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l. Review

The nature of (1+1)-dimensional integrable systems is now well
understood [1].

Nonlinear Schrédinger equation (NLSE)

i9t + P+ 2|0[P9 =0 (1)

with boundary condition

@(x, )| jx|se0 = O, (2)

where ¢(x, t) is a complex-valued function (classical charged
field), subscripts mean the partial derivatives of the corresponding
variables.

[1] M.J. Ablowitz and P.A. Clarkson, Solitons, Non-linear Evolution
Equations and Inverse Scattering (Cambridge University Press,
Cambridge, 1992).
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The integrability of the NLSE (1) through the IST is realized by
the following Lax pair:

D, = U, (3a)
o, = VO, (3b)
where
U= AU + Up. (4a)
Here . N
el B) e (i ©)
V=AV+AV; + Vo, (4b)
with

—ilol*  ¢x >
V = —U, V = —U, V = R 3
’ b o ( —¢x il
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An interesting subclass of integrable systems, useful both from the
mathematical and physical points of view, is the set of integrable
spin systems.

(141)-dimensional isotropic classical continuous Heisenberg
ferromagnet model (HFM):

St =S X Sk, (5)
with boundary condition
8(51.52.53)|xﬁoo — (0,0,il), (6)

where S(x, t) is a spin vector, X means a vector product. The
range of the value of S is a subset of the unit sphere in R3.
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The integrability of the HFM (5) using the IST problem is
associated with the compatibility condition of the system

D, = UD, (7a)
b = VO, (7b)
where
i ir?
UZEAS' V——5+ [55] (8)

Since the identification of the first mtegrable Heisenberg spin
systems [2,3], several other integrable spin systems in
(141)-dimensional have been identified and investigated through
geometrical and gauge equivalence concepts and its the IST
method.

[2] M. Lakshmanan, Phys. Lett. A 61 (1977) 53.
[3] L.A. Takhtajan, Phys. Lett. A 64 (1977) 235.



Integrable spin systems in (2+1)-dimensions
The equation (5) admits a series of integrable (2+1)-dimensional
generalizations. One of them is the following equation:

St =S xS, + uSy, (9a)
ue =—S- (S« xSy). (9b)
Line system for eq.(9)
®1y = Uy @1, (10a)
Dy = BADy, + Vi, (10b)
where )
Uy = é/\s, (11a)

Vi=ua <'/\225 + %[S, SX]> +f5% ([S,Sy] +2iuS).  (11b)
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The integrable spin equation (9) is investigated in [4]. It is shown
that its geometrical and gauge equivalent counterparts are the
(2+1)-dimensional non-linear Schrédinger equation belonging to
the class of equations discovered by Calogero and then discussed
by Zakharov and studied by Strachan. It has the form

iq: — XGxx — Paxy — vq =0, (12a)
ipt + apx + PPxy + vp =0, (12b)
e = 20a(pa)s + B(paly) (12¢)

where « and f - real constants, g and p - complex-valued
functions, v is a potential.

[4] R. Myrzakulov, S. Vijayalakshmi, G. Nugmanova, M.
Lakshmanan. A (2+41)-dimensional integrable spin model:
Geometrical and gauge equivalent counterpart, solitons and
localized coherent structures. Phys. Lett. A 233 (1997) 391-396.



[5] Chen Chi, Zhou Zi-Xiang. Darboux Transformation and Exact
Solutions of the Myrzakulov-1 Equation, Chinese Physics Letters,
v26, N8, 080504 (2009)

[6] Chen Hai, Zhou Zi-Xiang. Darboux Transformation with a
Double Spectral Parameter for the Myrzakulov-I Equation, Chinese
Physics Letters., v31, N12, 120504 (2014)

[7] Chen Hai, Zhou Zi-Xiang. Global explicit solutions with n

double spectral parameters for the Myrzakulov-1 equation, Modern
Physics Letters B, v30, N29, 1650358 (2016)
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Il. Results
Integrable spin system with self-consistent potentials

The integrable Heisenberg ferromagnetic equation reads as
. 1 1
ISt+§[S' SXX]+5[S, W] == 0, (1)
Wi +w[S, W] = 0, (2)
where S = Sio;, W = W, S? = 1, W? = b(t)l, b(t) =

const(t), | = diag(1,1), [A,B] = AB — BA, w is a real constant
and o; are Pauli matrices.
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The Lax representation can be written in the form

o, = UD, (3)
o, = Vo, (4)

where the matrix operators U and V have the form

U = —ilAS, (5)
vV = A2v2+;\v1+<)\iw—;) w. (6)

Here
Vo = —2iS, V4 =05[S, 5], (7)
A N A
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[b]

Figure: One-soliton solution
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[b]

The interaction of two solitons
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[b]

