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Poisson manifold (M, {-,-})

Definition

A Poisson manifold (M, {-,-}) is a smooth manifold M (equipped
with a Poisson structure) with a fixed bilinear and antisymmetric
mapping {-,-} : C®(M) x C>*(M) — C>°(M), which satisfies
Leibniz rule and Jacobi identity.

{{fvg}vh}—’_{{g7h}7f}+{{h7f}vg}207

{f,gh} = {f,g}h + g{f,n},
where f,g,h € C*(M).

Poisson bracket can be written in terms of Poisson tensor
(meI (/\2 TM) such that [r, 7|g_n = 0) as follows

{f,9} =m(df,dg).
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Poisson tensor, Hamilton’s equations

In the local coordinates x1,xs,...,xny on M
N
of 9g
{fag}_ljz:l ( )axzaxj

Components of Poisson tensor are given by the formula

mij(x) = {zi, x5}

and satisfy
° ;= —Tj;,
i 0
Y 87‘('_7 + 87Tkz7.‘-8] + W]k 7T37, — 0

Choosmg the function H as a Hamiltonian we can define a
dynamics on M using Hamilton equations

dx;

; = {z, HY, i=12,...,N,
dx
il H
a -V

Tangent lifts of bi-Hamiltonian structures



Bi-Hamiltonian structures

Let M be a manifold with two non-proportional Poisson brackets
{,-}1. {-,-}2. If their linear combination a{-,-}1 + B{-, - }2,

a, B € R, is also a Poisson bracket, we say that the brackets are
compatible and we call M the bi-Hamiltonian manifold.

By analogy we will say that two Poisson tensors m; and 7o

are compatible if their Schouten—Nijenhuis bracket vanishes

(11, m2]s—n = 0.

oy ﬂgk—i-aﬂ%] ﬂfk_i_aﬂlzﬂ;j_i_@ﬂzzﬂfj_i_@ﬂ 514_87?‘7 s,
Oxs Oxs Oxs Oxs Oxs Oxs
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Example— Bi-Hamiltonian structure related to
so(3)

Let us consider the Lie algebra s0(3) of skew-symmetric matrices.
We will now construct two Lie brackets on so(3) given by two
choices of the matrix S

[A,B] = AB — BA, |[A,B|s= ASB — BSA,

where S = diag(sy, s2, s3). We define the Lie-Poisson bracket

{f,931(p) = (o, [df (), dg(p)]) = *tr( [df (p), dg(p)]) ,
{1 9}2(p) = {p, [df (p), dg(p)]s) = ltlr( [df (), dg(p)]s) ,

The Poisson tensors can be written in the form

0 —XI3 ) 0 —S83X3 S2X9
7T1(X) = T3 0 —I1 ,7T2(X) == 5313 0 —S8101 .

—x9 I 0 —892X9 S$1%1 0
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In this case, the Casimirs for these structures assume the following
form

a(X) = x% + 1‘% + l’%, co(X) = 511‘% + 8237% + 53:B§.

Choosing as the Hamiltonian the Casimir co we obtain Euler’s
equation, which describes the rotation of a rigid body

dz . . o
i {co, T} = {c1,T}2 = 2(S27) X Z,

where ¥ = (x1,x2,x2) and So = diag (s1, s2, s3).
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Lie Algebroid

Definition

Let M be a manifold. A Lie algebroid on M is a vector bundle

A — M, together with a vector bundle map a: A — T'M , called
the anchor of a Lie algebroid A, and a bracket
[,-]Ja:TAXxT'A— TI'A which is R-bilinear and alternating,
satisfies the Jacobi identity (I'A is a Lie algebra), and is such that

[X, fY]a = f[X,Y]a + a(X) ()Y, (1)
a([Xv Y]A) = [a(X),a(Y)], (2)

forall X,Y €eT'A, f € C°°(M). The manifold M is called the
base of a Lie algebroid A.
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Let (M,{.,.}) be a Poisson manifold, then its cotangent bundle
T*M — M possesses a Lie algebroid structure given by

a(df) == {f,}

[dfa d.g]T*M = d{f7 g}a
where f,g € C°(M).
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Linear Fiber-wise Poisson Structure

If (A— M,[]a,a) is a Lie algebroid then on the total space A*
of dual bundle A* % M there exists a Poisson structure given by

{fogq,g0q} =0,
{lx,90q} =a(X)(g9) oq (3)
{Ux, Iy} = lix y]as

where X, Y € I'*°(4), Ix(v) = (v,X(q(v))), v e A* and
f,9 € C®(M).
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Lifting of a Hamiltonian structure from M to T'M

If (M,{,}) is a Poisson manifold, then the manifold T M possesses
a Poisson structure given by

{fog,g0¢}rm =0,

{lafgoatrme = {f. 9} oq (4)

{ldf7 lag brm = ld{f,g} )

where lg(v) = (v,df(q(v))), v € TM and f,g € C(M).

