
Minimizers of Hartree Type Functionals and
Related Interpolation Inequalities

Hristo Genev∗ and George Venkov†

∗Faculty of Mathematics and Informatics, Sofia University “St. Kliment Ohridski”
1164 Sofia, Bulgaria

†Faculty of Applied Mathematics and Informatics, Technical University of Sofia
1000 Sofia, Bulgaria

Abstract. In this work we are concerned with the minimization problem associated to the best
constant Cn,α in the following interpolation inequality

∫∫
|u(x)|α |u(y)|α

|x− y|n−2 dxdy ≤Cn,α‖∇ψ‖
nα−(n+2)
L2 ‖ψ‖

(n+2)−(n−2)α
L2 , u ∈ H1(Rn)

for 2 ≤ α < 1+ 4/(n− 2) and n ≥ 3. The corresponding variational problem is equivalent to the
problem of existence of a ground state solution to the nonlinear non-local elliptic equation

−Δu+ωu− (|x|−(n−2)
∗ |u|α)|u|α−2u = 0.

We show that the ground state solution is unique and its mass ‖u‖2
L2 determines the best constant

Cn,α . As a consequence of the above results, we obtain sharp sufficient condition for global existence
for the L2-critical Hartree equation.
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INTRODUCTION

We consider the functional

Jn,α(u) =
‖u‖(n+2)−(n−2)α

L2 ‖∇u‖nα−(n+2)
L2∫

(|x|−(n−2) ∗ |u|α)|u|αdx
(1)

on the space H1(Rn), n ≥ 3, for 2 ≤ α < 1+ 4/(n− 2). This functional is naturally
associated with the interpolation inequality∫

(|x|−(n−2)
∗ |u|α)|u|αdx ≤Cn,α‖∇u‖nα−(n+2)

L2 ‖u‖(n+2)−(n−2)α
L2 . (2)

Indeed, if we denote by

J = inf{Jn,α(u) ; u ∈ H1(Rn), u �= 0} (3)
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