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§1. Introduction

§1. Introduction

In this short talk, we discuss a basic idea of series of papers
"Deformation of expressions for elements of an algebra” (arXiv
Omori-Maeda-Miyazaki-V. )
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§1. Introduction

The idea is
We define star products of polynomials by deforming the

usual multiplication of functions. The star product algebras
contain wide class of algebras, for example, the usual function
algebra, Weyl algebra, etc.

We show that certain family of star product algebras gives a

polynomial representation of the Weyl algebra.

Using this polynomial representation, we can consider
exponential elements of the Weyl algebra, called star
exponentials.

Using the star exponentails, we define several functions called
star functions in the Weyl algebra.

Using the star functions, we can construct several non
commutative relations.

Akira Yoshioka Tokyo University of Science, Japan

Star product expression of algebra and star functions



§2. Star products

§2. Star products

Notice here that we consider on complex domain.
Biderivation

Let A = (Ax) be an arbitrary n x n complex matrix. We consider a
biderivation

— — — «— — — n ——>
aWAaW = (awla T, C()wn)/\(awl, o, aWn) = Z Aklawkaw|
kl=1

where (w1, - -+ ,Wp) is a generators of polynomials.
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§2. Star products

. . . H —) n <——> . . .
The biderivation dyAdy = Zk,l:l AxiOw, Oy is defiend in the
following manner:

«— — d S
k=1

n
Z Ak| awkf aW|g
kl=1

(_
Here left arrow means the differential 9, acts on the function on
the left hand side and the right arrow on the right.
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§2. Star products

Star product *,

For polynomials f, g we consider a product f =, g given by the
exponential power series of the biderivation <aTvA(’)_\,)\, such that

(e — ok fe— =K
f*Ag=fexp%’(6WAaW)g=ka—1!(%) (8WA8W) g
; — — N2 (e —\2
= fg+ 41 (8uAdu) g+ & (4) 1 (Burda) o
. k
+---+%(%)kf(aAa_\,}\,) g+

where 7 is a positive number.
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§1. Introduction  §2. Star products

The star product
: , 2
f*Ag:fg+%f(<('xvl\(9_\,)\,)g+%(%>2f((87v1\8_v;) g+

is a deformation of the multiplication of functions. The product is
well-defined for polynomials.

We see directly that the product is associative, namely we have

Theorem

For an arbitrary A, the star product *, is a well-defined for complex
polynomials and is an associative product .
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§2. Star products

As an exercise, we calculate the commutator of the generator
functions wj, Wi, (j,k=1,2,---,n). We see

in (5 A7 SETG RS
Wj x, Wk = Wjexpz (6WA8W) Wk:WiZﬁ(f) ((?WABW) Wi
k=0
= Wi Wi + 2w (OwAdw | Wi = Wi BA
= Wj Wk + ZWj | OwAOw | Wic = Wj Wi + 5 A jk
Similarly we see
Wi #, Wj = Wj W + 2 A

Then the functions wj and w satisfy the commutation relation
under the commutator of the product =,

[Wj, Wi]« = Wi #, Wik—=Wicx , W = i7"’(Ajk—1\kj) (the skewsymmetic part)
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§2. Star products

Examples of star product

The star products contain several well-known products.
Example 1. The Moyal product =,

We consider the case where n = 2m and we write the generators
such thatw = (9z,- - ,Gm, P1,* " * » Pm)-

We take

0 1

AZJQZ(_l 0

) (2mx 2m blockwise)

Then the biderivation dwAdw = dp - 0 — dq - 9p is the canonical
Poisson bracket, namely, we see

— =5 o« =
f(ap.aq—aq-ap)g=apfaqg—aqfapg={f,g}
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§2. Star products

Then the star product is the Moyal product . such that
n(s = <

= fg+ 2 (f.g) + %(%)Zf(é—p-% ?9_73)29

Then the functions p and q satisfy the canonical commutation
relation under the commutator of the product *,

