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Lax operators and Darboux transformations

@ We consider Lax operators of the form

L£:=Dc+ U(p,q:\), p=p(x), qg=q(x),
where U is a 2 x 2 matrix which belongs in the Lie algebra s((2, C).

o By Darboux transformation we understand a map
£ MEM™1 = ¢, := D, + U(p1o, q10; N),
—_———

Uno

Matrix M is called Darboux matrix and satisfies the following
equation
DM + UigM — MU = 0.

@ Now, let W(x, A) be a fundamental solution of the equation

LW(x,\) = 0.
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@ We can employ Darboux Matrices to derive two new fundamental
solutions W1 and Wo;:

Vi = M(p, q, pro, gio; A)V = MV, Vo = M(p, q, po1, Go1; \)V = KV

@ A third one can be derived in the following

Vor My VYu
K Kio
v M Uy,

@ The compatibility condition:

MoK — KogtM = 0.

Sotiris Konstantinou-Rizos Darboux transformations, discrete integrable systems and related Yang-Baxter



Darboux transformations and related discrete integrable systems
Motivation
Examples

NLS equation

@ We start with the Lax operator

) 0 2p
£(p,q;\) = Dy + o3 + < 29 0 > )
for the NLS equation
Pt = Pxx + 4P2q7 dt = —Qxx — 4pq2

@ A Darboux transformation for £:
_ 10 f p
w=x(o 0)+( 4 0)
Its entries obey the system of equations
Oxf =2(pq — p1oguo), Oxp = 2(pf — p10), Oxquo = 2(q — qiof ).
A first integral of the above system of differential equations is

Oxf = 0x (Pqu0) ,
which implies that 9, det M = 0.
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@ From the Darboux matrix

_ 10 fp
w=r(o o)+ (g 0 )

we obtain a 2nd one by replacing (f, g10) — (&, go1)

_ 10 g p
K_A(OO)+<%11>.
@ Their compatibility around the square, Mp1 K = Kp1 M, results to

foo —f — (g0 — &) =0,

forg — fg10 — p10910 + Po1go1 = O,
p (for — g10) — P10 + por = 0,

qu1 (f — &) — qo1 + g0 = 0.

@ This system can be soved either for (po1, qo1, fo1, g) or for
(P10, G10, f, &10)
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@ In both cases it admits the trivial solution
p1o = po1, G =dqo1, f =g, &=
@ A non-trivial solution for (po1, qo1, fo1,&):

quop® + (g0 — f)p+ P10 gor = proqui® + (f — go)qu + Cho

Por = 1+ pguu 1+ pguu
p qu(pio + pgio) + f — PdL0. qu(pf — pwo) + g0 + Pai0
01 = g =

1+ pgu 1+ pgu
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Derivative NLS equation (DNLS): Z, reduction

@ Consider the Lax operator

_ 2 0 2p
L£=Di+ A 03+)\<2q 0 ),

which is a Lax operator for DNLS equation
Pt = P +4(P° @)xs Gt = —Gc — 4 (P T )x-
@ £ is invariant under the transformation
si(A) 1 £(A) = £(=A) = 03£(\)os.
@ A Darboux matrix for £
0o e 96 9

where f, p and gy satisfy

2
dxp = 2p(pwguo — pq) — Z(c2pro — a1p),
2
Oxqro = 2quo(p10gi0 — pq) — ?(CIQIO — q),
Oxf = 2f(pq — p1oqio)-
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@ The above system admits the 1st integral
8X(f2pq10 — sz) =0.

@ The compatibility of the Darboux matrices
_ 2 (f O 0 fp ag 0
M:=X (O 0 + A fae 0 + 0 o)’
_,2(8 O 0 gp 10
=2 (50 an 9)+ 0 3)

implies the following system

fg1o — gfor = 0,

fo1q11 — fq10 — g10911 + 8go1 = 0,

forpo1 — fp — g1op10 + gp = 0,

for — f — g10 + & — fg10P10G10 + 8fo1P01G01 = 0.
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The above system admits a trivial solution and a non-trivial for
(Po1, qot, fo1, &)

1A B

po1 = ?E[glo(lJ = p1o) + p(Aquo — 1)], for =f=.
1 B A
- 2 Crf(gn - Bpyo — 1 — g0
o1 o A2[ (q11 — qu0) + g10G11(Bpro — 1)], & 8105

where

A = (fp + giopi0)qi1 — 1, B := (fqi0 + g1oq11)p — 1
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Deformation of DNLS equation: D, reduction group

@ Consider the Lax operator
— 2 0 2p 10 2¢g) 1
£_DX+)\03+)\<2C] O)+>\ 2P 0 >\2U3a
which is a Lax operator for the deformation of the DNLS equation
Pe =P +8(P° @)x —4qx, Ge = —Gux +8(PG°)x — 4px.

