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What does integrability mean 7
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What does integrability mean 7

o Notation:
The two dimensional coordinates are z and z. The derivatives are

o0=2Lando=2

o The linear system:

@+ A)T =0
(@+A) =0

@ The zero curvature condition:

[0+A4,0+A] =0
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What does integrability mean 7

o Notation:
The two dimensional coordinates are z and z. The derivatives are
0=2Landd=2Z

o The linear system:

{ @+ A)T =0
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@ The zero curvature condition:
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What does integrability mean 7

o Notation:
The two dimensional coordinates are z and z. The derivatives are
0=2Landd=2Z

o The linear system:

{ @+ A)T =0
(0+A)w =0

@ The zero curvature condition:
[0+A4,0+A] =0

— The equations of motion of the theory

o Conserved quantities:
o*JM = 9Tr (AT™) — 0 Tr (AT") =0
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The Liouville equation

o The equation:

The Lax pair
An example
The linear system of the Liouville equation

00p = 2e?
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The Liouville equation

o The equation:

00p = 2e?

@ The solution

of of
¢(z,%) =In _ofof

5 with f= f(z nd f=f(2)
G (z) a
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Liouville equation from a linear system
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The Lax pair
An example
The linear system of the Liouville equation

(Q+ €¢7E+)\I’ = 0
(0-10pH+E )W =0
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The Lax pair
An example
The linear system of the Liouville equation

(Q+ €¢7E+)\I’ = 0
(0-10pH+E )W =0

o A little algebra:

AP = @
0Q =e’
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The Lax pair
An example
The linear system of the Liouville equation

Solving the linear system

o Implications:
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Solving the linear system

o Implications:

90 (P + Q) =2eP@
20(P-Q)=0

The second equation —-

P(z,2)=Q(2,2) +9(2) +4(2)
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The Lax pair
An example
The linear system of the Liouville equation

Solving the linear system

o Implications:

90 (P + Q) =2eP@
20(P-Q)=0

The second equation —-

P(z,2)=Q(2,2) +9(2) +4(2)

OP =e? =

Q=-g(z)—In (—/dze_g(z) + h(z))
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Solving the linear system

Q= =

h(z) = —/dzeW)

o Extracting the Liouville field:

o =P+Q =—g(2)+g(2) —2In <—/dzeg(z) —/dzeg@)
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The Lax pair
An example
The linear system of the Liouville equation

h(z) = —/dzeW)

o Extracting the Liouville field:

o =P+Q =—g(2)+g(2) —2In <—/dzeg(z) —/dzeg@)

9(2) = -In(=0f(z)) , 3§(2)=mn(-0f(2))
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The model
Integrability conditions

The theory

o The action:

S = /dzdz [’l’h’jaﬁpig(ﬁj -V (Qﬁ)]
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Scalar fields in flat The model
Integrability conditions

The theory

o The action:
S = /dzdé [mj(?(pi&pj -V (p)]
o The equations of motion:
E' = 00y + %nijajV =0 .
@ The linear system:

[0+ai ()8 +7 ()] T = 0
[0+8; (9) 87 +p(p)]T = 0
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The model
Integrability conditions

ime

Outlook

o The requirement:

JF = 61/,%:0
F = [0+0ai(p)80" +7(p), 0+ B; () 3¢ + p(p)]
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Scalar fields The model

Integrability conditions

The theory

o The requirement:

JF = 61/,%:0
F = [0+0ai(p)80" +7(p), 0+ B; () 3¢ + p(p)]

o The conditions:

Bi — oy = 123
0;B8; — Ojoy + (04, B8;] =0
Oip+ [, pl =0
97+ (85,7 =0
[y, ol = MOV e
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The model
Integrability conditions

The master equations

o A little algebra:

[Hi7 Hj] =0
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The model
Integrability conditions

The master equations

o A little algebra:

[Hi7 Hj] =0

o The determination of the potential:

i i 1
e~ Hi?" Gg efli® 7/)0] = iﬂklalv Hy,
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Scalar fields in flat space-time
The non-linear sigma model
Scalar field in curved space-time

Outlook

The model
Integrability conditions

The master equations

o A little algebra:

[Hi7 Hj] =0

o The determination of the potential:

i i 1
e~ Hi?" Gg efli® 7/)0] = iﬂklalv Hy,

Are there other solutions beyond Toda type theories 7?77
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A simplified model

o The action:

S = / d2dz gi; (¢) Op' 9’
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A simplified model

o The action:

