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There is a function called Bergman kernel K. (x,y) satisfying the reproducing

property:
For an entire, integrable function f, i.e. Oxf = 0 on C" it holds

(Paf)() = [ FOIKale )l (0) = 1) wx e,
(Cn

where B
At (y) == cae™ ™ Tdy"dy".

Skew-symmetric
Ka(x,y) = Ka(y, x)-

Holomorphic in x and antiholomorpic in y
aiKa(va) = ayKa(X7Y) =0,

where 0% := (%i + %&)2:1.
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Ka(x,y) = &7

Berezin transform: As a — oo

(Baf)(x) := / f(y, y)w

cn

[ o
4

Berezin transform of two argument

(B2N)(x.2) = [ (r.9)
Cn

Ka(x, x)

Ka(x,y)Kaly; x)
Ka(x, x

) dug(y) ~

KD‘(va)KDt(yvz)

Ka(x, z)

dug(y) = f(x,X).

Oy - %
e a f(x,x).

dpg,(y) = f(x, 2).
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Ka(x,y) = &7

Berezin transform: As a — oo

(Baf)(x) :=

[ro»

cn

[ o
4

Ka(xvy)Kot(yv )

Ka(x, x)

Berezin transform of two argument

(B2N)(x.2) = [ (r.9)
Cn

/f

K (X y)Ka (y7Z)
Ka(x, z)

KDt(va)Ka(yvx)
Ka(x, x)

dug(y) = f(x,X).

Al (y) ~ e 75 (x, 7).

KD‘(va)KDt(yvz)
Ka(x,

z)

due(y)

dpg,(y) = f(x, 2).
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KDt(va)Ka(yvx)

(B = [ ry. 7)< C2

cn

dug(y) = f(x,X).

Ka(xvy)Kot(yv )

ey () e F(R),
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Berezin transform of two argument

KD‘(va)KDt(yvz)

Ka(x,z)  QHal) = f(x2).

(B2N)(x.2) = [ (r.9)
Cn

/f K (X y)Ka (y7Z)

ey )~ e (7).
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cn
Entire functions 0xf = 0
dug(y) = cae™ 7 dy"dy"
Ka(x,y)

Ka(x,y) = Ka(y;x)
OxKa(x,y) = OyKa(x,y) =0

A

Harmonic case

R"
Harmonic functions Af = 0.
dpll(y) = cae PP ayn.
Ra(x,y).

Ra(x,y) = Ra(y,x).
AxRa(x,y) = ByRa(x,y) = 0.
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The reproducing property
For harmonic, integrable function, i.e. Af =0 on R" it holds

(Paf)() = [ FOIRalen )il () = Fx) VxR,
Rn
The exact form of the harmonic Bergman Kernel is not as simple as in the
holomorphic case K(x,y) = e*7. One representation is

[e'9]

Ra(x.y) = > =

m
m=0 (g)m

where the generating function for Zonal harmonics Z, is
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Berezin transform of one argument

It was shown by M. Englis in 2009 that as o — oo

Ra(x,y)Ra(x,y)

Re (%) dpge (y) ~ f(x)+

(Baf)0) = [ )
RN

1(n-21 (n-2) 2 1
a< 5 WX'V-‘FW(X'V) +4(n_1)A>f(X)+'~

for n even. But 1
(Baf)(0) = f(0) + EAf(O) + ...

Stokes phenomenon.
Also not working in dimension one (n=1).
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Y)Ra(z,y)

(B2 (x2) = [ #) I n )  £(0),
Rn

for some v? If so then

. Ra(x,y)Ra(z,y)
t-v= lim t-y——2—22d4u” (y).
v=li Y R e
Rn

Applying the Stokes theorem we have

1
[ e =5 [t Ve,
R" Rn

SO

/ ty Ra(x, y)Ra(z,y) Ra(x, y)Ra(z,y)

1
du” = — t-V——22 22 qu” .
e ) = o / e )
R? RP



Berezin
transform
of two
argument

Petr
Blaschke

. 1
_204Ra(

1

7)(2) / Ra(z,y)t - VyRa(x,y) + Ra(x,y)t - VyRa(z,y)dpl(y),
K Rn
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since AR, = 0 then by reproducing property
_ i t-V:Ra(x,2) +t-VxRa(z,x)

