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Theory of visible actions on complex manifolds,
introduced by T. Kobayashi
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Visible action

Definition (Visible action)
Let G be a Lie gp, X a cpx mfd. We say G ~ X is
strongly visible if the following hold.
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Visible action

Definition (Visible action)
Let G be a Lie gp, X a cpx mfd. We say G ~ X is
strongly visible if the following hold.

1. 3Sc X s.it. X" := G- Sisopenin X.
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Visible action

Let G be a Lie gp, X a cpx mfd. We say G ~ X is

strongly visible if the following hold.

1. 3Sc X s.it. X" := G- Sisopenin X.

2. do . X’ —» X’ an anti-holo. diffeo. s.t.
ols=idsand o(G:-Xx) c G- xV¥x € X’.
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Visible action

Aim: Uniform treatment of multiplicity-free (M.F.)
representations of Lie groups
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Multiplicity-free representation

Definition (M.F. representation)

Let G be aloc. cpt gp, V a unitary rep’'n of G.
We say V is M.F. if Endg(V) is commutative.
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Multiplicity-free representation

Definition (M.F. representation)
Let G be aloc. cpt gp, V a unitary rep’'n of G.
We say V is M.F. if Endg(V) is commutative.

If dime(V) is finite,
VisME &V = )" mV,, m, <1 (V).

neCG
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Multiplicity-free representation

Definition (M.F. representation)
Let G be aloc. cpt gp, V a unitary rep’'n of G.
We say V is M.F. if Endg(V) is commutative.

If dime(V) is finite,
VisME &V = )" mV,, m, <1 (V).
neC
In general,
VisMF &V = j; m,V.du, m; < 1 (a.e. m).
G
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Multiplicity-free representation

Definition (M.F. representation)
Let G be aloc. cpt gp, V a unitary rep’'n of G.
We say V is M.F. if Endg(V) is commutative.

If dime(V) is finite,
VisME &V = )" mV,, m, <1 (V).
neC
In general,
VisMF &V = j; m,V.du, m; < 1 (a.e. m).
G

Visible action~ M.F. rep’'n
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Propagation theorem of M. F. property

Theorem (Kobayashi ('13))

G: Lie gp,

W — X: holo. Hermitian G-vector bd’l,
V: unitary rep’n of G.
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Propagation theorem of M. F. property

Theorem (Kobayashi ('13))

G: Lie gp,

W — X: holo. Hermitian G-vector bd’l,
V: unitary rep’n of G.

V is M.F. if the following hold.
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Propagation theorem of M. F. property

Theorem (Kobayashi ('13))

G: Lie gp,

W — X: holo. Hermitian G-vector bd’l,
V: unitary rep’n of G.

V is M.F. if the following hold.
1. There exists a G-embedding V < O(X, W).
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Propagation theorem of M. F. property

Theorem (Kobayashi ('13))

G: Lie gp,

W — X: holo. Hermitian G-vector bd’l,
V: unitary rep’n of G.

V is M.F. if the following hold.

1. There exists a G-embedding V < O(X, W).
2. The G-action G ~ X is strongly visible.
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Propagation theorem of M. F. property

Theorem (Kobayashi ('13))

G: Lie gp,

W — X: holo. Hermitian G-vector bd’l,
V: unitary rep’n of G.

V is M.F. if the following hold.

1. There exists a G-embedding V < O(X, W).
2. The G-action G ~ X is strongly visible.

3. The isotropy rep’'n Gy ~ W, (x € S) is M.F.
(+some compatibility conditions on o)
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Propagation theorem of M. F. property

Theorem (Kobayashi ('13))

G: Lie gp,

W — X: holo. Hermitian G-vector bd’l,
V: unitary rep’n of G.

V is M.F. if the following hold.

1. There exists a G-embedding V < O(X, W).
2. The G-action G ~ X is strongly visible.

3. The isotropy rep’'n Gy ~ W, (x € S) is M.F.
(+some compatibility conditions on o)

“Propagation theorem of M.F. property”



Propagation theorem of M. F. property

In the statement of the propagation theorem, we
do not need to assume that

e G is compact, reductive,...

e V is of finite dim’l, discretely
decomposabile,...or

e X is cpt.
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Multiplicity-free representation

Example (M.F. representation)

1. G: semisimple Lie gp,
K: max. cpt subgp.
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Multiplicity-free representation

Example (M.F. representation)

1. G: semisimple Lie gp,
K: max. cpt subgp.

L%(G/K) is M.F.
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Multiplicity-free representation

