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Introduction
Nonlinear evolution equations (NLEESs) of soliton type

(¢0): = Fo(q: qus ), 4= (a)i<ass (1)
are equations admitting Lax representation
[L, Al =0

where L, A are linear operators on 0., 0; depending also on some functions
Go(z,1), 1 < o < s ( called ‘potentials’) and a spectral parameter \.

Hierarchy of NLEEs related to Ly = 0 (auxiliary linear problem)
— the evolution equations obtaine changing A.

Integration. Most of the schemes share the property: the Lax repre-
sentation permits to pass from the original evolution defined by the equa-
tions (1) to the evolution of some spectral data related to the problem
L) = 0: Faddeev, Takhtadjian 1987; Gerdjikov, Vilasi, Yanovski
2008.



The Caudrey-Beals-Coifman system (CBC system), called the
Generalized Zakharov-Shabat system (GZS system) in the case
when the element J is real, is one of the best known auxiliary linear
problems:

Ly = (i, + q(z) — AJ) ¥ =0 2)

Originally J was fized, real and traceless n xn diagonal matriz with mutu-
ally distinct diagonal elements and q(x) is a matriz function with values in
the space of the off-diagonal matrices, Zakharov, Manakov, Novikov,
Pitaevski 1981. The assumption that J is a real simplifies substantially
both the spectral theories of L and the Recursion Operators Gerdjikov,
Kulish 1981; Gerdjikov 1986.

Next step: the case when J s a complex, traceless n X n matrix
with mutually distinct diagonal elements and q(x) is a matriz function
taking values in the space of the off-diagonal matrices. Caudrey 1982,
Beals and Coifman 1984, 1985; Beals, Sattinger 1991; Zhou 1989



Final step: The case when ¢(x) and J belong to a fixed simple Lie
algebra g in some finite dimensional irreducible representation, Gerd-
jikov, Yanovski, 1994. The element J should be regular, that is ker ad ;
(ad j(X) = [J, X], X € g) is a Cartan subalgebra b C g. q(x) belongs to
the orthogonal complement b~ = g of b with respect to the Killing form.:
(X,Y) =tr(adxady); X,Y € g. Thus ¢(z) = ), cp ¢%aEa Where E,
are the root vectors; A is the root system of g. The scalar functions
¢o(7) are defined on R, are complex valued, smooth and tend to zero as
x — *oo. We can assume that they are Schwartz-type functions. Classi-
cal Zakharov-Shabat system is obtained for g = sl (2,C), J = diag (1, —1).

AKNS approach to the soliton equations.

We construct the so-called adjoint solutions of L that is functions of
the type w = mXm™! where X = const, X € g and m is fundamental
solution of L'm = 0. Indeed they satisfy the equation:

[L,w] = (10, w + [q(x) — AJ,w]) =0



Let w* = m, w! = (id — my)w where 7y is the orthogonal projector
(with respect to the Killing form) of w over h+ and b respectively. Then
1. If a suitable set of adjoint solutions (w;(x,\)); is taken, for A
on the spectrum of L the functions w?(z, \) form a complete set
in the space of potentials ¢(x).

2. If one expands the potential over (w;(z, \)); as coefficients one
gets the minimal scattering data for L.

Recursion Operators

Passing from the potentials to the scattering data can be considered as
Generalized Fourier Transform. For it w?(xz,\) play the same role the
exponents play in the Fourier Transform. The Recursion Operators
(Generating Operators, A-operators) are the operators for which
the adjoint solutions w?(z,\) introduced above are eigenfunc-
tions and therefore for the Generalized Fourier Transform they
play the same role as the differentiation operator in the Fourier
Transform method.



For the above reason Recursion Operators play important role in the
theory of soliton equations - it is a theoretical too which apart from
explicit solutions can give most of the information about the NLEESs.
Through them can be obtained:

i) The hierarchies of the nonlinear evolution equations solvable
through L

ii) The conservation laws for these NLEEs

iii) The hierarchies of Hamiltonian structures for these NLEEs

It is not hard to get that the Recursion Operators related to L have
the form

A (X(2)) = (3)
ad 31 {10, + mola, X) +ind, [ (id — m)laly), X (o))
+o0
where of course ad ,(X) = [¢, X] and X is a smooth, fast decreasing func-
tion with values in h*.