T 2a Ra(x,z)
Remember that
_ n_q1 n_1
Ra(x,y) = &2 ( n_q 2 2 ;au,aﬂ) ,
4 _
thus
-4 3
q>2( n o ;au,aﬂ)
5 - t-Vx+t-V
(Bit'y)(X,Z) = 2 n n = zu
- [ R _ 2
| a - 2 yau, ol
31 -
_ n_q1 n
¢ P2 2 ow, ol
z(g - au cxu) tVe 4tV
+ o1 11 2 -
d>2( n_q 2 2 ;ozu,ou'J)
z _
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Ra(x,y) = oP1 ( n ;ax,y) Z B Zm(x,y).
2 = (3)m

Generally, for f function of a real argument x € R

oap ) S O ()i ()
pfq(cl...cq ' )_Z k! (c1)k---(cg)k

k=0

For a function of a vector argument x € R”

A ) B T |
o (x- V)KF(0) (a1)k - - - (ap)k
= X (e (e

>
Il
<)
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Generally, for f function of a real argument x € R

oap ) S O ()i ()
pfq(cl...cq ' )_Z k! (c1)k---(cg)k

k=0

For a function of a vector argument x € R”

A ) B T |
= (- W)RF(0) (a1)k - - (ap)k
- ; k! (c1)k- - (cq)k

For a symmetric function F(tx,y) = F(x, ty) Vt near 1

of (i) = oFeo (2 i) = 0Pt (7 )
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asymptotic expansions of 1 F;

a(a+1) e
?(—x) 24

1F1< i ;x) :OLH51< : ;X) ZORHsl( ; ;x)?

X

m

—

()m

m _

r(c)

T(c+m)
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1/—'1( i ;x) :OLH51< . ;x) :ORH51( . ;x)?

1 r
xM = —x" = 7((:) x" = x

(S)m I(c+ m) Mc—a)

a . r(c) o
1 (7 im) & g e gy

&~

But

a o x c—a
1F1(C,x>—e1F1( c x)
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(1=x)"7 = (—x) (1 - E) () —a(ex) @(_x)ﬁ*%....

1/—'1( i ;x) :OLH51< . ;x) :ORHsl( . ;x)?

1 r(c) —a I(c)

@ e m T T e
r(e)

1F1( c ;x) r(c_a)(_x)*a_am(_x)*afl_i_“_

—a

&~

But

1F1( c V‘) =ex1F1( e :*X) v (EXQ_C*(P‘;) M) ey,

¢ r(a)



Berezin
transform

ciam asymptotic expansions of 1 F;

argument

Petr
Blaschke

=07 =07 (1-3) "m0 maon e T D gy
1F1< i ;X) :oLH51< : ;X) :oRH51( ; ;x)?
R SR £ MRV 1 N
O T Tem T T Te-a)

But

1A ( i ;x) = exlFl( C:a ;7X) ~ (%Xeﬂf(Cfa)r(z(j)l)xa_c_l+“'

Correct answer
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(e = (1= 0 20— )8 = (0 ()2 (1 i)_bl (1- i)_”z .

tx ty
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(e = (1= 0 20— )8 = (0 ()2 (1 i)_bl (2- %)_bz.

- b b _ -
¢2( c’ — 'X»y)*ofl( c ,1).

- . b b r(c) s Y
Cb ; » Xy ~ ———m8M(— 1( 73
2< ¢ - Xy) r(C,blsz)( X)TH(—y) T+
But
<D2( : ; b1_b2 ;X,y) _ ex¢2< : : c—b :b2 by ;—X,y—x)

= ey¢2( ; : bi c—by— b :X—y,—y).
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F(t) = (1 — )P (1 — ty) 22 = (—x)~1 (—ty)~ L2 (1 - i) - (1 ! )_b2 .

tx B E

. b by _ -
¢2( c ,x,y)foﬁ( c ,1).