@ £ is invariant with respect to the following transformations

51()\) : 2()\) — 2(—A) = 0'32()\)0'3, 52(>\) : 2()\) — £ <%> = 0’12()\)0’1.

@ A Darboux transformation for £
_ N0 0 p 1 0\ ,1/0 qu
M_f<<o )\‘2>+)\<q1o 0)+g<o 1)+X<p o))
Oxp = 2((p10qi0 — pq)p + (P — P10)g + g — q1o),

9xq10 = 2((p10qi0 — Pg)G10 + p — p1o + (9 — G10)g),

0xg = 2((p10g10 — pq)g + (P — p10)p + (9 — G10)q10),
Oxf = =2(p1ogio —pq))f-
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@ The above system admits two first integrals
&1 = f2(g — pquo) 2= (g*+1—p’ —qiy).

@ The Darboux matrices

(20 0 p 10
= (5 5%) 2 (g 8)+elo 1)+
B 20 0 p 10
k=uf(5 i)l 8) oo D)
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@ Their consistency around the square implies

go1 — & — Vio + vV + po1gor — p1ogio = 0,

(801 — vi0)p + vpor — gP10 + o1 — q10 = O,

(g — v)qu1 + vioqio — &o1Go1 — po1 + p1o = 0,
go1v — gvio + p(por — p1o) + g11(qo1 — g10) = 0,

and an equation for f and u
foru — urof =0,
which using the first integrals can be written as
(S = 1)In(g — pqi0) = (T —1)In(v — pqo1),

which can be easily verified that is a conservation law for the
discrete system.
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Introduction to Yang-Baxter maps
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Yang-Baxter maps Quantum YB equation
Lax matrix for YB map

Quantum YB equation: Set-theoretical solutions

@ The original Yang-Baxter (YB) equation (Quantum YB equation)
contains a linear operator Y : U® U — U ® U and has the form

Y12O Y13O Y23 _ Y23O Y13O Y12
where Y¥ are maps
YiiuoUeU—- U U U,

where U is a vector space.

@ Drinfel'd, 1990: Set-theoretical solutions of YB equation
Replace
U—A UU—-AXxA

Here A is an algebraic variety.

@ Vesselov, 2003: Term “Yang-Baxter maps” for set-theoretical
solutions of the YB equation.
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Lax matrix for YB map

Consider aset Aandthe map Y: AxXxA— AXA,

Y (x,y) = (u(x,y), v(x,y)),

and the functions YV : Ax Ax A— Ax Ax Afori,j=1,2,3, i # ],
given by

Y2(x,y,2) = (u(x,y), v(x, ), 2),

YB(x,y,z) = (u(x,2),y, v(x,z)),

Y23(x,y,2) = (x,u(y, z), v(y, 2)),
for x,y,z € A

Definition

The map Y is called Yang-Baxter map if it satisfies the YB equation
Y12 ® Y13 ® Y23 _ Y23 ® Y13 ® Y12

Moreover, map Y is called reversible if

Y2lo Y12 = [d.
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Lax matrix for YB map

Definition
Parametric YB map is the following map

Yap =Y :(x,y:a,b)— (u(x,y;a, b),v(x,y; a, b)),

which satisfies the parametric YB equation

12 13 23 __ /23 13 12
Ya,b © Ya,c © b,c — 'b,c © Ya,c © Ya,b'

We can represent a parametric YB map Y; 5(x,y) = (u, v) on the sides
of a quadrilateral.
(u; a)

(v b) Yol (vib)

(x; a)
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Figure: Representation of the YB equation Y;30 Y 2o Y22 = Y22 o Y20 V)Y
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Example: Adler's map

We can contruct YB maps from well-known discrete integrable equations.
For instance, consider the discrete KdV equation

(fo—f)(A—f)+b—a=0

f 12 u

—= v y

f fi

We set the differences of the values on the corners to be the values on
the sides of the quadrirateral.

x=Hh—-f, y=fo—h, u=fo—h, v=hHh—F

Then,
x+y=u+v and (x+y)(x—v)=a—b.
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Lax matrix for YB map

Solving the above equations for (u, v) we obtain Adler's map

Ya,b a_b a_b
 x-—
X+y X+y

)

(. y) = (v +

which is a YB map.
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Lax matrix for YB map

Lax matrix for YB map

@ Veselov and Suris (2003): Lax matrix for YB map.

A matrix L = L(x; &, A) is a Lax matrix for the parametric YB map

Ya,b . (Xv}/) — (U(va; a, b)7 V(X7y; a, b))

if it satisfies the following Lax-equation

L(u; a, A\)L(v; b, A) = L(y; b, A)L(x; a, \).

@ If the Lax-equation is uniquely solvable for u, v, then the map
(x,¥) = Yan(x,y) = (u,v) is a reversible YB map (Vesselov,
2007).

