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Return of the Jedi ...

W. Cli�ord [1876] J. Pl�ucker [1860's] H. Lorentz [1902]
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Projective Bivectors

Why is c not a vector?

it comes from the bivector part of the quaternion

it may be in�nite (e.g. in the case of half-turns)

The proper term would thus be �projective bivector� and one has formally

c =
〈ζ〉2
〈ζ〉0

, ζ ∈ C̀ ◦0,3/{0} ∼= H∗

where 〈·〉k denotes grade projection. As for the composition law, one has

cm . . . c2c1 =
〈ζk . . . ζ2ζ1〉2
〈ζk . . . ζ2ζ1〉0

·
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How Far Can We Go?

In direct analogy with the case n = 3 one may de�ne

c = 〈ζ〉−1
0

[ n2 ]∑
k=1

〈ζ〉2k , ζ ∈ C̀ ◦p,q/{0}, p + q = n

with p + q = n. Furthermore, we still have the composition law

cm . . . c2c1 = 〈ζm . . . ζ2ζ1〉−1
0

[ n2 ]∑
k=1

〈ζm . . . ζ2ζ1〉2k

and the Cayley transform maps this to the usual matrix representation

Cay : PC̀ ◦p,q −→ SO(p, q).

However, along the way we lost both homogeneity and decomposability...
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The Pl�ucker Embedding

De�ning k-blades in C`n(C) as decomposable elements

θ ∈ Bn
k ⇐⇒ θ = u1 ∧ u2 ∧ · · · ∧ uk , uj ∈ Cn

one may construct the Pl�ucker embedding as

Gn
k
∼= Bnk/C∗

pl−→ P
∧k

(Cn), C∗ ∼= C/{0}.

In the particular case of bivectors it reduces to the intersection of quadrics

θ ∧ θ = 0 → θ[ijθk]l = 0

that yields the embedding of planar (pseudo-)rotations in SO(p, q), i.e.,

θi ∧ θj = 0 −→ SO3 ⊂ SOn.
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Twistorial Approach

We use double �brations known from AG and twistors

Gn
1

µ←− Fn
1,2

ν−→ Gn
2, Gn

3
µ∗

←− Fn
2,3

ν∗

−→ Gn
2

to describe the inclusion sl2 ⊂ son via incidence relations, e.g. in C4

Pα
ρ−1

−−→ `
⊥−→ Vβ

ρ∗−→ Pβ .

Having determined the invariant direction (in matrix terms) as

` = Σ1 ∩ Σ2, Σ1,2 = {ker Θ1,2} = {Θ1,2}⊥

one may use the commutator and Killing form to write

〈Θ2,Θ1〉 =
Θ1 + Θ2 + [Θ2,Θ1]

1− (Θ1,Θ2)
·
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One Example

Consider the decomposable SO+(4, 1) element

Θ =


0 −1 −1 −1 0
1 0 −1 −2 1
1 1 0 −1 1
1 2 1 0 1
0 1 1 1 0

 Cay−−−→ Λ =
1

7


1 −8 −2 4 −6
−4 −3 −6 −2 −4

2 −2 3 −6 2
8 6 −2 −3 8
6 8 2 −4 13



and choose the plane {θ′} = {(1, 1, 0,−1, 1)t , (0, 2, 1, 2, 0)t} and de�ne

` = {(1, 0, 0, 0,−1)t , (2,−1, 0, 1, 0)t} ⊥ {θ, θ′}.

Choosing a basis in the form

a1 = e3, a2 = e2 + e4, a3 = e1 + 2e2 + e5

in Vβ = `⊥ we perform Bryan decomposition with scalar parameters

τ±1 =
4

9±
√

33
, τ±2 =

2

−7±
√

33
, τ±1 =

2

3∓
√

33
·
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The Proper Lorentz Group SO+(3, 1)

Consider the isomorphism

C`0,3
∼= C`◦1,3

∼= HC

that yields on the Lie group level

SO+(3, 1) ∼= SO(3,C)

and we have the matrix realization (Fedorov)