Tangent lifts of bi-Hamiltonian structures



Corollary

Let (M, 7) be a Poisson manifold and let x = (x1,...,zN) be a
system of local coordinates on M. Then the Poisson tensor wpg
on the manifold TM associated with w has the form

0 ‘ m(T1,...,TN)
v (X, y) = or ,
( y) Tr(xlw"ny) Zévzl T(xlv"‘awN)ys
L
in the system of local coordinates (x,y) = (®1,..., TN, Y1,---,YN)

onTM.
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Lifting of Casimir functions from M to T M

Theorem

Letey,...,c., where r = dim M — rank 7, be Casimir functions for
the the Poisson structure w, then the functions

N
8Ci

cioq and ldci = 87‘%7
s=1 $

1=1,...7,

are the Casimir functions for the Poisson tensor wp ).
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Lifting of functions in involution from M to T'M

Let functions {H;}¥_, be in involution with respect to the Poisson
bracket generated by m, then the functions

N oH;

e COVA (5)

e oa, lum, =

s=1

are in involution with respect to the Poisson tensor wr ;.

If (M, 7, m2) is a bi-Hamilton manifold then (T'M, 7\ 7y, 72,10 )
is a bi-Hamilton manifold.
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In the case of a linear Poisson structure, we have additionally a
Lie-Poisson structure on T'M.

Theorem

Let w be the Lie-Poisson structure on g*. Then the tensor

Trg (X, y) = ( A:((xy)) :g; )

gives the Poisson structure on T'g* for any A € R.

Theorem

Let cy,...,c., where r = dim M — rank 7, be Casimir functions for
the Poisson structure m with X\ # 0, then the functions

ci(t) +ci(w) ¢(t) —c(w), i=1,...r
where t = <:U1 —VAyr, ... oy — \F)\yzv>,

w = (a:l + ﬁyl, e, TN+ \f)\yN), are the Casimir functions.




The Poisson structures on T'so(3) are given by tensors

0 0 0 0 —z3 a2
0 0 0 xrs3 0 —I1

_ 0 0 0 —z2 = 0

7T1,TM(Xa Y) = 0 —T3 X9 0 —Ys Y2

T3 0 —T1 Y3 0 it
—T2 @1 0 =y wn 0

Moreover the Casimirs are given by
2., .2, 2 1
a1 (X) = z7 + x5 + a3, §ldcl = T1y1 + T2y2 + T3Ys3.

In this case we recognize the Lie-Poisson structure of
e(3) = T'so(3).
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We have another Poisson structure on T's0(3)

0 —ys u2 0 —x3 =
Y3 0 -y x3 0 —x
Y2 N 0 —x2 m 0
0 —z3 @ 0 —ys
r3 0 -—z1 y3 0 -un
—Iy I 0 -y wu 0

Trm(X,Y) =

In this case, we recognize the Lie-Poisson structure of
50(4) = T's0(3). The Casimir functions now are given by the
formulas

AX+Y)+a(X —Y) =2z} + 23+ 23+ vi + 93 +12),
(X +Y)—c(X =Y) =4(z1y1 + 2292 + 23Y3) -
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Lifting of a bi-Hamiltonian structure from M to
TM (Main results)

Theorem

If (M, {, }1,{, }2) is a bi-Hamiltonian manifold, then for any A € R
its tangent bundle T' M possesses a Poisson structure {, }7r
given by

{foq,90¢,}rmr=0,

{lag, g0y =1{f,9}104¢ (6)

{apslaghran = lagpgy, + Mfrg}204,

where lgr(v) = (v,df (q(v))), v € TM and f,g € C*(M).
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Lifting of a bi-Hamiltonian structure from M to
TM

Corollary
Let (M, 71, m2) be a bi-Hamiltonian manifold and let
x = (x1,...,xN) be a system of local coordinates on M. Then the

Poisson tensor mrr,\ related to (M, w1, m2) takes form

0 ‘ m1(X)
s X,y) = or
TM,)\( Y) 7T1(X) Ziv:l T;(X)ys + )\7T2(X)
in the system of local coordinates (x,y) = (®1,..., TN, Y1,---,YN)

onTM.
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Lifting of Casimir functions from M to T M

Letcy,...,c., where r = dim M — rank w, be Casimir functions for
the Poisson structure w1 and functions ff‘, i=1,...,r, satisfy the
conditions {f},x;}1 = {xj,c;}2, for j=1,---,n, then the
functions

N

_ oc; .
cioq and ¢ = L(X)ys + A (x), i=1,...7
Oz,

s=1

are the Casimir functions for the Poisson tensor mrpy .