@ We use Darboux matrices as Lax matrices.
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Example: Adler's map

For L given by the following matrix

X 1
L(X;aa/\)_(x2+a_>\ X),

the Lax-equation
L(u;a, \)L(v; b, A) = L(y; b, A\)L(x; a, \),
has a unique solution given by

a—b a—b
U:y+ y V=X— )
X+y X+y

which is Adlers’ map.
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Derivation of Yang-Baxter maps using Darboux
transformations
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Derivation of Yang-Baxter maps Examples

NLS equation

@ Recall: Darboux matrix for NLS operator

M:)\<(1) 8)+<qu ’f) (1)

Its entries obey the system
Ixf = 2(pq—p10qu0), Ixp = 2(pf—p1o), Ixqi0 = 2(q—qrof),
which admits the following first integral

Ox(f — paio) = 0.

@ In correspondence with (1), define the matrix

e +(3 )+ (2 9
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and substitute into the Lax-equation
M(u, U; M (v, Y5 A) = M(y, Y; M)M(x, X; \)

to derive the following system of equations
Vi = X1, Uy =)o, U+V=X+Y, Upvy = X1y2,
n+Un=y+xY, uvou+ UV =xn+ XY, v+ wV =x + Xy.

@ Trivial solution

x—mu=y, y—v=x, X—=U=Y, Y—=V=X,

@ Nontrivial solution

2
yit+xixo—xi X+x1Y _
—Ho, ) Nnvi=x

X1 — up = Ty, , i
— _ etnyy+ypX—ypY
X = Uy = Y2, Y2 i vo = S
X o [ = et XtxapY oy oy xe e dxayp X+ Y
14+x1y2 ) 1+x1y» ’

which statisfies the YB equation.
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o Taking into account the first integral

f—pgo=a = X-—xix=a,

. . 1 0 at+xixo xi
M(x,a,)\)—A(o O>+( 0 1).

@ The Lax-equation is uniquely solvable and it's equivalent to the
Adler-Yamilov map

(x,y) & (}/1 - belah,xl,xz + Lb)@) . (2)
1+ xy2 1+xy2
o Map (2) is completely integrable: lts invariants
h =x1x2+ y1y2 +a+ b,
h = (a+x1)(b+ y1y2) + x1y2 + xoy1 + 1,
which are in involution w.r.t.
{x1,x} ={n,»} =1, and all the rest {xi,yj} =0.
9 Invariant leaves

As = {(x1, %, X) € R X = atxixe}, Bo={(n,y,Y)€ R Y = btyiy}.
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DNLS equation

@ Recall: Darboux matrix for DNLS Lax operator

M::A2<g 8>+A<f;0 ’E’)’)Jr(g (1)) (3)

Its entries obey the system

N

oxp = 2p(p10gio — Pq) — - (P10 — cp),

-

Oxq1o 2q10(P10G10 — Pq) — %(quo -q),
oxf = 2f(pq— proquo),
which admits the first integral
Ox(f?pquo — f) = 0.

@ According to (3) we define the following matrix

L L(X o0 0 x 1 0
M(x, X;A) = A (0 0>—|—/\<X2 0)—1—(0 1).
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For the above matrix the refactorisation problem,
M(u, U; \YM(v, V; A) = M(y, Y; A)M(x, X; A),

is not uniquely solvable.
@ One solution is the trivial map.
@ A non-trivial solution is given by
i =AY, X, Y),  yiev = b(ry,mx, Y, X),

Xp = Uy = f2(xvYaXv Y)a Yo = Vo = fl(ﬂ-yaﬂ—xa va)a
X = U=f(xy,X,Y), Y = V = fi(ry,nx, Y, X),

where 7 is the permutation function, m(x1,%2) = (x2,x1), and
fi,i=1...3 are given by
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Derivation of Yang-Baxter maps

(1 +y)X —x1Y —xaxe(x1 + v1)
X —xi(x2 + y2)

fi(x,y,X,Y) =

3

X —x1(x2 + y2)
hix,y, X, Y) = ————————"Cy,
ey ) Y —yala + )

X —x1(x2 + y2)
f3 X, Y) = Y.
3(X7y7 ) ) Y—y2(X1+y]_)

@ We now restrict on the invariant leaves, using the first integral
f — fpquo = a.