[P, Okl« = Pj *0 Ok — Ok *o Pj =170k

[pj, P« = [0}, ]« = O
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§2. Star products

Example 2. Normal product  #, and anti-nomal product  x,

Other typical star products are normal product *,, anti-nomal
product x*,

mifA= ( 8 g ) we have the normal product
L[ =
fx,0g= fexplh(ap . aq) g,

mifA= ( 0 )then the anti-normal product

0
-2 0

(e =
fs,g9= fexp—lh(aq-ap) g
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§2. Star products

Canonical commutation relations

We see that these three typical star products satisfy the same
canonical commutation relations

[Pj Okls = Pj * Ok — Ok * Pj =i%djK
[P, k] = [dj, k]« =0
where s = s, %, *,.
Then we have

Proposition

The algebras (C[q, p], ) (L = O, N, A) are mutually isomorphic
and isomorphic to the Wyel algebra, where C[q, p] is the space of
complex polynomials of g, p.
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§2. Star products

Example 3. Commutative product and usual multiplication

m If A is a symmetric matrix, the star product *, is commutative.

m Furthermore, if A is a zero matrix, then the star product is
nothing but a usual multiplication of functions.
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§3. Star product representation of the Weyl algebra

§3. Star product representation of the Weyl algebra

For an arbitrary matrix A we set
A=J+K

where J is the skew symmetric part and K is the symmetric part.

For A we have a star product algebra (C[wl], %, ) where C[w] is the
space of complex polynomials of w = (W, - -+, Wp).

Akira Yoshioka Tokyo University of Science, Japan
Star product expression of algebra and star functions



§3. Star product representation of the Weyl algebra

Algebra isomorphisms

Then by the previous argument, the commutation relations depend
only on the skew symmetric part J, namely

[Wj, Wi = Wj s, Wic — Wi %, Wj = i%1(/\“( - Ayj) = 1hJjk

Hence

Proposition

The star product algebras (C[wl], #, ) with the commom skew
symmetric part J are mutually isomorphic.

The algebra isomorphisms are given explicitly in the following way.
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§3. Star product representation of the Weyl algebra

Let A1 = K1+ J, A2 = Ko + J be complex n x n matrices with the
common skew symmetric part J.

Then we have star product algebras (C[w], =, ) and (C[w], *, ).

We consider a second order differential operator

(K2 = K1)w = " (Kz = Ka) ik Sy
ik
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§3. Star product representation of the Weyl algebra

We define a linear map I:éf . C[w] — C[w] by exponentiating the
differential operator dy(K> — K1)dy such that

12 (F) = exp(Law(Kz — K1)dw) (f)

= > 3% @u(Kz - K)dw)' (F)
1=0
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§3. Star product representation of the Weyl algebra

Then by a direct calculation we have

The linear map IEf gives an algebra isomorphism
Ko .
L2 o (W], %,,) = (C[W], %,,)
K\"1 Kk
such that (I?) ~ = 1t

Rt A : - Ky K3 Ke _
satisfying the chain rule: IK3IK2|K1 =Id
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§3. Star product representation of the Weyl algebra

Star product representation of the Weyl algebra

In what follows, we fix n = 2mand also fix the antisymmetric part of
A as Jp below in order to represent the Weyl algebra.

Let K be an arbitrary 2mx 2m complex symmetric matrix. We put a

completx matrix
A=J+K

where Jg is a fixed matrix such that

0 1
»=( 5 o)
Since A is determined by the complex symmetric matrix K, we
denote the star product by =, instead of x, .
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§1. Introduction ~ §2. Star products ~ §3. Star product representation of the Weyl algebra  §4. Star exponentials ~ §5. Star functions

We consider polynomials of variables
(Wl’“' ,W2m) = (U1,"‘ , Um, V1, - -~ ,Vm)-
Due to the previous arguments, we have

Theorem

For an arbitrary K, it holds
() For a star product =, , the generators (uy, .. ., Um, V1, . . ., Vm)

satisfy the canoical commutation relations

(if) Then the algebra (C[u, V], %) is isomorphic to the Weyl
algebra, and the star product algebra (C[u, V], =, ) is regarded
as a polynomial representation of the Weyl algebra.
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§4. Star exponentials

§4. Star exponentials

Here we consider the general case (C[wl], =, ) again.

