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Introduction

The vector nonlinear Schrédinger equation is associated with
symmetric space SU(n+1)/S(U(1) ® U(n)). The special case
n = 2 of such symmetric space is associated with the Manakov
system

iqie + g +2(|g1]? + |21 = 0, (1)
ig2e + qoxx + 2(|q1]* + |q2[*) g2 = 0. 2)
Geometrical equivalent counterpart of the Manakov system is the
coupled spin systems
A +AANA+uiAc+2viHAA = 0, (3)
B:+BABw+ wBs+2vwHAB = 0, (4)
where spin vectors A = (A1, A2, A3) and B = (By, By, B3),
A2=B2=1 H= (0,0, 1)T is the constant magnetic field, u;

and v; are coupling potentials.
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In matrix form the coupled spin systems (3)-(4)

1 .
iAt+§[ArAXX]+IU1AX+V1|:0-3’A] = 0, (5)
. 1 -
By + E[B, Bo] + itaBc + v2lo3, B] = 0, (6)

where

A3 A™ . + .
A:(A+ _A3), A% = | =diag(1,1), AT = A £iA. (7)

Bs B~ . + .
B:(B+ _B3>,82:/:d/ag(1,1), B* =By +iB. (8)
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Lax representation of the coupled spin equation hierarchy
We present two possible versions of the Lax representation (LR) for
the coupled spin equation hierarchy.

LR type - |
The first type of LR for the coupled spin equation hierarchy reads
as
Yy = —iAPY, (9)
N .
j=1
where A is a spectral parameter and
_ 2(14A3)B~
P=_—— AT —(2A3+K) AL . (11)
2+ K 2(14+A3)B* 2A-B* K—2

1+B3 1+B3
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with K = (1 + A3)(1 — B3)(1 + B3) 1. The compatibility
condition of this system gives the coupled spin equation hierarchy.
As the particular example, let us consider the case when N = 2.
Then the set of equations (9)-(10) takes the form

Y, = —i\PY, (12)

Y = (ABPVa+AWy)Y, (13)
where

Vo = —2iP, V4 = PP,. (14)

The compatibility condition of the equations (12)-(13) gives the
coupled spin equation (5)-(6).
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LR type - Il
The second type of LR for the coupled spin equation hierarchy can
be written in the following form

Yy = —iAQY, (15)
N
Y, = Y Mwy. (16)
j=1
Here
Q=G0+ Q, (17)
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where

0 A A A
| AL 0 A A
@ = —Ay —A3 0 A |’ (18)

-As A —-A1 O

0 B B -B;
| -B1 0 By B
Q= B, B, 0 -B | (19)

Bs —B, By 0

From the compatibility condition of the set of equations (15)-(16)
Yyt = Yix We obtain the coupled spin equation hierarchy.
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Relation between solutions of the coupled spin equation and
the Manakov system

Let A; and B; be the solution of the coupled spin equation (5)-(6).
Then the solution of the Manakov system (1)-(2) is given by

Re2i1/
- e 20
a W(L+ As) (20)
Ze2iv
_ e 21
7 W(l+ A;) (21)
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Here (1 A )(1 B)
+ A3)(1 — B3
W=2+ 1+ B; + K,
R=WA, — MA™,

Z = W[(L+As3)(1+B3) "B ]x — M[(1+ A3)(1 + B3) 'B7].
ATAL  A(1-B3)  (1+A3)BTB.
14+ A3 14 B3 (1+ B3)?
(1+A3)(1— B3)Bss
(1+B3)? '
_ A1Ag — AixAz (1 + A3)(BixB2 — B1Boy)
X (1+ AW (1+ B3)2wW

M:A3x+

Akbota Myrzakul Geometry and Exact Soliton Solutions of the Integrable su(3)



Gauge equivalence between the I'-spin system and the
Manakov system

In this section, we want to present the gauge equivalent
counterpart of the Manakov system when n = 3. The Lax
representation of the Manakov system (1)-(2) has the form

o, = Ud, (22)
o, = Vo (23)