Example (M.F. representation)

1. G: semisimple Lie gp,
K: max. cpt subgp.

L%(G/K) is M.F.

e The G-action G ~ G¢ /K¢ is strongly visible
(Kobayashi ('05)).
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Multiplicity-free representation

Example (M.F. representation)

1. G: semisimple Lie gp,
K: max. cpt subgp.

L%(G/K) is M.F.

e The G-action G ~ G¢ /K¢ is strongly visible
(Kobayashi ('05)).

o There exists a G-embedding L%(G/K) <= O(U)
(Krotz—Stanton ('05)).
Here U C G¢ /K¢ is the complex crown of G/K
(Akhiezer—Gindikin (’90)).
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Multiplicity-free representation

Example (M.F. representation)

2. G: simple gp of Hermitian type,
H: symmetric subgroup (H = G7, 7% = idg),
mt: unitary highest rep’n of scalar type.
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Multiplicity-free representation

Example (M.F. representation)

2. G: simple gp of Hermitian type,
H: symmetric subgroup (H = G7, 7% = idg),
mt: unitary highest rep’n of scalar type.
The restriction r | is M.F.
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Multiplicity-free representation

Example (M.F. representation)

2. G: simple gp of Hermitian type,
H: symmetric subgroup (H = G7, 7% = idg),
mt: unitary highest rep’n of scalar type.
The restriction r | is M.F.

e 7 can be realized in O(G/K, £).
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Multiplicity-free representation

Example (M.F. representation)

2. G: simple gp of Hermitian type,
H: symmetric subgroup (H = G7, 7% = idg),
mt: unitary highest rep’n of scalar type.
The restriction r | is M.F.

e mr can be realized in O(G/K, £).

e The visibility of H ~ G/K (Kobayashi ('07))
follows from the Cartan decomposition in the
symmetric setting G = HAK.
(Flensted-Jensen ('78), Hoogenboom (’83),
T. Matsuki ('95, '97).)
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Cartan decomposition

The Cartan decomposition G = KAK was
introduced by E. Cartan ('27).

Example

G = GL(n,R), K = O(n) = G (r(g) ="g™Y),
A =diag(n, R)so.
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Cartan decomposition

The Cartan decomposition G = KAK was
introduced by E. Cartan ('27).

Example
G = GL(n,R), K = O(n) = G" (r(g) ='g™),
A =diag(n,R)so.
Vg€ G, dk € K, Ax eSymm(n,R)s¢ s.t. g = kx.
Jdh e K,Jae Ast x = hah™.
Hence g = khah™! € KAK.
This means G = KAK.

For any reductive group G and its symmetric cpt
subgp K = G7, we have G = KAK with A an
abelian subgp.
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Multiplicity-free representation

Example (M.F. representation)

2. G: simple gp of Hermitian type,
H: symmetric subgroup (H = G7, 7% = idg),
mt: unitary highest rep’n of scalar type.
The restriction r | is M.F.

e mr can be realized in O(G/K, £).

e The visibility of H ~ G/K (Kobayashi ('07))
follows from the Cartan decomposition in the
symmetric setting G = HAK.
(Flensted-Jensen ('78), Hoogenboom (’83),
T. Matsuki ('95, '97).)
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Multiplicity-free representation

Example (M.F. representation)

3. G: simple gp of Herm. type,
N: maximal unipotent subgp,
7. unitary highest rep’n of scalar type.
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Multiplicity-free representation

Example (M.F. representation)

3. G: simple gp of Herm. type,
N: maximal unipotent subgp,
7. unitary highest rep’n of scalar type.

The restriction r | N IS M.F.
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Multiplicity-free representation

Example (M.F. representation)

3. G: simple gp of Herm. type,
N: maximal unipotent subgp,
7. unitary highest rep’n of scalar type.

The restriction r | N IS M.F.

e m can be embedded into O(G/K, £).
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Multiplicity-free representation

Example (M.F. representation)

3. G: simple gp of Herm. type,
N: maximal unipotent subgp,
7. unitary highest rep’n of scalar type.

The restriction r | N IS M.F.

e m can be embedded into O(G/K, £).

e The visibility of N ~ G/K (Kobayashi'05)
follows from the lwasawa decomposition
G = NAK.
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Visible action ~» M.F rep’n
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Visible action ~» M.F rep’n

Classify visible actions.