Recursion Operators name origin

For NLEEs such that [L, A] = 0 where A is of the form

A=i0+ > MNA, A, €h, A, =const, A, €bh
k=0
it follows that A, ; = ad ;'[q, A] and for 0 < k < n — 1 and the recursion

relations
X

7T()Ak_1 — Ai(’ﬂ'oAk;), (ld — WO)Ak‘ — l(ld — 7To) /[C],’]T()Ak;] (y)dy(4)

+o0
Then the NLEESs related to L can be written into one of the two forms:
iad ;' + A% (ad ;' [A,, q]) =0 (5)

Thus the Recursion Operators can be introduced also purely
algebraically as the operators solving the above recursion rela-
tions.



Geometric Interpretation

The Recursion Operators have interesting geometric interpretation as
dual objects to a Nijenhuis tensors N on the manifold of potentials on
which it is defined a special geometric structure, Poisson- Nijenhuis struc-
ture. In their turn the NLEESs related to L are fundamental fields of that
structure. This interpretation has been given by F Magri, Magri 1978.
In full the geometric theory of the Recursion Operators is presented in
Gerdjikov, Vilasi, Yanovski 2008. Summarizing, the Recursion Op-
erators have three important aspects:

e They appear naturally considering recursion relations arising
from the Lax representations of the NLEEs related with L.

e In the Generalized Fourier expansions they play the role sim-
ilar of the role of differentiation in the Fourier expansions.

e Their adjoint operatos are Nijenhuis tensors for some special
geometric structure on the manifold of potentials - Poisson-
Nijenhuis structures.



We shall discuss here the implications of the Mikhailov-type reductions
on the theory of Recursion Operators. It has been considered recently
in several papers, for example Gerdjikov, Mikhailov, Valchev 2010;
Valchev 2011, Gerdjikov, Grahovski, Mikhailov, Valchev, 2011;
Yanovski 2011. In these papers the case of the CBC system in pole
gauge is treated. The CBC system in canonical gauge (the one we dis-
cuss) subject to reductions has been considered earlier. For example, in
Grahhovski 2002, Grahovski 2003 were investigated the implications
to the scattering data. In Gerdjikov, Kostov, Valchev 2009 the Re-
cursion Operators has been considered from spectral theory viewpoint.
A general result about the geometry of the Recursion Operators for L is
presented in Yanovski 2012. From the other side, though there are num-
ber of papers treating what happens with the spectral expansions related
with the Recursion Operators in concrete situations with Z, reductions,
there has been no general treatment and in this article we shall try to fill
this gap.



Fundamental analytical solutions for the CBC system

400
If g(x) = > cp Ga(2) Eq we define: ||g|lt = Y [ |ga(z)|dz. Potentials

a€A —o0
for which ||¢||; < oo form a Banach space L'(g,R). Main facts related to

the spectral properties of the solutions of the (2) with ¢ € L'(g) were CBC
system is considered in some irreducible matrix representation defined on
a space V are obtained in Gerdjikov,Yanovski 1994. Let m(x, \) =
Y(x, \) expidJx where 1) satisfies CBC system. Then:

i0,m+q(xym —AJm+AmJ =0 lim m =1y (6)

T——00

Theorem 0.1 Suppose that for fixed \ the bounded fundamental solution
m(x, \), satisfying the equation (2) exists. Suppose that \ does not belong
to the bunch of straight lines ¥ = U,cal, where

lo ={X: Im(Aa(J)) =0} (7)

Then the solution m(x, \) is unique. (In the above Im denotes the imag-
inary part).



Next, suppose I' is the system of weights in the representation of g for
which we are considering the CBC system. We then have the following
system of integral equations which as readily checked is equivalent to the
differential equation (6):

x

(plml) = (nly) + i / (ila()m(y) e MDDy (8)

for Im(A(y —)(J)) <0, m,nel
(r|mly2) =1 / (mla(y)m(y)|yeye A2 D=0l gy (9)

“+00

for Im(A(y —7)(J)) >0, 7,2 el

For ~1,v9 € I, consider the lines:
by = {A  ImA(y1 = 72)(J) =0}, (1 —2)(J) #0 (10)



The set of these lines coincides with the set of lines > = U,cal,
introduced earlier in (7). The connected components of the
set C\ X are open sectors in the A-plain. In every such sector
either Im[A(y1 — 72)(J)], 71,72 € ' is identically zero or it has the
same sign. We denote these sectors by (), and order them anti-
clockwise. Clearly v takes values from 1 to some even number 2M.