Using polynomial algebra (C[wl], #, ), we can consider exponential
elements.

The point

Star product algebras (C[w], *, ) with common skew symmetric
part J are mutually isomorphic.

Then the family {(C[w], =, )}, of common J defines an associative
algebra and each algebra (C[w], *,) is regarded as a polynomial
representation of this algebra. Hence each of these is the same as
an algebra.

However, when we consider exponential elements of this algebra,
the difference of expression is important and crucial.

This is the fundamental idea of our work.
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§4. Star exponentials

Definition of star exponential

For a polynomial H. of the algebra (C[w], *, ), we want to define a

tHe ;
i ih _ t" (H. H.
star exponential e, = ¥, iy (W) o %y (W)

n

. . n n.
However, except special cases, the expansion ), % (%) is not
convergent in general.

Then we define a star exponential by means of the differential
equation as follows.
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§4. Star exponentials

H.
Lo te :
The star exponential e*ih is given as a solution F(u, v) of the
following differential equation

dF =H,*, F, Fo=1
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§4. Star exponentials

Examples

We are interested in the star exponentials of linear, and quadratic
plonomials. For these, we have explicit solutions.

Lienar case
i i i — n AN .
We consider a linear polynomial | = ijl ajwj, aj € C. We see

Proposition

For | = }; ajwj =< a,w >, the star exponential with respect to the
product *, is
ei(l/ih) _ etzaKa/4ihet(I/ih)

where K is the symmetric part of A.

Akira Yoshioka Tokyo University of Science, Japan

Star product expression of algebra and star functions



§4. Star exponentials

Quadratic case

Proposition

For a quadratic polynomial Q. = (WA, w), where A is a 2mx 2m
complex symmetric matrix,
1 1 o
Q) _ 2" ol Ve (e (¢
A Vdet( — « + e22(l + «))

where k = KJ and a = AJ.

2[0) J,W)
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§5. Star functions

§5. Star functions

Using star exponentials, we can consider several star functions
following the standard method in text books.

First, we consider the star product for the simplest case where the
polynomial of one variable w=w; and A = p € C.

Then A is symmetric and the star product is commutative and is
written explicitly as

e —
P, P2 = P1 eXD(%"awﬁwl) P2

For simplicity, we write i7ip = 7 and wy = w in what follows.
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§5. Star functions

Star Hermite function

Recall the identity
exp( V2tw - 3t?) = Z Hn(wW) &
n=0

where Hp(w) is an Hermite polynomial. By applying the explicit
. i 2 i i
formula of linear case t(:(/'h) = gl"aka/ding(l/in) tq | = w, we see

exp,(V2tw.),-_1 = exp( V2tw - 3t?)
Since exp,(V2tw,) = 32 o( V2tw,)" & we have

Hn(w) = (V2tw, 1
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§5. Star functions

We define x-Hermite function by
Ho(w,7) = (V2tw,)", (n=0,1,2,---)

with respect to *, product. Then we have
exp,(V2tw,) = Z Hn(w, 7) &
n=0

Identities

Trivial identity & exp,(V2tw,) = V2w * exp,( V2tw,) for the product
*; yields the identity

SHAW, D) + V2WHyW,7) = Hpea(W,7),  (0=0,1,2,---).

for every 7 € C.
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§5. Star functions

The exponential law
exp,( V2sw,) = exp,( V2tw,) = exp,(V2(s+ t)w,)
for the product =, yields the identity

Z (W, 7) 5 Hi (W, 7) = Ho(W, 7).

k+l=n

for every 7 € C.
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§5. Star functions

Star theta function

We can express the Jacobi’s theta functions by using star
exponentials.