Here
U= —iAX+ Uy, V = —2iA2Z+2AUp + Vo (24)
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1 0 0 0 a1 @
=0 -1 0 , b= -G 0 0 , (25)
0 0 -1 -G 0 0
‘q1|2+|q2|2 d1x qox
Vo=1i Gix —|al? —aqq |- (26)
Gox —Gq —|ql?
Let us now consider the gauge transformation
Y=g l® g=o, . (27)
Then ¥ obeys the equations
Yy Uvy, (28)
Y, V'Y, (29)
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where
1
U = —iAl, V' = —2iAT + SAC T, (30)
Here
r=g'xg, TI?=1 (31)
and
I'n T I3
I'= Iy T I'ps € su(3). (32)
I3 I'32 I's3
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Elements of the I' matrix satisfy some restrictions

I33=—(1+T1u+Tw), T;=Tj (33)

and
Lilig + iy Ckryi + Dikr) k)i = 0,(0 # k # J)34)
Fielii + Ty Uik 1)i + Tikr) Loy = 1 (35)

The compatibility condition of the equations (28)-(29) gives

1
iTe+ 5[0 T = 0. (36)

Akbota Myrzakul Geometry and Exact Soliton Solutions of the Integrable su(3)



Relation between solutions of the coupled spin equation and
the I'-spin system

In the previous sections we have shown that to the one and same
set of equations - the Manakov system (1)-(2), correspond two
spin systems: the coupled spin equation (5)-(6) and the I'-spin
system (36). It tells us that between these two spin systems there
must be some exact relation/correspondence. In other words, the
2-layer spin equation (5)-(6) and the I'-spin system (36) are
equivalent to each other by some exact transformations. Below we
will present these transformations.
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Direct transformation
According to the transformation, in terms of the spin vectors A
and B, the elements of the I'-spin system are expressed as

_ 2(1+A3)B~
r=_-—"— 24V —(2A3+K) 2E . (37)
2+ K 2(14A3)B* 2A°B* K 32
1+Bs 1+Bs o

where

(14 A3)(1 - Bs)
K = 13+B3 2 (38)

This is the direct transformation. This transformation allows us to
find solutions of the I'-spin system (36) if we know the solutions of
the coupled spin equation (5)-(6).
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Inverse transformation
According to the inverse transformation, solutions of the coupled
spin equation can be expressed by the components of the I'-spin

system as
1 11 —To 212 >
A= , 39
1-T33 ( 2l I'pn—Tn (39)
1 ' —Ts3 2I'13 >
B= _— ) 40
1—Tp < 23 I3z —TI'11 (40)

The transformations (39)-(40) is called the inverse transformation.
Using the inverse transformation, we can find solutions of the
coupled spin equation (5)-(6), if we know the solutions of the
[-spin system (36).
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Darboux transformation and exact solutions of the I'-spin
system

In this section, we construct the DT for the equation (36). To do
this, let us consider the following transformation of solutions of the
equations (28)-(29)

@ =LY, (41)
where

L=AN—1. (42)
We require that @' satisfies the same Lax representation as
(28)-(29) so that

o, = U, (43)

o, = VI, (44)
where U’ — V' depend on T as U — V on T.
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The matrix L obeys the following equations

L,+LU = UL, (45)
L,+LV = V'L (46)

These equations yield the following equations for N

Ny = il —iT, (47)

N, = —T'T,+TIT, (48)
and

r' = NTN L. (49)

Also we have the following useful second form of the DT for I
I' =T —iN,. (50)
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Let us consider the following set of equations

He = —iTHA, (51)
Hy = —2iTHA%?4TTHA, (52)
where
A 0 0
A=[0 A 0], (53)
0 0 Az

det H # 0 and Ay are complex constants. We now assume that
the matrix N can be written as:

nai m2 ms3
N = HA_]'H_]' == np1  nNp2 N3 . (54)
n3i1 n32 N33
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The inverse matrix we write as

1 mi1 Mmi2 M3
N~!=HAH ! = ; mo1 Moy Mo3 (55)
m31 m32 m33

or
. noon33 — no3nzy  —(n1an33 — ni3nzp)  Nipnp3 — n13no
N~ = - —(mp1n3z — no3n31)  npin33 —n3imz —(n11mo3 — n1ni3)
n3amy — n3inye  —(m1n32 —n3ini2) 11N — min2

where n = detN and has the form
n = n11n22n33 + N12n23n31 + N13N32N21—

—N31M22M13 — N12N21N33 — N11123N32.
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From these equations follow that N obeys the equations