Thus:
oM

C\E:UQW QVnQu:®7 V%M (11)
v=1
In the v-th sector we introduce the ordering :

a>, B iff Imia—pB)(J) >0 o
a>, [ iff ImAa—p6)(J) >0 (12)



Then the system of integral equations can be written in every sector 2, :
(alm|B) = (al) +1 [ {ala(wym(y) BNy

—0o0

for Oé_ﬁgyo, OZ,BEF

(13)
(a|lmpl) =i / (alg(y)m(y)|B)e M= E—v)q,
“+0o0
for a-8>,0, a,Bel
Thus there is system of integral equations in every Q,, v =1,2,...,2M.

We count the sectors anticlockwise and then the boundary of the sector
), consists of two rays - L,_; and L, (L,_; comes before L, when we
turn anti-clockwise) so that 0, N Q1 = L,. Of course, we understand
the number v modulo 2M.

For small potentials there is no discrete spectrum, more pre-
cisely one has the following Theorem:



Theorem 0.2 If the potential q(x) € L'(g,R) is such that ¢, < 1 then for
A € Q, there ezists unique analytical solution m(x, N) with the following
properties:

1. If q has integrable derivatives up to the n-th order then m(x, \) = 1y+

S ai(2)AT + oA"Y when |A| — oo, uniformly in x € R, where
i=1
the coefficients a;(x) are calculated through q and its z-derivatives. In

particular, for absolutely integrable g we have Alim m(x,\) =1y
—00

2. The solution m(z, \) allows continuous extension to the closure €0, of
the sector 2,,.

3. The solution m(x, \) and its inverse obey the estimates my, < (1 —
1

QI)_lf m_l < (1 - Q1)_ .
For potentials that are not small the typical approach is to
consider potentials on compact support and then to pass to
Lebesgue integrable potentials. The situation is complicated,
there is discrete spectrum etc.



Expansions over adjoint solutions

In order to introduce them we first define in each €2, analytic solutions
Xv(z, ) of (2)
my (2, \) = xo(z, \)eM? (14)

and then we set
en(2, A) = o (X0 (2, /\)EaXZl(% A), A€ Q, (15)

This notation is better to be changed a little because for A\ € L, it
will be good to retain the index v to refer to the ray L,. Then it
becomes necessary to distinguish from what sector the solution
is extended. So for A\ € L, we shall write 6((;_;”)(%, A) if the solution is

extended from the sector €2,_; and eé_;y)(x, A) if the solution is extended
from the sector €1,. In other words, for A € L,

e (@, X) = mo(xu(, N Eaxy, (2, A) (16)
62;_(55, )‘) - 7T()(X,/_1(£C, )‘)Eax;il(xa )‘))

Then the completeness relations (no discrete spectrum) run:



. [lod(z —y) =
2 [T @ ey - ¥ e @ el m)

v=1L, a€AS acAl |
(17)
where Ilp = > 5 % Here we assumed that the rays are oriented from
0 to oo and we have omitted the dependence on A in order to be able to
write nicely the formula.

The formula itself must be understood in the following way. First, it it
assumed that g* s identified with g, assuming that the pairing is given by
the Killing form. So for example, for X,Y,Z € g making a contraction of
X QY with Z on the right we obtain X (Y, Z) and making contraction from
the left we get (Z, X)Y . Next, the formula for Iy implies that making a
contraction with Iy the right we get 11X = ad jlon and similarly from
the left XIy = ad ;'moX. (On the space g the operator ad j is invertible).



