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Abstract

Here we derive a formula for the exponential of any 4 x4 matrix which belongs
to one of the Lie algebras so(4), s0(2,2), s0(3,1) and sp(4,R).

The approach which we follow is based on the Hamilton-Cayley theorem,
namely, the important moment in all our considerations are the respective

characteristic polynomials of the above matrices.



Introduction

Many mathematical models of processes in Physics, Biology and
Chemistry are based on systems of linear, ordinary differential
equations with constant coefficients. For example, by rewriting
the classical Lorentz force law equation in the relativistic form,
the motion of a charged particle in a constant electromagnetic
field can be described by a system of four linear differential equa-
tions - the so called Lorentz equations

dU*“

dr
where a is a real constant, U denotes the particle’s four-velocity
(column) vector with respect to the fixed inertial system
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As one can see F is an element in the Lie algebra so(3,1), which
is the Lie algebra of the Lorentz group SO(3,1). The general

solution of Lorentz equation is

U(r) = Exp(aF7T)U(0)

(4)

where Exp is the exponential map from the Lie algebra so(3,1) to
Lorentz group SO(3,1) and U(0) is the initial value of 4-velocity

vector (at the proper time r = 0).



So finding of the particle’s trajectory is equivalent to finding of
formula for the exponential map from s0(3,1) to SO(3,1).

Another physical models lead to the necessity of finding formulas
for the exponential maps from various Lie algebras to the corre-
sponding Lie groups.

A formula for the exponential map for Lie algebras so(4), s0(3,1),
s0(2,2) and sp(4) is derived.



T he Exponential Map

Let G be a finite dimensional Lie Group with unit e and g - its Lie
algebra. The exponential map from g to G is defined as follows

Exp:g— G

Exp(X) = vx(1)
where ~x is the integral curve of the left-invariant vector field
X € g with initial condition vx(0) = e.
It is well known that if G is a group of n X n real or complex
matrices then

(5)

Exp(X) = ioj i—? (6)
n=0 "

where X is n X n matrix from the Lie algebra g.



Consequently, since the groups which we will consider: SO(4),
SO(3,1), SO(2,2), Sp(4) are matrix Lie groups, we have to
calculate the above power series for any matrix X belonging to
one of Lie algebras so0(4), s0(3,1), s0(2,2) and sp(4).

Actually, these calculations can be replaced by a single one by
noticing that all 4 x 4 matrices in the above listed algebras share
the same characteristic polynomial of the following special type

£(2) = 2% — b2? — a. (7)



Calculation of Power Series

Let A be some 4 x 4 matrix with characteristic polynomial

£(2) = 2% — b2? — a. (8)
Cayley-Hamilton’s theorem implies
A% = aly + bAZ. (9)
Direct consequence of this equality is
A2 A3
Exp(A):I4—|—A—|—?—|—F a="b=0. (10)

So we may consider

az*0 or b # 0.



First we write the equality (9) in the following manner
A% = wly + (u — v) A2 (11)
where v and v are new parameters, determined by the system
u—v==> uv = a. (12)
Straightforward consequence is
(u 4 v)? = b2 + 4a. (13)

We derive two formulas: one for the case b2 + 4a #= 0, and the
other for b2 + 4a = O.



The case b2 + 4a # 0.
Using

A% = woly 4 (u — v) A? (14)
by finite induction one can prove, that for each n > 0
(u+v)A%2" = (v u” + (=1)"u V)],

(15)
—|—(un—|—(—1)n+1vn)A2
Hence,
00 A2n B o0 ( 1)n n
() 2 oyt ( 'S Gt e )4

00 u™ 00 (_1)n n 5
— A
+<n§O (2n)! =, (2n)! )

— (v cosh vu + ucosvv) Iz + (cosh /u — cos o) A°. (16)
( )1a + ( )



Using (15) again, by similar considerations is obtained
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Now introducing functions

v cosh \/u + u Cos /v
u -+ v

fo(u,v) =

Usinh Vu n usin NG
_ Vo
fl(uav) w—+ v

cosh y/u — COS+/v
u -+ v

sinhy/u  siny/v
Falu0) = VA

fo(u,v)=




allows to infer

o0 A2n B : A2
ngo )l fo(u,v)Ig + fo(u,v)
(18)
00 A2n—|—1 B y A3
ngo (271"‘1)' _fl(uav) —|—f3(u,’v)
which implies
Exp(A4) = fo(u,v)Is + f1(u,v)A
(19)

+fo(u, v) A% + f3(u,v) A3



The case b2 + 4q = O.