@ Remark: We chose the variables of the Darboux matrix as x; := fp
and x, := fqig, in order to avoid the branches when solving for f.
Now,

f:a+(fp)(fq10) = X =a+ x1x.
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@ The Darboux matrix now becomes

o2 (k+xix2 O 0 x 10
a3 s 36 )

@ For this matrix the refactorisation is unique and
M(x; )M(y; A) = M(v; \)M(u; N),

is equivalent to the following map

a—»>b a— X1)y2 b—X1y2 b—a >
Y2 |-

Y,
(X,Y)—b> <}/1+ X1, 2, X1, Xp + ———
a—xys  b—xiy2"" a—xiy b— x1y»

Therefore, the above map is a reversible parametric YB map.
@ The invariants of the YB map are given by

h(x,y) = (a+x1x2)(b+y1y2), h(x,y) = (xa+y1)(>2+y2)+a+b.
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@ The quantities x; + y1 and xo + y» in h are invariants themselves.
The Poisson bracket in this case is given by

{x, %} ={n,n}t={en}={rx} =1, and all the rest 0.

The rank of the Poisson matrix is 2, /; is one invariant and

G :=x1 +y1 and G := x2 + y» are Casimir functions. The latter
are preserved by the YB map, namely Cio Y, , =G, i =1,2.
Therefore, it is completely integrable.

@ The 6—dimensional map is a restriction of the 4—dimensional YB
map on the invariant leaves

As = {(x1, %, X) € R X = atxixe}t, Bp=A{(y1,y2,Y) € R%:Y = b+yiy»}.
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Deformation of DNLS equation

@ Recall: A Darboux transformation in this case

B A2 0 0 p 10 1 /0 quo
w=r((5 %)+ (e 8) 4o 9436 F))

Its entries obey
9xp = 2((p10qi10 — Pq)P + (P — P10)g + g — quo),
dxqro = 2((pr0gi0 — pg)qio + p — pro + (g — q10)8),
0xg = 2((p10g10 — pq)g + (p — p10)p + (9 — G10)q10),
Oxf = =2(p10qio — pq))f.

@ The above system admits two first integrals
®1:= (g — pqro)  P2i=F(g” +1-p° - qp).

@ Here we cannot avoid the branches.
@ We consider the matrix N := fM. Setting x; := p, x> := g10 and
X = f2, and using ®;
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Derivation of Yang-Baxter maps

. . A2X + x10X + A X + /\_1X2X
N(X,X,Cla)\)—</\X2X+)\—1X1X /\_2X+X1X2X—|—C1 )

@ The refactorisation is not unique. The Lax equation admits the
trivial solution, and a non-trivial solution given by

fi(x,y,X,Y;a,b)

T Ry, X, Yia, ) T

N v f(ry, 7%, Y, X; b, a)
2R 2T B(my.mx, Y. Xi b, a)
X»—>U:f2(x’y’X’Y;a’b) YHV_&(Wy,Wx,Y,X;b,a)

f(x,y,X,Y;a,b)’ -~ f(ry, T, Y, X; b,a)’

where fi, f; and f3 are given by
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fi(x,y, X, Y;a,b) = a®b?>x1 X + a®b[xa — y2 + 2x1x2y1 + x12(y2 — 3x) ] XY+
a®(y2 = 1)1+ x3) — xa(1 + y2)IXY2 — ab?(xF — 1)(y2 — x2)X?—
ab(x12 — 1)[X22(3X1 —y1) —x1 — y1 + 2ya(y1ye — x1x0)] X2Y —
a(xf = 1)(y5 — Dlyv2(yf — 1) + x(yf — 2ays + 1)]X?Y2+
yi(x —1)2(x2 = 1)(y2 = 1)X3Y2 + b(xZ — 1)2(x2 — 1)(y2 — x2)X3Y +
a3b(y1 —x1)Y,

fr(x,y, X, Y;a,b) = a?b>X + 2a°bys(y1 — x1)XY + a2(y22 —1)(x1 — y1)°XY2+
2ab(x2 — 1)(1 — xoy2)X2Y + 2axp(x? — 1)(y2 — 1)(x1 — y1)X? Y%+
(2 — 1202 — 1)(y2 — DXPY2,

f3(x,y, X, Y;a,b) = a2b? — 2ab®x1(y» — x2)X — 2ab(x1y1 — 1)(y2 — 1)XY
b?(x7 —1)(x2 = y2)°X? = 2by1(x2 — y2) (3] — 1)(¥5 — )X?Y+
(O = D07 =15 - 1)°X3Y2
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Conclusions - Future work

@ We use recent classification results on automorphic Lie algebras
(Bury, Mikhailov). In the case of 2 x 2 matrices there are essentially
3 different reduction groups:
@ The trivial group corresponding to the NLS equation
o The Z, reduction group corresponding to DNLS equation
@ The D, reduction group corresponding to a deformation of the DNLS
equation
@ We derive Darboux transformations related to the Lax operators of
all the above cases.

@ We use the corresponding Darboux matrices:

@ to derive discrete integrable systems,
@ to derive 6—dimensional YB maps.

@ 6—dimensional maps can be reduced to 4—dimensional completely
integrable discrete maps on invariant leaves.

@ The above results can be extended on Grassmann algebras (joint
work with G. Grahovski and A. Mikhailov - in preparation)
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Thank you!
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