Suppose that we have a L!-integrable function h : R + g. Making a
contraction of ad yh = [J, h] with (17) from the right (left) and integrating
over y from —oo to +00 we get:

h(z) =
o f: JUZ e @ 1LmD) = 3 ea™ @ (e, [7.a}dr
- (18)
1 - (=) (=) (+3¥) (+3v)

=5 2 J{ D e ™ ) = 3 ) (™ 1 h) A

v v v—1 (19)

In the above
(010 = [ (5 @), b)) do (20)
(50, 1) = [ @), b)) do 21

—0



1. It can be shown that the expansion (18) converges in
the same sense as the Fourier expansions for h(z). These are
the so-called Generalized Fourier Expansions and the functions
eX¥(z,\) are the Generalized Exponents. When one expands
over the Generalized Exponents the potential ¢(z) one gets as
coefficients the minimal scattering data.

2. One can prove that

(A =XNel =0, aeAl, (AL=XNel" =0, aecAl, (22)

(Ay — )\)e(__a;y) =0, aeAf, (A — )\)e(fa;y) =0, a€l; , (23
and therefore the expansions (18) and (19) are in fact the spec-
tral decompositions for the operators A_ and A,, that is they

play for these expansions the role that i0, plays for the Fourier
expansion.



Z, reductions in the CBC system defined
by an automorphism

We shall consider now special type of linear problems of the type (2)
in which the potential function ¢(x) and the element J obey some special
requirements resulting from Mikhailov-type reductions. We shall consider
Mikhailov reduction group Gj is generated by one element, which we de-
note by H.

H((w,\)) = K(¢ (2,07 X)) (24)

where w = exp % and K is automorphism of order p of the Lie group cor-
responding to the algebra g. IC generates an automorphism of g which we
shall denote by the same letter . We shall require in the above situation
that the automorphism leave invariant the Cartan subalgebra h C g to
which the element J in the CBC system belongs.



General remarks

e Suppose K is an automorphism of g and K = id, Kh C h. (In
case of Coxeter automorphisms p is called the Coxeter number). The
Coxeter automorphisms are internal that is each I is internal and
can be represented as K = Ad(K), K belonging to the corresponding
group GG with algebra g.

e The automorphisms leave the Killing form invariant, a fact that we
shall use constantly.

e The algebra g splits into a direct sum of eigenspaces of IC, that is:
8= @ 50" (25)

where for each X € gl we have KX = w*X and the spaces gl*, gl*!
for k # s are orthogonal with respect to the Killing form.

e Because K is an automorphism of g leaving b invariant, it leaves
invariant also the orthogonal complement g of . Thus each gl*! splits
into gt @ pl* and

g=a"08", h=a"h" (26)



For different k and s the spaces g*! and g¥! are orthogonal with respect

to the Killing form and the spaces g*! and b are orthogonal for
arbitrary k and s. Further, if we denote the orthogonal projections
on gl by 1% we shall have that ¢!* = 1¥/(1 — 7)) are the projections
on h* and 17, = W([)k} are the orthogonal projector on gi*l.

e If as before the orthogonal projector g — g is denoted by 7y we shall

have:
p—1
r= 3w, llal) il <o @)
k=0
p—1
1—7T0:ZCW7 Mgkl — ¢kl =0 (28)
k=0
w4+ M =10, (M) = el — o (29)

Let us assume that the set of fundamental solutions for the spectral prob-
lem (2) are invariant under Gy. Then as it is easy to see that we must
have

K(J)=wd, Kq=q (30)



that is, J € gl!l, g(z) € gl In fact, suppose we have a Lax representation
[L, A] = 0 where A has the form:

A =10, + Z/\kAk, A,€ebh, A,=const, A, 1€g
k=0
If the common fundamental solutions for Ly = 0, Ay = 0 are invariant
under GGy then we also have:

K(As) =w®As s=0,1,2,...n (31)

The above reductions are compatible with the evolution in the sense that
if at the moment ¢ = 0 we have (30, 31) we have the same relations at
arbitrary moment £.

The invariance of the set of the fundamental solutions can
be additionally specified if we take the fundamental analytic
solutions m,(x, \) defined in the sectors 2,, v = 1,2, ... h defined
by the straight lines [, = {)\ : Im(Aa(J)) =0}, «a € A. (Of course,
one obtains the same line for a and —a but it can happen that a # (8
and [, = lg).