Yuichiro Tanaka Visible actions on flag varieties



Classification of visible action

e Let (G, K) be a Herm. sym. pair, (G, H) a sym.
pair. Then H ~ G/K is strongly visible
(Kobayashi ('07)).
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Classification of visible action

e Let (G, K) be a Herm. sym. pair, (G, H) a sym.
pair. Then H ~ G/K is strongly visible
(Kobayashi ('07)).

o Let (Gg, V) be a linear M.F. space of a cpx.
reductive alg. gp, G its cpt real form. Then
G ~ Vs strongly visible (A. Sasaki ('09,11)).
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Classification of visible action

e Let G¢/H¢ be one of the following spherical
varieties.

SL2n + 1,C)/SHn, C),
SO2n + 1,C)/GL(n, C),
San,C)/(C* x Sn - 1,C)),
SQ(8, C)/G2(C)
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Classification of visible action

e Let G¢/H¢ be one of the following spherical
varieties.

SL2n + 1,C)/SHn, C),
SO2n + 1,C)/GL(n, C),
Spn, C)/(C* x SAn — 1, C)),
SQ8, €)/G,(C)

Then the action G ~ G¢/H¢ of a cpt real form
G is strongly visible. (Sasaki ('11-'13)).
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Spherical variety

Ge: cpx reductive alg. gp, B: Borel subgp
(Ge = GL(n, C), B = {upper triangular matrices}),
X: cpx alg. variety with Gge-action.
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Spherical variety

Ge: cpx reductive alg. gp, B: Borel subgp

(Ge = GL(n, C), B = {upper triangular matrices}),
X: cpx alg. variety with Gge-action.

Ge ~ Xis spherical if B has an open orbit on X.
Rem: Any cpx symmetric space

(e.g. GL(n,C)/(GL(p, C) x GL(q, ©))) is spherical.
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Spherical variety

Ge: cpx reductive alg. gp, B: Borel subgp

(Ge = GL(n, C), B = {upper triangular matrices}),
X: cpx alg. variety with Gge-action.

Ge ~ Xis spherical if B has an open orbit on X.
Rem: Any cpx symmetric space

(e.g. GL(n,C)/(GL(p, C) x GL(q, ©))) is spherical.

Fact (c.f. J. Wolf's book ('07))
If (G, H) is a reductive Gel'fand pair, G¢/H¢ is
spherical.

Exa: (G, H) = (GL(n, R), O(n)), (O(n), O(n = 1)),...
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Classification of visible action

e Let G = U(n), L and H its Levi subgps.
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Classification of visible action

e Let G = U(n), L and H its Levi subgps.
Kobayashi ('07) classified visible actions on
generalized flag varieties of type A, i.e., triples
(G, L, H) s.t. one of (equivalently, all of) the
following actions is strongly visible.

L ~ G/H, H ~ G/L, diag(G) ~ (GxG)/(HxL)
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Classification of visible action

e Let G = U(n), L and H its Levi subgps.
Kobayashi ('07) classified visible actions on
generalized flag varieties of type A, i.e., triples
(G, L, H) s.t. one of (equivalently, all of) the
following actions is strongly visible.

L ~ G/H, H ~ G/L, diag(G) ~ (GxG)/(HxL)

e A pioneering work on L\G/H in non-symmetric
setting.

Yuichiro Tanaka Visible actions on flag varieties



Classification of visible action

e Let G = U(n), L and H its Levi subgps.
Kobayashi ('07) classified visible actions on
generalized flag varieties of type A, i.e., triples
(G, L, H) s.t. one of (equivalently, all of) the
following actions is strongly visible.

L ~ G/H, H ~ G/L, diag(G) ~ (GxG)/(HxL)

e A pioneering work on L\G/H in non-symmetric
setting.

e | \G/H in the symmetric case is well-studied
by Flensted-Jensen ('78), Hoogenboom ('83),

T. Matsuki ('95, '97).
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Generalized Cartan decomposition

Definition (Generalized Cartan decomposition)

G: conn. cpt Lie gp,

T: maximal torus of G,

L, H: Levi subgps containing T,

0. Chevalley—Weyl involution of G w.r.t. T.
(> =idgando(t) =t Vt € T)
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Generalized Cartan decomposition

Definition (Generalized Cartan decomposition)
G: conn. cpt Lie gp,

T: maximal torus of G,

L, H: Levi subgps containing T,

0. Chevalley—Weyl involution of G w.r.t. T.

(> =idgando(t) =t Vt € T)

If there exists B ¢ G s.t.