Figure: The interaction of three solitons
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Figure: The relationship between the spin vector and the vector potential
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1-layer spin system
Consider the spin vector A = (Aj, Ay, A3), where A2 = 1. Let this
spin vector obey the 1-layer spin system which reads as
A +AANA, +u1A+F =0, 9)

where uy(x, t, Aj,AjX) is the potential, F is some vector function.
The matrix form of the spin system looks like

1
iAt + E[A, Axx] + iulAX +F = 0, (10)
where
A= (ﬁi _A;3) . A?=1=diag(L1), A" =A+ih (11)
T <Ifi _FF3)' FE=ftif (12)
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We consider the following particular case of the spin system
Ai +ANA + 1A+ viHAA =0, (13)

where vi(x, t, Aj, Aj) is the potential, H = (0,0,1) is the con-
stant magnetic field. It is interesting to note that the integrable
2-layer spin system contains constant magnetic field H. It seems
that this constant magnetic vector plays an important role in theory
of "integrable multilayer spin system” and in nonlinear dynamics of
magnetic systems.
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Geometrical equivalent counterpart

Let us find the geometrical equivalent counterpart of the 1-layer spin
system (13). To do that, consider 3-dimensional curve in R3. This
curve is given by the following vectors e,. These vectors satisfy the
following equations

e e e e
(S =C (Sh) , er =D (Sh) . (14)
es3 es3 e3 es3

X t

Here e1, ex and e3 are the unit tangent, normal and binormal vectors
to the curve. The matrices C and G have the forms

0 kl 0 0 w3 —w?y
C = —kl 0 T1 , G= —ws3 0 w1 . (15)
0 —T1 0 w2y —W1 0
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The curvature and torsion of the curve are given by the following

formulas
. A\
ko= fer, m = olen e (16)
elx

The compatibility condition of the equations (14) is given by

Cr — GX+[C, G] = 0, (17)
or in elements
kie = wsx+ Tiws, (18)
T = Wix — kiwo, (19)
Worx = T1W3 — klwl. (20)
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Now we do the following identifications:
A=e;, F=Fe;+Fe+ Fes. (21)

Then we have

K = AL (22)
A- (AN A
1 = (A2)' (23)
and
kisxx + Fo11 + F3x
wp = — 1 /311 3 + (Tl — Ul)Tlv (24)
w3 = kl (Tl — Ul) — F2, (26)
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with F; = E; = 0. The equations for k; and 11 reads as

kit = 2kuT+ kiTie — (uiky)x — Fox + F3, (27)
k F. F: 1
T, = N 1xx + 2T1 + 3x + (Tl _ U1>T1 _ 7k12 o F3KQ-8)
k1 2 7],
Next we introduce a new complex function as
au=rye (29)

This function satisfies the following equation
iq1e + quec +2|q1)?q1 + ... = 0. (30)

It is the desired geometrical equivalent counterpart of the spin sys-

tem (9). If uy = vi =0, it turns to the NLSE
iqie + G+ 2|q1)%q1 = 0. (31)
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2-layer spin system

Now we consider two spin vectors A = (Aj, Az, A3) and B =
(By1, By, B3), where A2 = B? = 1. Let these spin vectors satlsfy the
following 2-layer spin system or the coupled spin system

A+ AAA,+ A +20HAA = 0, (32)
B:+BABy + wBy+2,HAB = 0, (33)

or in matrix form
iAr + = [A A] + i1 Ax + vio3, Al = 0, (34)
iB: + 5[3, BXX] + i By + vo [0’3, B] = 0, (35)

where H = (0,0, l)T is the constant magnetic field, uj and v; are
coupling potentials.
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The geometrical equivalent counterpart

In this subsection we present the geometrical equivalent counterpart
of the 2-layer spin systems (32)-(33). Now we consider two inter-
acting 3-dimensional curves in R". These curves are given by the
following two basic vectors e, and l,. The motion of these curves
is defined by the following equations

€1 €1 €1 €1
(=) =C (=) , (<) =D (=) , (36)
e /. €3 e /., €3
and
] I Iy I
I =1L I , I =N1{| b . (37)
I3 /), I3 I/, I3
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Here e1, ex and e3 are the unit tangent, normal and binormal vectors
respectively to the first curve, I1, 1> and I3 are the unit tangent, nor-
mal and binormal vectors respectively to the second curve, x is the
arclength parametrising these both curves. The matrices C, D, L, N

are given by
0 k1 0 0 w3 —w?
C = —kl 0 T1 , G = —w3 0 w1 , (38)
0 —7,m O Wy —wi 0
0 kn O 0 03 —0-
L= —k2 0 D) , N = —93 0 91 . (39)
0 — T2 0 92 —91 0
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For the curvatures and torsions of curves we obtain

k]_ = ,/e%x, T = €1 (elxz/\ elXX) ) (40)