N, = iNTN™!—iT, (57)
N; = IT,— NIT,N! (58)

which are equivalent to Eqs.(57)-(58) as we expected. The I' and
matrix solutions of the system (28)-(29) obey the condition

of=07! rf=r, (59)
which follow from the equations

of = iA@'Tt, (@71, =ird L (60)
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Here T denote an Hermitian conjugate. After some calculations we
came to the formulas

1Mt xy)  Pa(Antxy)  P3(Atx,y)
H=|v2(A1;t,x,y) —P1(A1;t, x,y) 0 , (61)
P3(A1it X, y) 0 —Pp1(Mit, x, y)

where /\2 = )\3 = /_\1,

. R 1o P11ps
H =g, | a2 (11> + [2]?) R . (62)
P\ Py Patp3 —([1* + [¢p2]?
where
O = [p1]>+ [ + ps]*. (63)
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So finally for the matrix N we get the following expression

n11D n12D I713|:|
1 - 2 |2 2 _
N =g | r¥2612 gl [ Hial S O
P1yp3€13 Patp3€13 % i W
where €j; = /\i—l _ /\j—I'
1% | (92l | |32
nid = W + po + T (65)
D b 2
1¥2 1¥2 2|3 _ _
meH = ¢Alf - lp;f + ¥ ;’i | (A3 =AY, (66)
N > L
N R U S U W [¢2| 93 A51—A5h). (67)

M A3
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Hence we can write the DT in terms of the eigenfunctions of the Lax
representations (28)-(29) as

ril —

1 ni1mil — M2m21 — N13mM31 N11M12 — N12M22 — N13MmM32  N11M13 — N2f
— | M21m11 — nN22Mm21 — N23M31  N21M12 — N22M22 — N23M32  N21M13 — N22fr
Nn31mMi1 — N32M21 — N33M31  N31M12 — N32M22 — N33M32  N31M13 — N327
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To construct the 1-soliton solution of the I'-spin system (36), now
we consider a seed solution

ro—x. (69)
In our case the eigenfunctions are given by
IPEO] — e Btio ¢£0] — Pt 1p£0] — ftids, (70)

where §; are complex constants and

0 =01+ i0y = —idix — 2iA%t. (71)
Then we get
1 1 1
ry Iy T
=, 72)
1 1 1
Iy Ty s

where nj; and mj; are given by the equations (65)-(67).
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The 1-soliton solutions of the coupled spin equation
Let us now we present the formulas for the 1-soliton solution of the
coupled spin equation (5)-(6). Its seed solution we write as

A = gy B0 = g5 (73)

To find the 1-soliton solution of the coupled spin equation here we
use the inverse M-transformation . The inverse transformation
allows us to find solutions of the coupled spin equation (5)-(6), if
we know the solutions of the I'-spin system (36). So the 1-soliton
solution of the coupled spin equation has the form
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1— F[313] 2054 Iy =Ty
1 1
Bl 1 ( i _[1{[33] [1]21"[13} ] > . (75)
1-— F[212] 2Ty I3 =T

where FEJ.H are given by the formulas (72) and (68).
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Conclusion

In this paper we have presented the DT for the I'-spin system
which is the integrable su(3)-valued spin system. In particular, we
have given the explicit formula for its 1-soliton solution. Then we
have shown how construct soliton solutions of the coupled spin
equation for the two coupled su(2) - valued spin systems. For this
purpose we have used the DT formulas of the I'-spin system.

Also the Lax representation of the coupled spin equation is
presented. Using this Lax representation, the gauge equivalence
between the coupled spin equation and the Manakov system is
established. The results obtained in this paper will be useful in the
study of nonlinear dynamics of multilayer magnetic systems. Also
they will be useful in differential geometry of curves and surfaces to
find the integrable deformations of interacting curves and surfaces.
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Thank you for attention!
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