¢2< . . bl_b2 ;X,y) ~ r( r(C) (—x)_bl(—y)_b2+~~

c— b1 — b)
But

- . b b
(DQ( c ' _ 1X7y)

ex¢2< o c=bi—b b ;—X,y—X)

ey%( o boc—bi—b ;x—yv—y)~

Correct answer

b1 by r(C) x b1+by—c —b
® ; ; = exxbitbae( )by
2( ¢ ,x,y) r(bl)ex (x—y) >+
I'(c) by+by— —b
+ elyPrtha=c(y )b 4
r(b1) ( )
I(c
+ (c)

Femb by )
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asymptotic of ®;

r(c)
r(b1)

M(€) by—c bytby—c —b
e 12 —x) e O(1
M) y (y —x) (1)

rc) —b— —bi(_yy—b2
ma g b2(—X) b( y) g 0(1),

ablfcxb1+b274:(x _ y)7b2eax O(l)
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¢2< ; ; b17b2 wx’ay) _ rr((;l))ablfcxb1+b274:(x_y)7b2eaxo(1)
n rr((:z))abz—cybﬁrbe::(y — ) ~heay o(1)
e () B ) o),
hence
d)z( g ; 2 %71 ;au,aﬂ) = u%_l(u—ﬂ)l_geo‘”O(l)

+ (G -DatE (@) ieTo()
r;G-1
ri—2)
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For x - z > 0 or n even, the limit does not exists!

Byeu + Bzeo‘D + C2a2*"'

No go
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(Bat-y)(x,2) ~

For x - z > 0 or n even, the limit does not exists!...when a € R.

No go
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No go

Bie® + Bje®@ 4 Cial—n
Byeu + Bzeo‘D + C2a2*"'

(Bat-y)(x,2) ~

For x - z > 0 or n even, the limit does not exists!...when a € R.
We must make a € C such that R(au) > R(ab), R(au) > 0 and R(a) > 0.
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Bleau + BleaD + C1Ot]'7"

B2t ,Z) ~ — )
(Bat - y)(x,2) B,eat 1 Byea® 4 CoaZ—7

For x - z > 0 or n even, the limit does not exists!...when a € R.
We must make a € C such that ®(au) > R(ai), R(av) > 0 and R(a) > 0. Let

a=lale?, u=|x||z|e'?,sinp >0, cosf >0,
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Bie® + Bje®@ 4 Cial—n
Byeu + Bzeo‘D + C2a2*"'

(Bat-y)(x,2) ~

For x - z > 0 or n even, the limit does not exists!...when a € R.
We must make a € C such that ®(au) > R(ai), R(av) > 0 and R(a) > 0. Let

a=lale?, u=|x||z|e'?,sinp >0, cosf >0,
we get

cos(0 + ¢) > cos(0 — ¢) cos(6 + ) >0
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Bie® + Bje®@ 4 Cial—n
Byeu + Bzeo‘D + C2a2*"'

(Bat-y)(x,2) ~

For x - z > 0 or n even, the limit does not exists!...when a € R.
We must make a € C such that ®(au) > R(ai), R(av) > 0 and R(a) > 0. Let

a=lale?, u=|x||z|e'?,sinp >0, cosf >0,
we get

cos(0 + ¢) > cos(0 — ¢) cos(6 + ) >0

cos 0 cos p — sin @ 'sin ¢ > cos O cos o + sin §sin cos f cos i > sinfsin @



Berezin
transform
f b
oo No go

argument

Petr
Blaschke

Bie® + Bje®@ 4 Cial—n
Byeu + Bzeo‘D + C2a2*"'

(Bat-y)(x,2) ~

For x - z > 0 or n even, the limit does not exists!...when a € R.
We must make a € C such that ®(au) > R(ai), R(av) > 0 and R(a) > 0. Let

a=lale?, u=|x||z|e'?,sinp >0, cosf >0,
we get

cos(0 + ¢) > cos(0 — ¢) cos(6 + ) >0
cos 0 cos p — sin @ 'sin ¢ > cos O cos o + sin §sin cos f cos i > sinfsin @

2sinfsinp <0
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(Bat-y)(x,2) ~

No go

Bleau + BleaD + C1Ot]'7"

Byeu + Bzeo‘D + C2a2*"'

For x - z > 0 or n even, the limit does not exists!...when a € R.
We must make a € C such that ®(au) > R(ai), R(av) > 0 and R(a) > 0. Let

a=lale®, u=I|x||z|e,sinep >0,
we get
cos(0 + ¢) > cos(0 — ¢)
cos 0 cos p — sin @ 'sin ¢ > cos O cos o + sin §sin

2sinfsinp <0
for singp >0 sinf < 0

cosf > 0,

cos(6 + ) >0

cosf cosp > sinfsinp

tan 6 < cotge.