L x B x H —» Gis surjective,

then we call G = LBH a generalized Cartan
decomposition.
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Generalized Cartan decomposition

G: conn. cpt Lie gp,

T: maximal torus of G,

L, H: Levi subgps containing T,

o Chevalley—Weyl involution of Gw.r.t. T.
o acts on three cpx mfds

G/L, G/H, (GxG)/(LxH)

as anti-holomorphic diffeomorphisms.
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Generalized Cartan decomposition

G: conn. cpt Lie gp,

T: maximal torus of G,

L, H: Levi subgps containing T,

o Chevalley—Weyl involution of Gw.r.t. T.
o acts on three cpx mfds

G/L, G/H, (GxG)/(LxH)
as anti-holomorphic diffeomorphisms.

Suppose that we have G = LBH for some
B cG?.
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Kobayashi’s triunity principle

Suppose that G = LBH holds.
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Kobayashi’s triunity principle

Suppose that G = LBH holds.
Then we obtain three strongly visible actions.

H ~ G/L, L ~ G/H, diag(G) ~ (GxG)/(LxH).
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Kobayashi’s triunity principle

Suppose that G = LBH holds.
Then we obtain three strongly visible actions.

H ~ G/L, L ~ G/H, diag(G) ~ (GxG)/(LxH).

Furthermore, we can obtain three M.F. theorems
by the propagation theorem.

|nd(,_3XL LH, |nd(H3XH L, Indf/\’L ® |nd(H3XH-

Here y and yy are unitary characters of L and H.
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Classification of visible action

Theorem (-T ('12))

G: conn. cpt Lie gp,

T: maximal torus,

L, H: Levi subgps containing T,

o Chevalley—Weyl involution w.r.t. T.
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Classification of visible action

Theorem (-T ('12))

G: conn. cpt Lie gp,

T: maximal torus,

L, H: Levi subgps containing T,

o Chevalley—Weyl involution w.r.t. T.

We have a classification of a triple (G, L, H) s.t.

L x B x H = Gis surjective for a subset B of G.
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Theorem (-T ('12))

G: conn. cpt Lie gp,

T: maximal torus,

L, H: Levi subgps containing T,

o Chevalley—Weyl involution w.r.t. T.

We have a classification of a triple (G, L, H) s.t.

L x Bx H — Gis surjective for a subset B of 7.

In the type A case (G = U(n)), the theorem is due
to Kobayashi ('07).
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By the theorem, we can obtain a classification of
visible actions on flag varieties and find that

M.F. & visible & spherical.

More precisely:
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Classification of visible action

Corollary (-T ('12))

G :conn. cpt Lie gp,

T :max torus,

L, H: Levi subgps containing T,

o. Chevalley—Weyl involution w.r.t. T.

Then the following 10 conditions are equivalent.
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Classification of visible action

Corollary (-T ('12))

G :conn. cpt Lie gp,

T :max torus,

L, H: Levi subgps containing T,

o. Chevalley—Weyl involution w.r.t. T.

Then the following 10 conditions are equivalent.

e dB c G? sit. G = LBH.
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Classification of visible action

Corollary (-T ('12))

G :conn. cpt Lie gp,

T :max torus,

L, H: Levi subgps containing T,

o. Chevalley—Weyl involution w.r.t. T.

Then the following 10 conditions are equivalent.

e AB c G’ sit. G = LBH.
e H acts on G/L strongly visibly.

Yuichiro Tanaka Visible actions on flag varieties



Classification of visible action

Corollary (-T ('12))

G :conn. cpt Lie gp,

T :max torus,

L, H: Levi subgps containing T,

o. Chevalley—Weyl involution w.r.t. T.

Then the following 10 conditions are equivalent.
e AB c G” sit. G = LBH.
e H acts on G/L strongly visibly.

e L acts on G/H strongly visibly.
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Classification of visible action

Corollary (-T ('12))

G :conn. cpt Lie gp,

T :max torus,

L, H: Levi subgps containing T,

o. Chevalley—Weyl involution w.r.t. T.

Then the following 10 conditions are equivalent.

e AB c G’ sit. G = LBH.
e H acts on G/L strongly visibly.
e L acts on G/H strongly visibly.

e diag(G) acts on (G x G)/(L x H) strongly
visibly.
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Classification of visible action

Corollary (continued)

o The restriction of Ind®x to H is M.F.
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Classification of visible action

Corollary (continued)

o The restriction of Ind®x to H is M.F.

o The restriction of Ind>y to L is M.F.
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Classification of visible action

Corollary (continued)

o The restriction of Ind®x to H is M.F.
o The restriction of Ind>y to L is M.F.

o INd®x1 ®INdExw is M.F.
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Classification of visible action

Corollary (continued)

o G/L =~ G¢/Py is He-spherical.
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Classification of visible action

Corollary (continued)

o G/L =~ G¢/Py is He-spherical.
o G/H =~ G¢/Py is L¢-spherical.
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Classification of visible action

Corollary (continued)

o G/L =~ G¢/Py is Hc-spherical.

o G/H =~ G¢/Py is L¢-spherical.