If this equality is satisfied then

b 2
A% —bA2 —qly = (A2 — 214)

= (o) (4 )

Now the Cayley-Hamilton’s theorem implies

(A —plp)? (A+ pls)? = 0. (20)

where

— =p. (21)



Equality (18) brings to
Exp (A — plg) (A + plg)?
= [I4 + (A — pls)] (A + ply)? (22)

= [A+ (1 - p) L] (A+ pla)?.
Now since matrices A and pl, commute

Exp(A) (A + ply)?

(23)
= exp (p) [A+ (1 — p) 4] (A + pla)*.
Through similar considerations one can prove that
Exp(A4) (A — pla)?
(24)

= exp (—p) [A+ (1 + p) 14] (A — ply)~.



Subtraction of last two equations gives

4pExp(A)A = exp (p) [A+ (1 — p)1a] (A + pla)?
—exp(—p) [A+ (14 p) 1a] (A — plg)?
The determinant of the matrix A is —a, hence A is invertible

(because a # 0 ). Now after some calculations one may easily
obtain the following final formula

(25)

Exp(A) = go(p) A~ + g1(p)a + 92(p) A + g3(p) A® (26)



where

psinh p — p2cosh p

golp) = 5
2coshp — psinhp
g1(p) = 5
sinh p 4+ pcosh p
g2(p) = 5
P
sinh p
g3(p) = :

2p



The parameters a and b for the Lie algebra so(4)

The Lie algebra so(4) is generated by the skew-symmetric real
matrices

¢ T 3\
O —x1 x> —x4
T O —x3 —=x
A =« 1 3 5 , Iy € R 3
—x> X3 0 —zxq
L 24 x5 2z O ,

and the parameters a and b are determined by the coordinates

x; 1t =1,...,6 through the following formulas
a — — (CU3$4 + LDIH _I_ $1$6)2 (27)
h — 2 2 2 2 2 2

—$1—CU2—$3—CC4—$5—$6.



The parameters a and b for the Lie algebra
50(3,1)

The Lie algebra of the Lorentz group so0(3,1) is represented by
the the real 4 x 4 matrices of the form

([ O —z1 o x4 )
1 0O —zx3 =5
—T> I3 0 g
X L4 L5 L6 O )

50(3,1) =« o, ERG .

Here the parameters a and b are

a = (x314 + x075 + T126)°
(28)

b = —w%—w%—w%—l—azi—l—w%—l—w%.



The parameters a and b for the Lie algebra
s0(2,2)

The general elements of the Lie algebra so(2,2) are represented
by the matrices of the form

] \

([ 0O x1 o x4
—z1 0 =x3 =5
ro I3 0 L6
| za x5 —xzg O

50(2,2) = ¢ . x; € R}

- /

and the corresponding parameters a and b are given by the ex-
pressions

a = —(—z314+ 2275 + 2176)°
(29)

b = —w%—l—w%—l—w%—l—azi—l—w%—w%.



The parameters a and b for the Lie algebra
sp(4,R)

Finally, the Lie algebra elements of sp(4,R) are of the form

([ z1 220 25 6 | \
T T T T

sp(4,R) = < CHS 6 T oz eRY

rg 9 —X1 —I3

L 9 T10 —I2 —I4 J

and their parameters a and b are respectively

— 2.2 2.2 2.2 2 2

—x5T7Tg — TZT5 + TETZT10 T mg:c5a:7:c8

+2x1x0T3x4 — 2T1T4T6x9 + 2T1T2T7TQ
+2x1x3T67x10 + 2x0T4x678 — 2T0T3TET9 (30)
+22324T529 — T5T7TZT10

b = w% + azi + 2xox3 + 2x629 + T5T8 + T7T1Q-



The coefficients a and b for all Lie algebras listed above are ob-
tained by means of the Leverrier-Faddeev Characteristic Polyno-

mial Algorithm, which is realized as a separate computer program
in “Mathematica’” language.