Using the formula of linear case, a direct calculation gives
exp, itw = exp(tw — (r/4)t%)
Hence for Re t > 0, the star exponential

exp,_ ni w = expqi w — (r/4)n?) is rapidly decreasing with respect
to integer n and then the summation converges to give

i exp, 2niw = i exp(2ni w-rn?) = i qre W (q=e)
N=—oco0

N=—0c0 N=—oc0
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§5. Star functions

This is Jacobi’s theta function 63(w, 7) .
Similarly we have expression of theta functions as

01 (w) = 1 i (-1)"exp. (2n+1)iw, 6. (W) = i exp, (2n+1)iw

N=—oc0 N=—00

63, (W) = Z exp. 2niw, 64, (W) = Z (-1)"exp, 2niw

N=—oc0 N=—00

where 6. (w) is the Jacobi's theta function 6¢(w, 1), k=1,2,3,4
respectively.
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§5. Star functions

The exponential law of the star exponential yields trivial identities
such that

exp,_ 20 W s O (W) = ke (W) (k= 2,3)
exp,_ 20 W s G (W) = —Ok._(W) (k=1,4)

Then using exp,_ 2i w = e7e? W and the product formula directly
we see the above identities are just

VG W+ 7) = b (W) (k=2,3)
VG Wi 7) = ~b (W) (k=1,4)
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§5. Star functions

x-delta functions

Since the x.-exponential exp, (itw,) = exp(tw — %t?) is raidly
decreasing with respect to t when Re 7 > 0. Then the integral of
*,-exponential

foo exp,(it(w—a),) dt = f)o exp,(it(w—a).)dt = foo expat(w—a)—ﬁtz)dt

o0 o0 —00

converges for any a € C. We put a star ¢-function

6.(Ww—a) = foo exp,(it(w — a),)dt

which has a meaning at r with Re 7 > 0. It is easy to see for any
element p.(w) € P.(C),

P (W) = 6. (W — a) = p(a)d.(w—a), W, = d.(w) = 0.
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§1. Introduction §2. Star products §3. Star product representation of th algebra §4. Star exponentials ~ §5. Star functions

Using the Fourier transform we have

1. (W) = ;i (-1)'6.(w+ 5 +m)
f2.(W) = 3 n_i (-1)"6.(w + nrr)
63.(w) = 1 i 5. (W + )

O4.(W) = 3 i 5.(W+ X + ).
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§5. Star functions

Now, we consider the T with the condition Re v > 0. Then we
calcultate the integral and obtain 6,(w — a) = 2% exp(-2(w - a)?)
Then we have

93(W, T )

\/’

[ee)

3> ouw+nm) = i %GXD(—%(W””)Z)

Nn=—o0 N=—o00

[ee)

‘/Tfexp(—%) Z exp(-2niw - 1n’7?)

N=—0oc0

= ﬁexp( 1) g5 (20, ),

Troo T

\/?

We also have similar identities for other =-theta functions by the

similar way.
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§5. Star functions

Clifford algebra

We show that the clifford algebra is constructed by means of star
exponential of Weyl algebra in its certain representation.

In this subsection, we fix n = 2 for simplicity and consider the
polynomial representation of the Weyl algebra.

Namely, let K be an arbitrary 2 x 2 complex symmetric matrix. We
put a completx matrix
A= Jo + K

and we consider star product algebras (C[u, V], *, ).