Taking into account the uniqueness of the solutions m(z, A) we get that
K(m(x,\)) is equal to m(z,wA). Consequently, we obtain that

K(x(z,\) = K(m(z, e ) = m(z,wh)e” ™ = y(z,w))  (32)

is analytic in w(,. If [,, (3 form the boundary of (1, then wl,,wls
are the straight lines defining the boundary of w(2,.

Let us define K : h — b by K = (!C*)_l. The map K defines the
coadjoint action of K on h*. Naturally K? =id and

(K&, KH) = (¢,H), £€h' Heh (33)

It is a general fact from the theory of the automorphisms is that for
all roots we have KE, = q(a)Eg,, where q(a) = £1, ¢(a)q(—a) = 1,
q(a)q(B) = q(a + B) if a + 3 € A. One easily gets that wl, = [, .
Thus we have an action of the automorphism K (the group 7Z,)
on the bunch of lines {/,}aca defined by K ! and similarly the
action on the set of sectors €1,, v =1,2,...,h. We have



Proposition 0.1 The representatives from the different orbits of the Z,

on the set of sectors 2,, v =1,2...,a can be taken to be adjacent, which
we shall always assume.

Reductions defined by Coxeter automorphisms

Coxeter automorphisms are the automorphisms for which
K = S4,Sa,---Sa

where S, are the Weyl reflections corresponding to the simple roots
a1, ao, o, of g. We are able to prove the following:

Theorem 0.3 Assume we have the CBC problem for the classical series
of stmple Lie algebras and the Z, reduction is defined as in the above using
the Cozeter automorphism K. Then we have two adjacent fundamental

sectors of analyticity for the fundamental analytic solutions m,(x,\) and
they can be chosen to be

Qoz{)\:g<arg()\)<g+z}
Q_{A.’]T+7T< ()\)<7€+27T} (34)
1= 2 D arg 9 D



Expansions in presence of reductions
defined by automorphisms

Z,, reductions of general type

Consider the general case of automorphism K of order p, let €2y, Qs ...
Q, be the fundamental sectors (moving anticlockwise when we go from
2y to Q) and let us label the rays that form the boundaries of the sec-
tors in such a way that €2, is locked between the rays L, and L,.; that
are oriented from zero to infinity. Since multiplication by w? is identity
(turning by angle 27) the number of sectors is M = pa and M is even
number. Multiplying by w we get from the sector €2, the sector €2,.,
and multiplying by w? we get again ), so we shall understand the labels
modulo M. Naturally, L,., = wL, and Q,,, = w),. For each a € A we
have K(E,) = q(a)Eg,, where q(a) are numbers, such that ¢(a) = %1,

g(@)a(—a) = 1 and q(a)g(8) = gla + B) if a + § € A.



It is not hard to obtain that
[IC o 7TO] (Xu(xa )‘)Eax;l(xa )‘)) = WO(XV—i-CL(x? W)‘)IC(EQ)X;Jlra(xn ("J)‘)) =
Q<04)7T0(Xl/+a (517, UJ)\)EICOZX;—}—CL(J’.) C‘-»‘))

and as a consequence :

Klen(x,A) = qla)e " (z,wA) (35)

Changing variables for the integrals over the rays that do not
belong to the closures of the fundamental sectors and taking
into account (35) we transform expansion (17) into

H() 5(56 - y) =
1 a P —y -V
=3 / {3 WKt @ K (e (@) @ e () -
v=lk=lj  acA} (36)

3 WICE @ K (el (@) ® ) (y)) A

acAl |



where
(KK)(XRY)=K(X)xK(Y) (37)

Note that the numbers q(a) dont appear any more, this occurs because
we apply IC always on products of the type E, ® E_,. The rays L, are
orientated from 0 to oc.

The expansions of a function h(z) over the adjoint solutions
can be simplified further, if for arbitrary = the value h(x) € gl
where g* is the eigenspace corresponding to the eigenvalue w”.

As the Killing form is invariant with respect to the action of the auto-
morphism, we get

(et (@, A), [T h(@)]) = (el (@, A K7 ([, h(@)])) =
= w M e (2, 0), [, h(2)])



The expansions over the adjoint solutions run as follows:

h(zx) =
{ WE IR (e (2, ) (€5 [, B])) —
Z/ ZAZ (38)
-y Zw EsfCk (e (2, \) (€5, [, h))) b

aeA

In the above are written two expansions, one for ¢ = +1 and the other
for e = —1.
Thus we see that h(z) is actually expanded over the functions:

el E8)( Zw*k%k A egt v=1,2....a (39

since for arbitrary X € g we have > 7_ w™KF(X) € gll.