Berezin
transform
of two
argument

Petr
Blaschke

No go

Bie® + Bje®@ 4 Cial—n
Byeu + Bzeo‘D + C2a2*"'

(Bat-y)(x,2) ~

For x - z > 0 or n even, the limit does not exists!...when a € R.
We must make a € C such that ®(au) > R(ai), R(av) > 0 and R(a) > 0. Let

a=lale?, u=|x||z|e'?,sinp >0, cosf >0,
we get

cos(0 + ¢) > cos(0 — ¢) cos(6 + ) >0
cos 0 cos p — sin @ 'sin ¢ > cos O cos o + sin §sin cos f cos i > sinfsin @
2sinfsinp <0
for singp >0 sing < 0 tan 6 < cotge.

Always possible for noncolinear x, z!
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For a € C such that R(awu) > R(ab), R(au) > 0 and R(a) > 0 as |a| — oo

t-Vx+t-V;
72 u

= w <sz+i /Ix? |Z|2—(X'Z)2)

_ t.(x+z)+,_X-t(|z|2—x-z)+z.t(\x|2—x.z)

2 2,12
[x|°|z|° = (x - 2)2

(Bit-y)(x,2) —
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For a € C such that R(awu) > R(ab), R(au) > 0 and R(a) > 0 as |a| — oo

t-Vx+t-V;
72 u
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_ t.(x+z)+,_X-t(|z|2—x-z)+z.t(\x|2—x.z)

2 2,12
[x|°|z|° = (x - 2)2
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u—lz? | u—|x?
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u—u u—u



Berezin
transform

oo The point

argument

Petr
Blaschke

For a € C such that R(awu) > R(ab), R(au) > 0 and R(a) > 0 as |a| — oo

t-Vx+t-V;
72 u

:w (X'Z—O—I' /|X|2|z|2—(X'Z)2)

_ t.(x+z)+,_X-t(|z|2—x-z)+z.t(\x|2—x.z)

2 2,12
[x|°|z|° = (x - 2)2

(Bit-y)(x,2) —

u—lz? | u—|x?
=X +z .

u—u u—u

v = 2(x + |2).
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Let py be a polynomial of degree M then

(Bipm)(x,2) = > C(B,B2,, 72,0, %, 2)

B,B2,7,72

5-1+8 3—-1482 §—-1+p _)
) 2 ;2 2 sau,al
Z(g—1+~f 7147 -

— n_ n_
¢2( n_q1 2 172 ! ;au,ou'l)
2
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/pm(y)Ra(ny)Ra(z,y)duZ(y) =
Rﬂ

Z 12 +i3+js+Hir+2js o +2j10 (2 1)J4+“-+J10

(2 )J2+2J3+215+217 +4jg+jo+3j10 (2 Dj, +is+2(je++-+j10)

--J10

|X|2(j3 +is+jr+2jg+i10) |Z|2(j6+‘ “+H410) 9—2j1—2j3+j7 (—1)f3HsHsHis+o o — 2/ His +i7+2ls+io 2710

it !
A.£2+J3+16+j7+j8 (x . Vt)j2+j9+j10 (z . vt)j4+j5 PM(t)|t:0
>, 5 — L+ j2 +ja +js +j7 + 2js + jo + 2j10 .
S —14+p+23+25+27+4s+jo+3j10 §—14ja+js+20s+ - +iw0)
3-ldjat-tjio g -ldjatdho aa)

where the summation indecies are non-negative integers bound by the following
inequality
2j1 +j2 + 2j3 +ja+Js + 2js + 2j7 + 2jg +jo +jio < M.
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As |a| — oo

®, 2 bb T, o ~Lq)r(q)ab“*q*c?u%“*qﬁz(u7E)fbe““,
[ e) - r(b)r(a)

where a € C such that R(av) > R(ad) and R(au) > 0.