€1x
/ Iy - (|1 Al )
k2 = I%x' Ty = —% il . (41)
X

The equations (36) and (37) are compatible if

C:—G+[C.G] = 0, (42)
Le — N+ [L N] = O. (43)
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In elements these equations take the form

kie = ws3x+ Tiws, (44)
Tir = Wwix — kiwo, (45)
wax = Tiw3— kwg, (46)
and
kot = 03+ o, (47)
Tt = b1 — kot (48)
92x = T293 — k291. (49)
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Our next step is the following identifications:

A=e, B=l. (50)
We also assume that
F = Fie; + Faex + F3e3, E = Eily + BEolr + Esls, (51)
where
F=2nHAA, E=2w»nHAB. (52)
Then we obtain
K2 = A2 (53)
o = A- (A;; AXX), (54)
k3 = B2, (55)
S B.(BEEA BXX), (56)
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and
w; = — Koo & FilTl + Fax + (11— w)T, (57)
wy = kix+ Fs, (58)
w3 = ki(t—u)—F, (59)
o, — _ kosx + E;’fz + Esx + (T — ), (60)
0 = kox+ E3, 2 (61)
035 = ko(o— p) — Es. (62)
with
Fi=E =0, (63)

Gulgassyl Nugmanova Integrability of the Spin System



We now can write the equations for k; and ;. They look like

kit = 2k1xT1 + kiTix — (Ulkl)x — Fox + F311, (64)
T = [—7km+l__ﬁfﬁﬁx +(n—w)u — %klz} — F3kq, (65)
kot = 2koxTo + koTox — (U2ko)x — Eox + E3T2Xv (66)
Tor = [—7k2”+%;2+l53x + (2 —w)— %kﬂ — Ezko. (67)

X
Let us now introduce new four real functions «; and B; as

Ny = 0.5k1m, (

B = nu(l+d), (69
(
(

ay = 0.5k/1+ (o,

B2 = m(l+¢2),

Gulgassyl Nugmanova Integrability of the Spin System



where

A2
G = Tt par L (72)
{p = WLANBIE LMoy B 1F g, (73)

_ RR—RR—4iRPvx
C1= WAL AP L (74)
& = 2, Z-2Z,—4i|Z|?vx 1

2 2i2W2(1+A3)2 T

(75)
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Here
(14 A3)(1— Bs)
+ 1+ Bs e (76)
ATA Asx(1-B 1+A3)B* B, 14+A3)(1—Bs)Bsx
M:A3X + 1+A3 + 3]_(+B3 3) + ( (1_;'?1)53)2 _ ( (31)_5_33)23) 3, ,(77)
R=WA_ — MA~, (78)

Z=W[(1+A3)(1 + B3) 1B~ ], — M[(1+ A3) (1 + B3) "1B~].(79)

ArAxx — AixAz (1 + A3)(BixBr — B1Bax)

v o= ot
(14 As)W (14 Bs3)2W

(80)
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We now ready to write the equations for the functions a; and ;.
They satisfy the following four equations

a1t — 20151 —a1fix = O, (81)
Bie + [“;:X — B3 +2(o7 +zx§)] = 0 (82)
Ko — 200252 — Oézﬁzi = 0, (83)
ot "2 - 2034 ad)| =0 (0
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Let us now we introduce new two complex functions as

g = g(le_ia;lﬁl' (85)
g2 = age_ia;lﬁ2. (86)

Sometime we use the following explicit form of the transformation
(85) and (86)

G = 05ki\/1+ e O [mO+E)] (87)
G = 05ky\/1+ Jpe o [R(+E0)] (88)

It is not difficult to verify that these functions satisfy the following
Manakov system

iqie + quoc +2(|q1)? + |21 @1 0, (89)
iqor + qoxx +2(|q1? + |q212) g2 = 0. (90)
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The vector nonlinear Schrédinger equation is associated with sym-
metric space SU(n+1)/S(U(1) ® U(n)) [8]. The special case
n = 2 of such symmetric space is associated with the famous Man-
akov system.

[8] N.A. Kostov, R. Dandoloff, V.S. Gerdjikov and G.G. Grahovski.
The Manakov system as two moving interacting curves, arXiv:0707.0575v1
[nlin.SI] 4 Jul 2007.
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Conclusion

Thus we have shown that the Manakov system (89)-(90) is the ge-
ometrical equivalent counterpart of the 2-layer spin systems or, in
other terminology, the coupled spin systems (32)-(33). It is inter-
esting to understand the role of the constant magnetic field H. It
seems that this constant magnetic vector plays an important role in
our construction of integrable multilayer spin systems and in nonlin-
ear dynamics of multilayer magnetic systems.
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Thank you for attention!
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