° (G X G)/(L X H) x~ (G@ X G@)/(PL X PH) IS
diag(Gc)-spherical.

Here, spherical & Borel subgp has an open orbit.
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Remark

o For the type A case (G = U(n)), this corollary
is due to Kobayashi ('07).
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Remark

o For the type A case (G = U(n)), this corollary
is due to Kobayashi ('07).

e The equivalence: M.F. & spherical was proved
by Vinberg—Kimel'fel'd ('78).

Yuichiro Tanaka Visible actions on flag varieties



Remark

e For the type A case (G = U(n)), this corollary
Is due to Kobayashi ('07).

e The equivalence: M.F. & spherical was proved
by Vinberg—Kimel'fel'd ('78).

e Classification of M.F. tensor product rep’'ns in
the maximal parabolic setting was given by
Littelmann ('94).
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Remark

e For the type A case (G = U(n)), this corollary
Is due to Kobayashi ('07).

e The equivalence: M.F. & spherical was proved
by Vinberg—Kimel'fel'd ('78).

e Classification of M.F. tensor product rep’'ns in
the maximal parabolic setting was given by
Littelmann ('94).

e Classification of M.F. tensor product rep’ns in

the general setting was completed by
Stembridge ('03) by a combinatorial method.

Yuichiro Tanaka Visible actions on flag varieties



Visible action

e We have a classification of visible actions on
generalized flag varieties for any type.

e Regarding reductive group-actions on
generalized flag varieties, we have

M.F. & visible & spherical.
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Kobayashi’s triunity principle (written again)

Suppose that G = LBH holds.
Then we obtain three strongly visible actions.

H ~ G/L, L ~ G/H, diag(G) ~ (GxG)/(LxH).

Furthermore, we can obtain three M.F. theorems
by the propagation theorem.

|nd(,_3XL LH, |nd(H3XH L, Indf/\’L ® |nd(H3XH-

Here y and yy are unitary characters of L and H.
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Theorem (Kobayashi ('13) (written again))
G: Lie gp,
W — X: holo. Hermitian G-vector bd’l,
V: unitary rep’n of G.
V is M.F. if the following hold.
1. There exists a G-embedding V — O(X, W).
2. The G-action G ~ X is strongly visible.
3. The isotropy rep'n Gy ~ Wy (X € ) is M.F.
(+some compatibility conditions on o)

“Propagation theorem of M.F. property”
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“‘Small” M. F rep’'n

M.E. rep'n Propagation th'm W,
O(X, W) Visible action
G X
We can reduce complicated M. F. th'ms to a pair of
data:

e visible actions on cpx mfds, and
e much simpler M. F. th'ms
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“‘Small” M. F rep’'n

M.E. rep'n Propagation th'm W,
O(X, W) Visible action
G X
We can reduce complicated M. F. th'ms to a pair of
data:

e visible actions on cpx mfds, and

e much simpler M. F. th'ms
(seeds of M. F. rep’ns by Kobayashi).
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G: Lie gp, V: M. F. unitary rep’'n of G.
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G: Lie gp, V: M. F. unitary rep’'n of G.
Find a visible action G ~ X and a seed W, s.t.
V — O(X, "W).
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Motivation

G: Lie gp, V: M. F. unitary rep’'n of G.
Find a visible action G ~ X and a seed W, s.t.
V — O(X, "W).

Problem

G: cpt. Lie gp,

V1, Vy: irr. rep’s of G with V; ® Vo, M. F

Find visible actions and seeds for M. F. tensor
products V1 ® Vo.
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Classification of visible action

Theorem (Kobayashi ('07))

G = U(n); L, H: Levi subgps of G.

The table gives a classification of (G, L, H)
satisfying one of the equivalent conditions:

e L ~ G/H is strongly visible,

e H ~ G/L is strongly visible,
e diag(G) ~ (G x G)/(H x L) is strongly visible.

Table : Visible actions on generalized flag varieties of type A

G L H
U(n) | U(n) or U(1) x U(n—1) | arbitrary Levi subgp
U(p) x U(a) U(ng) x U(nz) x U(n3)

min{p, q} < 2or min{ny, Ny, N3} <1
(p+g=ny+ N+ n3z =n).