Berezin
transform
of two
argument

Petr
Blaschke

As |a| — oo

®, 2 bb T, o ~LCI)I—(CZ)ab“*q*qu%“*cﬁq(u7E)fbe“”,
[ e) - r(b)r(a)

where a € C such that R(av) > R(ad) and R(au) > 0.

¢2( a : b1 b ;va) . (a)j+& (bl)j(b2)kxjyk_
1 C —

4o (@)jrrl(e)jrn k!
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As |a| — oo

®, 2 bb T, o ~LCI)I—(CZ)ab“*q*qu%“*cﬁq(u7E)fbe“”,
[ e) - r(b)r(a)

where a € C such that R(av) > R(ad) and R(au) > 0.

¢2( a : b1 b ;va) . (a)j+& (bl)j(b2)kxjyk_
1 C —

4o (@)jrrl(e)jrn k!

(Bap)(x,2) = p(v).
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For t > 0 as @ — 400

Wdu” )

(B2f)(x, tx) = /f(y) o) n

RN
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Colinear case

For t > 0 as @ — 400

Ral )Ra(6,Y) 4 (1)

(B2F)(x,tx) = /f(y) el n

R"
(B2F(ly?)(x,—tx) — £(0)  (nodd).
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For t > 0 as @ — 400

— Ra (X, y)Ra(tx,y) .
(BN ) = R/ ) BN gy )
(B2F(ly?)(x,—tx) — £(0)  (nodd).
(Bif(|Y|2))(X:tX) —  f(t]|x]?) (Vt neven).
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For t > 0 as a — 400
(B2F)(x; tx)

(BAf(ly*)(x, —tx)
(BAF(Iy1))(x, tx)

(Bae™)(x, t,x)

1

1

Colinear case

Fly) FaloIRa(B6Y) 4 o

Ra(tx, x) a(y)
R"

f(0) (n odd).
f(t |X|2) (Vt neven).

n

ta, 41 n_1
ezuz’x+2”Z’X1F1( 2 5 ;1vz,x(t—1)).
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For t > 0 as @ — 400
(B2F)(x; tx)

(BAf(ly*)(x, —tx)
(BAF(Iy1))(x, tx)

(Bae™)(x, t,x)

(Bae™)(x, x)

U

Colinear case

Fly) FaloIRa(B6Y) 4 o

R (6, %) a(y)
R"
f(0) (n odd).
f(t |X|2) (Vt neven).

n

to 41 n_1 |
ezuz’x+2uz’X1F1( %_2 ;1vz,x(t—1)).

- 2-1 2-1 t-1
Z-X . 2 2 .
e ¢2(n_2, _ i

t—1_
2

).
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For t > 0 as @ — 400
(B2F)(x; tx)

(BAf(ly*)(x, —tx)
(BAF(Iy1))(x, tx)

(Bae™)(x, t,x)
(Bae™)(x, x)

(Bae™)(x,0)

1

1

Colinear case

Rﬂt(va)Ra(txvy)d n

f

/(y) Ro (56, ) e (y)

RII

f(0) (n odd).

f(t|x[?) (Yt neven).

tn, +1 -1 .

eéuz’x+2uz’X1F1< 2 5 ;1vZ,x(t—1)).
- 2 — o t—1 t—-1

cran(( 7y BT, 0y
n—2 - 2 2

— -1 2—-1 wu u
¢2(ﬂ_1; 2 _2 ;E’E)ZR%(X’Z)'
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For t > 0 as @ — 400
(B2F)(x; tx)

(BAf(ly*)(x, —tx)
(BAF(Iy1))(x, tx)

(Bae™)(x, t,x)
(Bae™)(x, x)

(Bae™)(x,0)

U

—

Colinear case

RQ(X7y)Ra(tX7y)dﬂn (y)

Ra(tx, x) “

[
R"

f(0) (n odd).

f(t|x[?) (Yt neven).

to .1 2-1
eZ“Z=X+2“Z*X1F1< no2 ;lvz,x(f—l))'
_ n_q n_1 t—1 t—1
e“ b, ;2 2 1 T Uu, u
n—2 — 2 2
— i1 2-1 uau
oy TS aen

When t < 0 the limit mostly does not exists.
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Applications

What are the applications of the Berezin transform of two argument?
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