Λ(c)=
1

|1 + c2|

 1− | c |2 + cc̄t + c̄ct + (c + c̄)× i(c̄− c + c̄× c)

i(c̄− c− c̄× c)t 1 + | c |2


where c = α + iβ ∈ CP3 is the complex vector parameter. Denoting
Λ̃ = Λ− η̃ Λt η̃, where η̃ = diag(1, 1, 1,−1), we derive its components as

α =
1

trΛ

(
Λ̃32, Λ̃13, Λ̃21

)t
, β =

1

trΛ

(
Λ̃14, Λ̃24, Λ̃34

)t
.
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Wigner Rotation and Thomas Precession

The Wigner angle in 3D relativity is de�ned as

θ = 2 arg (1 + z̄1z2)

where zk ∈ C are the stereographic projections of the two boosts'
vector-parameters. On the in�nitesimal level (in the Thomas frame)

dτθ = −= z̄ dz

1− |z |2
·

Adding the Euclidean case (Foucault's pendulum) Stoke's theorem yields

ωh = −= dz̄ ∧ dz

(1− |z |2)2
, ωe = = dz̄ ∧ dz

(1 + |z |2)2

given by the Fubini-Study construction for the Hopf bundles

S1 → S3 → S2, S1 → AdS3 → D.
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Electrodynamics and Beyond

We extend the complex representation of the EM �eld to

c = α + iβ ∈ CP3.

In R3,1 boosts are represented by imaginary bivectors c= iβ, β∈ B3 that
may be mapped to ζ∈ H leading to the expression for the EM induction

<〈iβ2, iβ1〉 =
β1 × β2

1 + (β1,β2)
→ A = = ζ̄ dζ

1 + |ζ|2

while in the compact case there is no holonomy as the bundle

SO(4) −→ SO(3), Spin(4) ∼= Spin(3)⊗ Spin(3)

is globally trivial. In higher dimensions (if the Pl�ucker relations hold) we
use similar technique to express the corresponding geometric phases as

dΘ◦W =
[Θ,dΘ ]

1 + ||Θ ||2
, dΘ̃

◦
W =

[Θ̃,dΘ̃ ]

1− ||Θ̃ ||2
·
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Invariant Axes and Wigner's Little Groups

The Pl�ucker relations may be written for the vector-parameter as

= c2 = 0 ⇔ α ⊥ β

in which case the �xed subspace of Λ(c) is spanned by

σ1 = (α, 0)t , σ2 = (α× β, α2)t .

The corresponding Wigner little groups are related to the bundles

B3
∼= SO+(3, 1)/SO(3), dS3

∼= SO+(3, 1)/SO(2, 1)

L(R3,1) ∼= SO+(3, 1)/E(2)

used describe elementary particles (bradyons, tachyons and luxons).
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Alternative Parameterizations

Consider the vector-parameter

c = (3 + 2i, 3i− 2, 2 + i)t

and determine the two characteristic directions

c◦ = (1, i, 0)t ∈ ker
(
c× ± i

√
c2
)
, κ = (0, 0, 1)t = |α◦|−2α◦ × β◦

that allow for a factorization

c = 〈(1− 3i/2) c◦, i(3∓ 2
√

2)κ, (1±
√

2)κ〉

c = 〈(1±
√

2)κ, i(3∓ 2
√

2)κ, (1/4 + 5i/4) c◦〉.

One may also decompose into mutually commuting boosts and rotations

Λ = Λ3R3Λ2R2Λ1R1 = R2Λ2R2Λ2R1Λ1.
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The Dual Extension

We consider a central extension to a given algebra

x → x = x + εt, ε2 = 0

that clearly yields for analytic functions

f (x + εt) = f (x) + εf ′(x)t.

In particular, one may have dual quaternion or axis-angle variables

n = n + εm, ϕ = ϕ+ εψ

that leads to the dual Rodrigues' vector

c =

(
τ + (1 + τ 2)

ψ

2
ε

)
n.
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Homework:

What should be done now?

Tell your friends about what you've learned!

Tell them to tell their friends!

Do some research and see how easy it is!

Don't forget to cite our papers!
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Thank You!

THANKS FOR YOUR PATIENCE!
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