Classification of M.F. representation

Theorem (Kobayashi ('07))

For M.F. tensor product rep’ns of U(n), a
classification of seeds is given as follows.

e 1-dim’l rep’n.

o A'C" L.

o SC" |

® Vom, dun)xum,)xuU(ns)-

Here @y (1 £ k < n - 1) is a fundamental weight
of U(n).
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Classification of visible action

Theorem (-T ('13))
G = SQ(N), L, H: Levi subgps of G.
A classification of strongly visible actions
L ~G/H,HA~ G/L,G~ (GxG)/(L xH)is
given as follows.

Table : Visible action on orthogonal generalized flag varieties

G L H
SQ(N) arbitrary Levi subgp
SQ(N) | U(j) x SON - 2j) U(1) x SO2N - 2)
U([N/2]) U([N/2]) or £(U(IN/2]))

(continued on the next page)

oN/2
CO——C0————comnmomomsmnsononnaosons Ié
ay a3 a3 @N/2-3 01N/2\2\
Figure : Dynkin diagram of type D2

o N/2-1



Classification of visible action

Theorem (continued)

Table : Visible actions on orthogonal generalized flag varieties

G L H
U(1) x SO(2n - 2) U(j) x U(n-j)
£(U(j) x U(n—j))
U@l)x U(n-1)
£UQ)x U(n-1)
SQ2n) | U(n)or&U((n) | UL)x U@Q) x SO2n - 4)
U(2) x SO2n - 4)
U(3) x SO(2n - 6)
U(4) £(U(2) x U(2)

£(U(4) U(2) x U(2)




Classification of M.F. representation

Theorem (-T ('13))

For M.F. tensor product rep’ns of SO(N) (or
Spin(N)), a classification of seeds is given as
follows.

(1) 1-dim’l rep’n.

(2) CN v or Spiny L.
(3) A'(CN) Jugixson-2j)-

(4) SpInN (41 4 v=ay.5pinN-2)°
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Remark

Remark (written again)

e For the type A case (G = U(n)), this corollary
Is due to Kobayashi ('07).

e The equivalence: M.F. & spherical was proved
by Vinberg—Kimel'fel'd ('78).

e Classification of M.F. tensor product rep’ns in
the maximal parabolic setting was given by
Littelmann ('94).

e Classification of M.F. tensor product rep’ns in

the general setting was completed by
Stembridge ('03) by a combinatorial method.
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A classification of M. F. tensor product V,, ® V,, for G = SO2n + 1).

(i) (A1, A2) = (swn, twp) or (swy, twj)with1 < j<nandsteN.
(i) A1 = 0, w1 Or wp; A2 is arbitrary.

(iii) A = wj or 2wp; A2 = twjwith1 <i,j<nandteN.
(iv) A1 = wp + Swj; A2 = twywith1 < j<nandsteN.

A classification of M. F. tensor product V,, ® V,, for G = SQ(2n).
(i) (A1, 42) = (sw1, twj + Uwn-1) Or (Sw1, tw; + Uwn) With
l<j<nandstueN,
A1 = Swp_1 OF Swp; A2 = tws, tw + Uwy, tw + Uwnp-1,
tw1 + Uwp Or twn-1 + Uw, with S t,U € N, or
A1 = Sws_¢; A2 = two + Uwoy e Withn=4and e = 1 or 2.
(i) A1 =0, w1, wn-1 Or wp; A2 is arbitrary.
(ii") A1 = kwi; A2 = twj, where t € N and k, i, ] satisfy one of the
following three conditions.
(i-1) k=landi+j<n.
(i-2) k=1, 1<i<nandj=n-1orn.
(i-3) k=2, i=n-1lornand1<j<n
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Classification of M.F. representation

Theorem (-T ('13))

For M.F. tensor product rep’ns of SO(N) (or
Spin(N)), a classification of seeds is given as
follows.

(1) 1-dim’l rep’n.

(2) CN Lyiva or Sping Lriva.
(3) A'(CN) Jugixson-2j)-

(4) SpInN (41 4 v=ay.5pinN-2)°
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Visible action

e We have a classification of visible actions on
generalized flag varieties for any type.

e Regarding reductive group-actions on
generalized flag varieties, we have

M.F. & visible & spherical

Seed

e We have a classification of seeds for M.F.
tensor product rep’ns of U(n) and SQ(n).
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