2c0

∂µ

∂x
, µ =

(
µ

(0)
1 , µ

(0)
2 , µ

(0)
3

)
.

As a system on a coadjoint orbit of the loop algebra su(2)× P(λ, λ−1)

L(λ) =

(
iµ3(λ) µ1(λ)− iµ2(λ)

−µ1(λ)− iµ2(λ) −iµ3(λ)

)
N = 2 µ1(λ) = µ

(0)
1 + µ

(1)
1 λ,

µ2(λ) = µ
(0)
2 + µ

(1)
2 λ,

µ3(λ) = µ
(0)
3 + µ

(1)
3 λ+ κλ2, κ = const .

Spectral curve

R : λ4w2 = −κ2λ4 − h3λ
3 − h2λ

2 − c1λ− c0.
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Phase Space Structure

Poisson structure of the phase space:

{µ(0)
k , µ

(0)
l } = 0, {µ(0)

k , µ
(1)
l } = εkljµ

(0)
j , {µ(1)

k , µ
(1)
l } = εkljµ

(1)
j .

µ
(0)
1 , µ

(0)
2 , µ

(0)
3 , µ

(1)
1 , µ

(1)
2 , µ

(1)
3 form the algebra of Euclidian group

E(3) = SO(3) n T3, which is the phase space symmetry group.

Then denote
µ

(0)
1 = p1, µ

(0)
2 = p2, µ

(0)
3 = p3,

µ
(1)
1 = L1, µ

(1)
2 = L2, µ

(1)
3 = L3.

Equations of the orbit

c0 = −(p,p)

c1 = −2(p,L)

Hamiltonians

h2 = −(L,L)− 2κp3
h3 = −2κL3
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Separation of Variables

λ1, λ2 : µ1(λk) + iµ3(λk) = 0, wk = iµ2(λk)/λ2k .

p2 = iλ1λ2
λ1w1 − λ2w2

λ1 − λ2
,

p1 =
i

2

(
κλ1λ2 +

c0

κλ1λ2
− λ1λ2(λ1w1 − λ2w2)2

κ(λ1 − λ2)2

)
,

p3 =
1

2

(
κλ1λ2 −

c0

κλ1λ2
+
λ1λ2(λ1w1 − λ2w2)2

κ(λ1 − λ2)2

)
,

L2 = −i
λ2
1
w1 − λ22w2

λ1 − λ2
,

L1 =
i

2

(
−κ(λ+ λ2) +

c1

κλ1λ2
+

c0(λ1 + λ2)

κλ2
1
λ2
2

+
λ2
1
w2

1
− λ2

2
w2

2

κ(λ1 − λ2)

)
,

L3 =
1

2

(
−κ(λ+ λ2)− c1

κλ1λ2
− c0(λ1 + λ2)

κλ2
1
λ2
2

− λ2
1
w2

1
− λ2

2
w2

2

κ(λ1 − λ2)

)
.
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Quantization ∼ the algebra e(3) representation

The canonical quantization λk 7→ λ̂k , wk 7→ ŵk =−i~∂/∂λk
gives a representation of e(3) = {L̂3, L̂± = L̂1 ± iL̂2, p̂3, p̂± = p̂1 ± ip̂2}

[L̂3, L̂±] = ±L̂±, [L̂+, L̂−] = 2L̂3, [p̂3, p̂±] = 0, [p̂+, p̂−] = 0,

[L̂3, p̂±] = [p̂3, L̂±] = ±p̂±, [L̂+, p̂−] = [p̂+, L̂−] = 2p̂3.

With z = 2κλ/~, c̃0 = 4κ2c0/~4, c̃1 = 2κc1/~3

L̂3 =
z2
1

z1 − z2

(
∂2

∂z2
1

− 1

4
+

c̃1

z3
1

+
c̃0

z4
1

)
− z2

2

z1 − z2

(
∂2

∂z2
2

− 1

4
+

c̃1

z3
2

+
c̃0

z4
2

)
,

L̂± =
iz2
1

z1 − z2

(
− ∂2

∂z2
1

− 1

4
− c̃1

z3
1

− c̃0

z4
1

∓ ∂

∂z1

)
−

iz2
2

z1 − z2

(
− ∂2

∂z2
2

− 1

4
− c̃1

z3
2

− c̃0

z4
2

∓ ∂

∂z2

)
,
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Quantization ∼ the algebra e(3) representation

p̂3 = − ~
2κ

[
z1z2

(z1 − z2)2

(
z2
1

∂2

∂z2
1

+ z2
2

∂2

∂z2
2

− 2z1z2
∂2

∂z1∂z2

)
− z1z2

4
+

c̃0

z1z2
−

− 2z2
1
z2
2

(z1 − z2)3

(
∂

∂z1
− ∂

∂z2

)]
,

p̂± =
i~
2κ

[
z1z2

(z1 − z2)2

(
z2
1

∂2

∂z2
1

+ z2
2

∂2

∂z2
2

− 2z1z2
∂2

∂z1∂z2

)
+

z1z2

4
+

c̃0

z1z2
−

− 2z2
1
z2
2

(z1 − z2)3

(
∂

∂z1
− ∂

∂z2

)
± z1z2

z1 − z2

(
z1

∂

∂z1
− z2

∂

∂z2

)]
.

