APPLICATIONS
OF
LUSTERNIK-SCHNIRELMANN CATEGORY
AND ITS
GENERALIZATIONS

John Oprea
Department of Mathematics
Cleveland State University



. ECTURE 2: A CLASSICAL APPLICATION AND
REFORMULATIONS OF LS CATEGORY

Recall in Lecture 1 that we proved the following:

Lusternik-Schnirelmann Theorem. If S is covered by
closed (or open) sets C, ...,y 41, then at least one

contains antipodal points.

Let’s use this to prove one of the most theorems
In Mathematics.



Proposition. The LS Theorem implies that there does not
exist a map f: S™ — S" 1 such that f(—z) = — f(z)

for all . (Such a map is called an antipodal map.)

Proof. Suppose an antipodal map f: S™ — 971 exists.
Represent S7—1 35 the boundary of an n-simplex and let

the faces be denoted F7, F>, ..., Fj,4 1. Note that no Fj
contains antipodal points.

let G = f~X(F;),j=1,...,n+ 1 Ex: 3-Simplex
The set {G;} covers S™.

The LS theorem then says that there

is some (& containing antipodal points,

x, —x. Then

f(x), f(—z) = —f(z) € F;

is a contradiction. -




Brouwer Fixed Point Theorem. Every map f: D" —
D™ has a fixed point.

Lemma. If f: D" — D" does not have a fixed point, then
thereisamapr: D" — Sn—1 with roinclgn-1 = lgn—1

(i.e. a retraction).

Proof. The retraction r: D" — Sn—1 7“(:13)
is depicted to the right.




Proof of BFPT. Suppose f: D" — D™ does not have
a fixed point. Let r: D™ — S~ 1 be the consequent

retraction from the Lemma.
Define a map g: S™ — S™ 1 by

ffr'(azl,...,a:) if x >0
g(T1, s Tpy1) = < " ot

—r(—x1,...,—xn) ifz,41 <O0.

Note that g is antipodal. That is,

g(_mla U _wn—l—l) — —g(.fl?]_, R 9xn—|—1)'
Contradiction! .



While LS category proves some classical results, we
can’t get too far using only the open set definition.

Reformulation of LS Category
Let PX = {v: I — X|v(0) = xg} be the contractible

space of based paths. We construct

QX —- FX) — -+ F(X)
l 1 !
PX — Gi(X) — -+ Gp(X)

po 4 P14 e DE
X ¥ x ¥ ... x

where Gj_|_1(X) — GJ(X)UC(FJ(X)) ~ G](X)/FJ(X)

is the mapping cone of the previous fibre inclusion.



Definition-Theorem. cat(X) < n if and only if there is a
(homotopy) section s: X — Gp(X) (i.e. pnos >~ 1x).

QX — X)) — -+ Fu(X)
! ! SR
PX — Gi(X) — -+ Gp(X)
po 4 P14 - pndT s
X ¥ x ¥ .. x

Note that, in cohomology, we have s* o p} = 1p=«, so p;,
IS Injective.

Definition. For f: Y — X, cat(f) < n if and only if
thereisamap s: Y — Gn(X) such that p, 0o s ~ f.

Note that cat(f) < cat(X).



Things to Note.

1. G1(X) ~ >XQ(X). This follows since

G1(X) =Go(X)ulC(2X) 2 xUC(2X).

2. If X = K(m,1), then G1(X) ~ vSt

3. f X = K(m,1), then G (X) is homotopy k-dimensional.



Definition. Let u € H*(X; A). The category weight of
u, denoted wgt(u), is the maximum k such that py 1 (u) =

O, wherep;. 1 H*(X; A) = H*(Gr_1(X); A) is the
map induced on cohomology by pr._1: G_1(X) — X.
Properties: (1.) wgt(u) < cat(X).

Proof. Suppose cat(X) = k. Then we have

QX - X)) — - Fu(X)
po p1d o ppdTs
X X x X ... x

Therefore, p;'; is injective. -



(2.) wgt(uv) > wgt(u) 4 wgt(v).

(3.) If X = K(m,1) and u € H%(X), then
wgt(u) > d.

Proof of (3.) for d=2. G1(X) ~ QX ~ vS?!
= p7(u) = O (where p1: G1(X) — X).

(4)If f: X =Y, ue H*(Y) and f*(u) # 0, then
wgt(f*(u)) > wgt(u).



Here Is a property to keep in mind!

(5.) If f: X —Y is a map and f*(u) % 0O,
then cat(f) > wagt(u).

Proof of (5.). Look at the diagram for cat(f) = k.

Gr(Y)
s /" I pr
X i> Y

We assume that f*(uw) 7%= 0O, so the commutativity of the
diagram then gives p7 (u) # 0. The definition of category
weight then says that wgt(u) < k.



Sectional Category.

Suppose F — FE P, B is a fibration. Then

the sectional category of p, denoted secat(p),
IS the least integer n such that there exists
an open covering, Uq,...,Up,41, of B and, for
each U;, a map s;: U; — E having pos; = InCly..
(That is, s; is a local section of p).

Properties:
(1) secat(p) < cat(B).
(2) If E is contractible, then secat(p) = cat(B).



(3) If there are z1,...,z, € H*(B; R) (any co-
efficient ring R) with

plx1=...=p =0 and =z U---Ux, # 0,

then secat(p) > k.
(4) Suppose F * E 2 Bis a fibration arising
as a pullback of a fibration p: E — B where E
is contractible (such as a principal bundle).
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Then secat(p) = cat(f).



Later we will need a refinement of our definition of LS
category.

The I-category of a space X, denoted caty(X), is the
least integer n so that X may be covered by open sets
Uo,...,Un having the property that, for each U;, there
is a partial section s;: U; — X, where p: X — X is
the universal cover (so p o s; is homotopic to the inclusion

Note that this is just a specialization of sectional category to the
universal covering.

cat1(X) = secat(X — X).



A few properties of caty(X).
(1) cat1(X) = cat(y1: X — K(m X, 1)).
The category on the right is the category of a map.
Theorem. If m11(X) = 7, Bm = K(m, 1) and k is the
maximum degree for which 57 : H*(Bm; A) — HE(X; A)
is non-trivial (for any local coefficients A), then

k <cat1(X) < cat(Bn) = dim(Bm).
Moreover, if X = K(m, 1), then cat1(X) = dim(Bm)
(for dim(Bm) > 3).

Examples: If X is simply connected, then cat1(X) = O.
Also, cat1(T™) = n.



Theorem. (Eilenberg-Ganea) cat1(X) < n if and only if
there exists an n-dimensional complex L such that there is

amap f: X — L inducing an isomorphism

>~

f*i 7T1(X) — 7T1(L).

Corollary. 71 (X)) is free if and only if cat1(X) = 1.

The next two properties are more or less general
properties of category-type invariants.

(2.) cat1 (X X Y) < cat1(X) 4 cat1(Y).

(3.) If X isa CW complex and p: X — X is a covering
space, then caty (X) < catq(X).



The next lecture will focus on critical point
theory and geometry!