We shall denote by €/ (z, \) the expressions:
, P
eV, \) = 3wk (er(z,)), A EQ, (40)
f=1

Clearly, e\ )(x A) are just the limits of et s)(:c, A) and e((f;s)(:c, A)

when )\ approaches one of the rays L, from one or the other side.

If as before h(z) € g\, we get

(e (@, \), [J, h(x)]) = plet, [J, h(z)])

and the expansions (38) can be cast into the form

i) 27TpZ/{Z 2 (M) ( ),[J,h]>>—

L, aeA* (41)
— 3 el @, \) (e 1, ) b

aGA‘F,

(We have two expansions, for ¢ = +1 and for ¢ = —1).



Coxeter automorphisms reductions

When Z, reduction defined by a Coxeter automorphism of degree p
on some of the simple Lie algebras from the classical series the above
expansion specify further. Note that in this case the number p is equal
to the dimension of the Cartan subalgebra. For the sake of symmetry
we label the fundamental sectors by 0 and 1, that is they are €y and €2;.
Their boundaries are formed by the rays L_y, Lo, L. Next, if « € A
then

o v =2k leads to K *a € A} = A;—p

o v =2k +1 leads to K Fa € AT,



Using the same type of notation as in the general case, the
completeness relation (in case we do not write the discrete sector
terms) can be cast into the form:

Iy 6(x —y) =
Z / MY S WK @ KA ), ) @ )y 1))
y_—l QEA+ k=1 (42)
-y Zwk/c’f@lck Y, A) © e (y, \))

a€A+ k=1

(The rays Ly, Ly, are orientated from 0 to co.)

If the function h(z) is such that for arbitrary x the value h(zx) €
g*!, where gV is the eigenspace for the Coxeter automorphism,
we get (K'(ef (2, \)), [, h(@)]) = w™ el (@, A), [, h(2)]).



The corresponding expansions over the adjoint solutions run
as follows:

h(z) =
o / D Zw*’f%’“ D, V) (e, [, b)) -
v==1r, aeA+ k=1 (43)
3 Zw R (el (M) TR
acAf | k=1
In the above are written two expansions, for e = +1 and € = —1.

As before we see that h(z) is actually expanded over the func-
tions:

p
6gi;w8) (I, )\) = Z w—kjslck‘(e(i;V) (Q?, A))7 V= O’ ]" —1 (44)
k=1

which are the ’stratifications’ of the usual adjoint solutions un-
der the endomorphism K.



In complete analogy with the general case, denoting by eff;s)(x, A)
the expressions:

p

eV Nz, A) = S wksKck(er (2, )), A EQ, (45)

we see that e}(z,)\) are the limits of " (z,)\) when X\ ap-

proaches one of the rays Lj, L., from one or the other side.
If h(z) € g, we get (ci™(x,A), []h(x))) = ples (), [, h(z)]) As
a consequence, the expansions (43) can be cast into the form

2WZ/{Z 29 ML, A

v="1p, QEA* (46)
= 3 el @, ) (e 1, h]) b
acAT

v—1

(We have two expansions, for ¢ = +1 and for e = —1.)



Recursion Operators in the presence of Z,
reductions defined by automorphism

Algebraic aspects
Let us see now what happens with the Recursion Operator:

AL X =ad ;" {10, X +mlg, X] +iad (1 - m0)0, [q. X))} (47)

when Z, reductions are present. Then the algebra splits in a
direct sum, see (25) and ¢ € g’ while J € bl!l. In particular, this
means that

ad s(g®) c gt ad;'(g®) c gl (48)

(the superscripts are understood modulo p). Also, if X € gl
then 0,X € ghl, 971X € g, [¢, X] € g and

ALX = ad ;' {i0,X + molg, X] + ad (0, ' (1 — mo)[g, X]} e g~ (49)

If we use the notation introduced in (27) the above expression
can also be written as