Hamiltonians:

ĥ2 =
~2z2

1
z2

z1 − z2

(
∂2

∂z2
1

− 1

4
+

c̃0

z4
1

+
c̃1

z3
1

)
− ~2z1z22

z1 − z2

(
∂2

∂z2
2

− 1

4
+

c̃0

z4
2

+
c̃1

z3
2

)
,

ĥ3 = − 2κ~z2
1

z1 − z2

(
∂2

∂z2
1

− 1

4
+

c̃0

z4
1

+
c̃1

z3
1

)
+

2κ~z2
2

z1 − z2

(
∂2

∂z2
2

− 1

4
+

c̃0

z4
2

+
c̃1

z3
2

)
.
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Harmonic Analysis: the case of c0 = 0, c1 = 0

Consider the orbit O0 with c0 = 0, c1 = 0:

(p,p) = 0, (p,L) = 0.

The spectral curve R : λ2w2 = −κ2λ2 − h3λ− h2λ.
On the orbit O0 the algebra sl(2) = {L̂+, L̂−, L̂3} acts.

Representation space

L̂3f (z1, z2) = mf (z1, z2), f (z1, z2) = W (z1)W (z2)

W ′′ +

(
−1

4
− m

z
− C

z2

)
W = 0, C = µ2 − 1/4

� the Whittaker equation with solutions W−m,µ(z).

L̂2f (z1, z2) = J(J + 1)f (z1, z2) ⇒ C = J(J + 1).
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Representation of the algebra sl(2)

For µ = −J − 1/2 Whittaker functions W−m,µ are connected with

associated Laguerre polynomials Lαn .

Basis functions in the representation space

fJm(z1, z2) ∼ (z1z2)−Je−(z1+z2)/2L−2J−1J−m (z1 + z2).

Every function fJJ(z1, z2) = (z1z2)−Je−(z1+z2)/2, J = 0, 1, . . . , gives

rise to the sl(2) Verma module {fJm = L̂J−m− fJJ , m = J, J − 1, . . . }:

L̂3fJm = mfJm, L̂−fJm = fJ,m−1, L̂+fJm = (J −m)(J + m + 1)fJ,m+1.

The representation is not standard

L̂± f̃Jm =
√

(J ∓m)(J ±m + 1) f̃J,m±1, L̂3 f̃Jm = mf̃Jm.
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'Unitarization' of sl(2) Representation

The standard (canonical) representation is constructed by means of

the intertwining operator Â

f̃Jm≡ ÂfJm =

√
Γ(J + m + 1)

Γ(J −m + 1)
fJm = i

J−m√Γ(J + m + 1)Γ(J −m + 1)×
×(z1z2)−Je−(z1+z2)/2L−2J−1J−m (z1 + z2).

The inner product

〈f̃Jm, f̃Jn〉 =

∫ ∞
0

∫ ∞
0

f̃ ∗Jm(z1, z2)f̃Jn(z1, z2)∑J−n
i=0

Γ(−J+i)
i!

Γ(−n−i)
(J−n−i)!

dz1dz2

z1−J1 z1−J2

= δnm.

Here the summation theorem and the integral (divergent) are used:∫ ∞
0

e−xxαLαn (x)Lαm(x) dx =
Γ(α + n + 1)

n!
δnm, α = −2J − 1.
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Conclusion and discussion

A combination of algebraic geometry methods with methods of

representation theory for Lie algebras gives a new approach to

harmonic analysis on a Lagrangian manifold.

The case is: an algebra representation is realized by di�erential

operators of high order, and can not be risen to a group.

There are a lot of integrable systems, for example Gaudin's model,

where the proposed scheme provides a basis in the phase space. In

particular, it gives an appropriate basis for Bethe anzatz procedure.

Sklyanin E., Separation of variables in the Gaudin model J. Sov. Math. 47 (1989),
2473�2488.
Feigin B., Frenkel E., Reshetikhin N., Gaudin Model, Bethe Anzatz and Critical
Level Comm. Math. Phys., 166 (1994), 27�62.

The end
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Quantization: λk 7→ λ̂k , wk 7→ ŵk =−i~∂/∂λk
The algebra e(3) representation:

p̂2 =
λ1λ2
λ1 − λ2

(
λ1

∂

∂λ1
− λ2

∂

∂λ2

)
,

p̂1 =
i

2~κ

(
κ2λ1λ2 +

c0 + p̂2
2

λ1λ2

)
, D̂ =

2L̂2p̂2
λ1λ2

+
p̂2
2
(λ1 + λ2)

λ2
1
λ2
2

p̂3 =
1

2~κ

(
κ2λ1λ2 −

c0 + p̂2
2

λ1λ2

)
, =

−~2

λ1 − λ2

(
λ2
1

∂2

∂λ2
1

− λ2
2

∂2

∂λ2
2

)
L̂2 =

−1
λ1 − λ2

(
λ2
1

∂

∂λ1
− λ2

2

∂

∂λ2

)
,

L̂1 =
i

2~κ

(
−κ2(λ1 + λ2) +

c1

λ1λ2
+

c0(λ1 + λ2)

λ2
1
λ2
2

+ D̂

)
,

L̂3 =
1

2~κ

(
−κ2(λ1 + λ2)− c1

λ1λ2
− c0(λ1 + λ2)

λ2
1
λ2
2

− D̂

)
.
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