We will construct a Clifford algebra by means of the star
exponential exp, t(%‘;") of the star product algebra (C[u, V], =, ) for

certain K.
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§5. Star functions

Let us denote a complex symmetric matrix by

In the star product algebra (C[u, V], *, ), the generators u, v satisfy
the canonical commutation relation

[u V], =-in
Then the star product algebra (C[u, ], *, ) is a polynomial

representation of the Weyl algebra at K = 1 : )
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§5. Star functions

Applying the previous formula to H = 2u * v, we have the explicit

form as
2U % V
exp*Kt =
= . -e 2 e )TV
\/Bexp[ - (¢ - er? + 2auv+ (€ - )7 )]
where

D=na?-(d-e')y'r, a=€+et—kE-¢el
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§5. Star functions

Bamping lemma and commutation relation

The canonical commutation relation gives a so-called a bumping
lemma such that

Vi (U V) = (Vi U) 5y V= (U VHTR) %, U

and then we have a relation

2u %V 2vsu
Vi exp, t - = exp, t - * V

2ux*V+ 2ih
= exp,, t — s, V

2U % V . v
i K

= e expth(

2V 2
And also we have exp, t(%u) = e exp,, t( u|; V).
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§5. Star functions

Special representation

In the sequel, we assum 7’ = 0, that is, we take a point

vk 0 «
K= ( K T ) B ( K T )
Then we see D = A% — (¢! — e)7't = A% and hence we have

VD = A and the star exponential at this point becomes

2U % V _2e‘te d—get
i7 A i7iA2

((¢' - eMyru? + 2auv)

exp, t(
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§5. Star functions

Vacuum

At this sepcial representaion *, we can take a limit

@oo = lim exp, t( = ) = exp(——m(l+K) (2uv— =u ))
which we call a vacuum .
Using the exponential law and the bumping relation, we easily see

Lemma

i) @00 *, @00 = W0
ii) V*, @oo = @Woo *¢x U= 0.
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§5. Star functions

Since exp, t(2:Y) = e exp,, t(zu*") the integral

3 f exp, t(2:4)dt converges. Then we define
1 (0 ¢ 2V U
5 ) _exn,

V= Uk (Vi U

)dt = (v, U)7?

and

Then we have

Lemma

|

The element v is the right inverse of v satisfying

o
v=1 vx v=1-wq
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§5. Star functions

Putting t = &i in the star exponentia, we have the identity

.(ZU*V) 2et [et—e‘t
= ex

ex I — =1
S T A inA?

(€ - e)ru? + 2auv)

Now we fix an integer I.

By putting

we obtain 2' roots of the unity

Q =exp, ¥ (&), m =exp2§)

K 2 2!
such that | |
o, =Qrx Q=1 =1
N~— ———

2l
because of the exponential law.
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§5. Star functions

Then using the bumping relations we have

Lemma

These satisfy

k m km, m
Qp x Uy * @00 *¢ V*mK = @) Uy *e D00 ¥k VTK

[
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§5. Star functions

Now we take appropriate complex numbers ag, ay, -+ ,a_1 SO

that an element
21
E= Z akQ:‘*K
k=0

satisfies the identies

m
E %, Ul # @00 *, VI

*K

_ ul # woo ¥, Vi ---0<m
0 a2l <
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We see this is equivalent to

| _
<. km [ 1--0sm<2-1-1
kz;)akw' “10.--2l<m<2 -1

The complex numbers ag, a3, - - - , 81_1 are uniquely determined by
these equations. Then we have

Lemma

The element E satisfies
Ex E=1
and the element F = 1 — E satisfies

FsF=1 Ex F=F% E=0

Akira Yoshioka Tokyo University of Science, Japan

Star product expression of algebra and star



§5. Star functions

Further we have

Lemma

2|71 2|71 o 2|71 o 2|71
Ex (02 = W2 5 B @2 5 F=Ex()2

where (v)*z:;l =V, % vand (f/)f:;l =V -oox V
— —

2l-1 2l-1
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§5. Star functions

Now we set o -
g: E*K (V)EK , = (V)EK *K F

Then we have

Theorem
The elements ¢ and n of the *, product algebra satisfies the

identities
f*K§=77*K77=0
f*Kfl+§*K77=1
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