AL X = ad 7{i0, + mpad , + ad (0, (1 — mp)ad 7 X (50)



Denote

e By §(g) the space of smooth, rapidly decreasing functions with values
m g

e By S(g[s]) the space of smooth, rapidly decreasing functions with values

e By AL X the value AL X if X € F(g)

As one can see A X is an operator A, acting on the space
3(g) with values in g* !, The spaces g\l are moved one into an-
other by A. and are invariant under the action of AY.. Naturally,

Aslgen = Asslgey,  AssS(@") c3@Y) (51)

Also,
A]:gt|3(ﬁ[s]) = Mpsprr - Ags1 A (52)

(the indexes s — k are understood modulo p). In particular,

Aoy = Aap - ArpaDap 1Ay, (53)



Recall that the Recursion Operators arise naturally when look-
ing for the NLEEs that have Lax representation [L, A] = 0 with
L being the CBC system operator and A is the form

A=i0+> MNA, A, €bh, A, =const, A, €5 (54)
k=0
Then from the condition [L, A] = 0 we first obtain A, ; = ad ;'[q, 4]
and next for 0 < kK < n — 1 the recursion relations myA;,_; =
As(mpA;) and the NLEEs (5).

Assume that we have Z, reduction. Then we have ¢ € gl
J € p% and we must have K(A,) = w*A,. Assume that A, €
h"l. Then A,_; € g and we see that A, € gl). Therefore the
reduction requirements will be satisfied automatically when we
choose A, € hl"l. Since n is a natural number let us write it
into the form n = kp + m where k, p, m are natural numbers and
0 <m < p. Then

Atad ;' [A,, q] = APATad j'[A,, q] =
(A:I:;O cee A:I:;p—ZA:I:;p—l)k A:I:;O <. A:I:;m—QA:I:;m—lad ;1 [Ana q]



Starting from the works Fordy, Gibbons 1980;1981 it is fre-
quently said that when reductions are present the Recursion
Operator becomes of higher order in the derivative 0, and fac-
torizes into a product of first order operators with respect to 0,.
The above has been used by some authors to justify the claim
that the Recursion Operators I7; in the presence of Z, reduction
factorize to become

Ri = Aj:;O ce Ai;p_QAj:;p_l (55)

To our opinion more accurate would be simply to say that they

are restrictions of the Recursion Operator in general position

on some subspaces:

Asyp Aty Aga
§(") =386 - s@) - ... = F@)=386")

(56)

The above suggests that the role of the Recursion Operators A

in case of Z, reductions is taken now by A’. It is also supported

by the geometric picture, Yanovski 2012.



Expansions over adjoint solutions

Let us see how this operators act on the set of functions (39),
(40) over which the expansions (38) are written. Using the
properties of the automorphism K (the fact that it commutes
with the projection 7y on h) and the facts that K¢ = ¢ and
KJ =wJ we easily get

Lemma 0.1 If € s an automorphism of order p defining the Z,

reduction then
AiOIC:CUICOAi (57)

As a consequence,
AN oK =KoAlL (58)

Then for ) € (), we immediately obtain:

. p .
Acel™ (@, ) = A Y w DR (e (2, 0) = Ael "V (,A),  (59)
k=1



After some calculations we get that

A_e& VS)—)\( e 1), a€ Af

A_eg—i—ys) _/\ (+;v.s— 1)7 GAV X

ApeT) = e Y g e AT

A_@(—!-Vs) — e (—|—Vs 1)7 OZEA—V’__l

—
As a corollary

AP 5 = el e AY

A]ie((;-;u,s) _ )\pe((l—l—;u.s)’ o c Az__l

Aﬂe< 7 = Ael) o e AF
Ap —|—1/s — e (—1—1/5)

and we have:

, a €A

(60)

(61)

(62)

(63)

Theorem 0.4 For the expansions (38) the role of the Recursion
Operators are played by the p-th powers of the operators A..



Conclusions

The above considerations show that both from recursion rela-
tions viewpoint and expansion over adjoint solutions viewpoint
the role of the Recursion Operators in case of Z, reductions
are played by the operators AL. Since the same conclusion is
drawn from the geometric considerations, Yanovski 2012, the
theory now is complete in all aspects - algebraic, spectral and
geometric.
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