Theorem

If the functions {H;} are in involution with respect to the Poisson
N OH;
=1 O,
involution with respect to the Poisson tensor T r ».
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Toda lattice — bi-Hamiltonian system

The Hamiltonian
H = Z<pz+eQz1Q1>.
€L
Hamilton's equations
4i = {qi, H} = p;
pi = {pi, H} = e%i-179% — di—di+1

Under Flaschka’s transformation

o 1 (qz;{qz‘) b 1 ‘
az - 26 9 (2 2p2—1
the system transforms to
da;
CT; = a;i (bit1 — bi),
db;

n =2 (a2 — az2 1)
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The Toda lattice is equivalent to the Lax equation

dL
— =[A L
dt 4, L1,

where
Lf; = aifiv1 +bifi + ai—1fi-1,

Afi = aifiy1 — ai—1fie1

are linear operators in the Hilbert space of square summable
sequences [*(7Z).
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The Toda lattice is a bi-Hamiltonian system. There exist another
Poisson bracket, which we denote by 79, and another function Hi,
which will play the role of the Hamiltonian for the my bracket, such
that 7 + 7o is Poisson tensor and m{VH = myV H;
(H =", (2b7 + 4a?)). The Poisson tensor 7 is given by the
relations

S{Qi, bi}l = —aj, 8{az~, bi+1}1 = Q.

For the Toda lattice the 7y bracket (which appeared in a paper of
M. Adler) is quadratic in the variables b;,a; and it is given by the
relations

1
{ai,aip1}e = §aiai+1, {ai, bi}2 = —a;b;,

{ai,biv1}e = abiyr, {bi,bis1}ts = 247

and all other brackets are zero.
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Example- Extended Toda Lattice

Functions Hj, = TrL" are the functions in involutions with respect
to the both brackets. The above functions for &k = 1,2,3 have the
expressions
Hy=trL=>Y b, Hy=2H=trL>=> (b} +2a}), (7)
i€’ =/
Hy =trL? = (b} + 3a7bi + 3a7bis1) -
i€Z
Now deformed tangent Poisson structure 7ryy 5 in local coordinates
a;, bi,n;, m;, 1 € 7, is given by the relation
1 1

{as, mi}ramy = — % {ai, mic1}rvy = 1% (8)
1 1
{bi,ni}rama = 1% {bix1,nitrmy = — % (9)
A 1
{ni,nigitramn = 5 0idi+1, {ns,mitrm ) = avike Aa;b;,

(10)
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From the last theorem we transform the functions Hy = TrLF into
the functions Hj, o g3, = TrLF o qys and
~ O0H O0H
N k k :
Hk‘ = ZS:I <6asns + 8[)8m5> , 1.e.

lezbia f{l:Zmi,

i€l €L
Hy = Z (bz2 + 2“?) ) Hy = Z (2b;m; + 4a;n;) ,
€7 i€z

(11)

Hs = (b} +3aibi +3a{bis1), Hs = (3bfm; +3ajmi + 3aimi,
i€z =
+6a;b;n; + 6a;bi11n;) ,
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Now if we take as the Hamiltonian
H = aHs + Hy = Z (ab? + 2aa? + 28bym; + 4Bam;)  (12)
€L
then Hamilton's equations are in the form

daZ
dt /Ba”b( Z+1_bi)7
db;
—r = Bal —aly), (13)
dn; 1 1 1
o = 520 (biv1 = bi) + 5 8ai (miv1 —ma) + 5 Bni (b1 — bi) +
+2BXa; (a? 4 — — b7 + b)),
dm;
:; =a(af - af_l) + 26 (ain; — a;i—1mi—1) +

+ 48X (a?biﬂ + a?bi — a?_lbi — a?_lbi_l) .

We can interpret these equations as an extension of the Toda
lattice. It is the integrable system, where the integrals of motions
are given by formulas (11). If we put « = A = 0, 8 = 2 and we take

. O _10da |3
Tangent lifts of bi-Hamiltonian structures




Thank you for your
attention
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