S = / d2dz gi; (¢) Op' 9’
o The equations of motion:

g = 00y +T;00'0p7 =
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A simplified model

o The action:

S = / dzdz g; (0) 0p'0” .
o The equations of motion:

I — 74 U 5 05 —
The Christoffel symbols

1
Ffj = 5gkl (0ig1j + ;91 — Augij)
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A simplified model

o Notation:
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o
&
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hGN
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A simplified model

o Notation:

<<
| |
i
T |
Sl
QI Q
hGN ‘G@

o The Lax pair:
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The geometry

o The consistency conditions:
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The geometry

o The consistency conditions:

O:K; + 0;K; — 2T}, K; =0
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The geometry

o The consistency conditions:
l
8iK; + 0;K; — 2T, K =0

8,'[/]' =S 8jLi =0 — L; = ;A
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The geometry

o The consistency conditions:
l
8iK; + 0;K; — 2T, K =0

8,'[/]' =S 8jLi =0 — L; = ;A
OLj+0;L; — 2T, L — [L; , Kj] — [Lj, Ki] =0

ain = 8jKi aF [Kz7 K]] = [LZa L]] ’
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Scalar fields in The theory
The integrability conditions

ed space-time An example
Outlook

The geometry

o The consistency conditions:
l
8iK; + 0;K; — 2T, K =0

8,'[/]' =S 8jLi =0 — L; = ;A
OLj+0;L; — 2T, L — [L; , Kj] — [Lj, Ki] =0

3in — 8]'K,‘ + [Kz7 K]] = [Lz, LJ] )
@ Interpretation:
aI+aJ = 2K, &
oJ—0J+[J,J] = 2L;& .



The theory
The non-linear sigma model The integrability conditions
An example

A deformation of the SU(2) principal chiral sigma model

o The SU(2) Lie algebra:

[Ta 5 Tb] — fchc

a
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The theory
c The integrability conditions
Scalar field in curved space.tim A0 e

ne
Outlook

A deformation of the SU(2) principal chiral sigma model

o The SU(2) Lie algebra:

[Ta 5 Tb] — fchc

a

e The SU(2) theory:

S(g) = /dde [Tr (gflaggflég) —20Tr (ngflag) Tr (ngflgg)] ,
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The theory
c The integrability conditions
Scalar field in curved space.tim A0 e

ne
Outlook

A deformation of the SU(2) principal chiral sigma model

o The SU(2) Lie algebra:

[Ta 5 Tb] — fchc

a

e The SU(2) theory:
S(g) = /dde [Tr (gflaggflég) —20Tr (ngflag) Tr (ngflgg)] ,
@ The currents of the Lax pair

J = 9997 +VC0(9T397")
59971 = \/55 (gT3g71)

<
Il
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The theory
The solution to the master equations

A unique model 77

o The action:

S = / dzdz [Qi; (1) Bp'Be — V ()]
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The theory
The solution to the master equations

A unique model 77

o The action:

S = / dzdz [Qi; (1) Bp'Be — V ()]

The metric tensor and the torsion

1 1
9ii = 5 (Qi; + Qi) , b= 3 (G = W)
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Scalar fields in flat space-time
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The theory
The solution to the master equations

A unique model 77

o The action:

S = / dzdz [Qi; (1) Bp'Be — V ()]

The metric tensor and the torsion

1 1
9ii = 5 (Qi; + Qi) , b= 3 (G = W)

@ Question:

Are there integrable theories of this type 777
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e : The solution to the master equations
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A unique model 77

o The answer:

S = / dzdz < h™'0h, h~10h >
6]

P

1

6/ Py <h'o,h, [R'0,h, k1 O,h] >
D)

2

ox

/ dzdz < pg, h lwoh >
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The theory
The solution to the master equations

A unique model 77

o Equations of motion:

9 (h™'0h) — [po, h'woh] =0
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The theory
The solution to the master equations

A unique model 77

o Equations of motion:

9 (h™'0h) — [po, h'woh] =0 .

@ The linear system:

(8+/\h_1th)\I’ = 0

(8+h‘18h+§\p0>\11 = 0.
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Things to do

o The general solution to the master equations of integrability
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Things to do

o The general solution to the master equations of integrability
o The equivalent of the G/H coset theories
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Scalar fields in flat space-time
The non-linear sigma model
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Things to do

o The general solution to the master equations of integrability
o The equivalent of the G/H coset theories
o Relation to Poisson-Lie duality
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Thank you for your attention
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